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# .3"4*)1 . $35('4"!/)5 125=/5 34.*5$& 9:;&<57., W!" 34%&(@" 1D %" 3.=.*A #&(@" /)*%52 %"=)"/&

=)"4& GRH  .#. %./5 $A #&4">5/)" /" '4"/$0.4="'& 9"3!"*5<" %#)A%"/5 % 3)54#$%&=) *%"$"=) #&2C

O*)" 34.*5$1 % 35#/57. %F).41,

I)8($%.O? #&/)(M# 4.%34"#&  .'&*%& %"7" /)5X %#)A%"/&*+ % '5.4)A Y1('1"*2)  !" $35('4"!/)5

125=/&*+ 34.*5$M# 9:;&<57. ) $35('4"!/)5 125=/&*+ 34.*5$M# 9:;&<57. %"!5>/&*+ . 3.%).=1, I

'52 '5.4)) # 34%&3" (1 34.*5$M# 9:;&<57. )$'.'/A 4.!8 35@/)A '"( %#"/5 01/(*25 $("!12A*5,

 !"#$#%&'  !  !" #$%&'("!)*% +,%-)%./ $(/0%#+ 12345%./ X /("6 q ≥ 07 8+)&0,9 #&"!+,:0:
W (q) : R → [0,∞) /&(%;!"-4 )"#'9$+,:0/< =!" >#64#'&*0? x < 0 -"-4 W (q)(x) = 0 /("6 =!"
>#64#'&*0? x ≥ 07 8+)&0," W (q)

,%#' 0*:.@"7 ;0*;!% (/#):0"7 " ,%, '(")#8/(-"'" 1"$!"0%5" >4)/#*

∫ ∞

0

e−θxW (q)(x)dx = (ψ(θ)− q)−1, θ > Φ(q). GUH

A"& 6=%B)*/>"): 8+)&0,9 )"64>"-4 '"&C% 8+)&0,: #&"!+,:0: $*%(>#6%./ (/=6",+ !+D 8+)&0,: qE#&"!+,:0:F
G"'/-*"#' =!" q = 0 +C4>"-4 6"$*#+ W (q) = W F

Z



 !"#$%& '#&(!%)$& W (q)
*+%&,-& '-. #(&'/$0"-1 %&#+ 2+0,-)0&"-1 3&# 0,&"14+ 5,!'32+""14+ *2+6

7(18! ,/%9$-& 0 +5$-"#& [0, a]: #3;2/ , (-312&3!201 8& 5<!4) =-'3+2-. >0+7? @A: BC: DEFG? H-1$=

τ−0 = inf{t > 0 : Xt < 0} +2&0 τ+a = inf{t > 0 : Xt > a}? I0&' 0&320/8&"-& τ−0 , 0&'3+'+,&"-&$=

!710*-1$01"-+,+6&#3!&2-&("/$= "&0/,&"/ %1'3 8+81"318 2!-"/? J315/ 5(& 5+,+("14+ q ≥ 0 +2&0
0 ≤ x ≤ a 0&$=+50-

Ex

[
e−qτ

+
a
 {τ+a <τ

−

0 }

]
=
W (q)(x)

W (q)(a)
.

K+ ,<&9"-1 *2&,& '32+"& *+,/L'01% 3+L'&8+9$- %1'3 M2;5<18 "&0,/  !"#$%& '#&(!%)$& 5(& W (q)
?

J&23+ 3!3&% ,'*+8"-1N: L1 5(& ,/72&"/$= *2+$1';, OPQ/R14+ >%&# "& *20/#<&5 2!$= S2+,"& 0

52/T18 $0/ *2+$1' I2&8P2&UO!"57124& 0 ,/#<&5"-$0/8- '#+#&8-G *+'3&N T!"#$%- W (q)
8+L"& ,/6

0"&$0/N *+,(-$-.* >0+7? @BV: WXFG? Y+(1%") T!"#$%) *+%&,-&%)$) '-. , 3+L'&8+9$-&$= Z!#3!&$/%"/$=

5(& *2+$1';, OPQ/R14+ %1'3 3&# 0,&"& 52!4& T!"#$%& '#&(!%)$& Z(q)
?

 !"#$#%&' !" /(& 0121("*31 q ≥ 0 14&5 x ∈ R 50*6"-!%78

Z(q)(x) = 1 + q

∫ x

0

W (q)(y)dy.

[+"-1,&L , 31+2-- Z!#3!&$%- ,-.#'0+9N 3+L'&8+9$- ,/2&L&"& %1'3 0& *+8+$) 3/$=L1 T!"#$%-: -$=

,<&'"+9$- 7/</ '012+#+ 7&5&"1 , (-312&3!201 >0+7? @XC: BX: B\: BD: BVFG? ] 3&# "& *20/#<&5 2+0,-)0&"-1

%15"+'32+""14+ *2+7(18! ,/%9$-& 0 *;<*2+'31% 5+5&3"-1% 5(& '*1#32&("-1 !%18"14+ *2+$1'! OPQ/R14+

5(& q ≥ 0 +2&0 x ≥ 0 %1'3 *+'3&$-

Ex[e
−qτ−0

 {τ−0 <∞}] = Z(q)(x)−
q

Φ(q)
W (q)(x).

](+2&0

q

Φ(q)
5)L/ 5+ ψ′(0+): 45/ q ↓ 0: '3)5 , *20/*&5#! 45/ q = 0 +320/8!%18/ *+"-L'0/ ,0;2 "&

*2&,5+*+5+7-1^'3,+ 2!-"/

Px(τ
−
0 <∞) =

{
1− ψ′(0+)W (x) 5(& ψ′(0+) > 0
1 5(& ψ′(0+) ≤ 0.

>DG

J 31+2-- 2/0/#& *+5'3&,+,) $=&2&#312/'3/#) %1'3 ,<&9"-1 *+,/L'01 *2&,5+*+5+7-1^'3,+ 2!-"/

Px(τ
−
0 <∞): #3;21 %1'3 32&#3+,&"1 %&#+ *1,"& 8-&2& 2/0/#& - '3&"+,- ,&L"/ '#<&5"-# !,04(.5"-&"/

*20/ ,/(-$0&"-! '#<&5#- !710*-1$01"-+,1%? O-$07& &23/#!<;, 0&%8!%)$/$= '-. 3) 318&3/#) %1'3

+42+8"&: ,/'3&2$0/ ,'*+8"-1N #'-)L#- _+('#-14+ - -"? @`CF +2&0 a'8!''1"& @\: BF - 21T121"$%1 3&8

0&,&231? J &23/#!<&$= @XBF +2&0 @WXF !+4;("-+"+ *+%.$-1 2!-"/ 5+ 30,? *&2/'#-1% 2!-"/: #3;2&

*+%&,-& '-.: #-15/ *2+$1' *+0+'3&%1 *+"-L1% 012& 5<!L1% "-L !'3&(+"/ =+2/0+"3 $0&'+,/ d > 0 >0+7?
_/'? XG?  +28&("-1 51b"-!%18/ *&2/'#- 8+81"3 0&320/8&"-& , "&'3.*!%)$/ '*+';7c

τ d = inf{t > 0 : t− sup{s < t : Xs ≥ 0} ≥ d,Xt < 0},

0&9 *2&,5+*+5+7-1^'3,+ *&2/'#-1% 2!-"/ %1'3 ,315/ 5&"1 *2010c

P(τ d <∞|X0 = x) = Px(τ
d <∞).

d&!,&L8/: L1 *20/*&51# d = 0 +5*+,-&5& #(&'/$0"1% 2!-"-1?

V



 !"#! $%!&'()! &*+,!- %./0.1"+ .1 %!&'()+23 .%/3+4 )56&! 32(5 #').,'#!,!4 3278+ /2,! !)/3+

%.".(5!32 %.#'923 8*: %.,+923 #/"27,+23 .)&278.,23 )#.5'4 1;*923 ,+9 *(5!8.,' 0.&'".,5 /"!(.#'

<".:= >??4 ?@4 ?A4 ?BCD= E."#!9!,+2 %!&'()+23 &*+,' 32(5 3!) ,!3:!&1"+23 *"!(!1,+.,2 2).,.F+/",+2=

G."#!8! .,. :.#+2F F.128.#!H F.98+#.7H %&"25&#!,+! I&F' *:2"%+2/"2,+.#23 %.F+F. *32F,'/0

&2"2&#4 )56&2 1.%*("/"!F' 5'8). ,! *(5!8.,'F4 ().J/".,'F 0.&'".,/+2 /"!(.#'F= K8!52L. #'M

923 %&"21(5!#+.,' %&.:82F .)!"!; (+N "!&6#,. /+2)!#' " %*,)5* #+1"2,+! 2).,.F+/",2L.4 3!) +

F!52F!5'/",2L.=

Xt

t

0

x

d d

τ dτ−0

E'(=?= G&"');!1.#! 5&!32)5.&+! %&./2(* X .&!" F.F2,5' )8!('/",23 + %!&'()+23 &*+,'=

E."#+3!3O/ 1!823 5N 52.&+N # %&!/' >PQC4 "12I,+.#!,. 5"#= %!&'()+2 .%6R,+2,+2 " 1.8,O :!&+2&O

−a # ,!(5N%*3O/' (%.(6:S
κd,a = min(τ d, τ−−a),

L1"+2 τ−−a = inf{t ≥ 0 : Xt < −a}= T521' %&!#1.%.1.:+2J(5#. &*+,' 32(5 1!,2 %&"2"S

P(κd,a <∞|X0 = x) = Px(κ
d,a <∞).

U!) (+N .)!"*324 5!) "12I,+.#!,' F.F2,5 %!&'()+23 &*+,' 1.1!5).#. " 1.8,O :!&+2&O # %2#,'/0

('5*!/3!/0 82%+23 F.128*32 &"2/"'#+(5.7H= V.92F' 5. &."*F+2H # 52, (%.(6:4 92 %!&'()+2 .%6R,+2,+2

:N1"+2F' (5.(.#!H 5'8). 18! I&F4 )56&'/0 %."+.F :!,)&*/5#! ,+2 32(5 ":'5 1*9'4 5",= #+N)("' .1

%2#,2L. *(5!8.,2L. %."+.F* −a < 0= V!52F!5'/",+2 %&"'3F*32F'4 92 5!)! &*+,! "!/0.1"+4 )+21'
&."#!9!,' %&./2( X ",!31"+2 (+N %.,+923 "2&! 1;*923 ,+9 %2#+2, *(5!8.,' 0.&'".,5 /"!(.#' d > 0
8*: L1' %&./2( WXY'Z2L. ",!31"+2 (+N %.,+923 5"#= 1.8,23 :!&+2&'4 )56&! 32(5 ,! %2#,'F *(5!8.,'F

%."+.F+2 −a < 0=
G.,!15. # %&!/' >PQC # /28* *"'()!,+! !('F%5.5')4 L1' x → ∞4 18! %.#'9("2L. %&!#1.%.M

1.:+2J(5#!4 &."#!9!,. %&./2( 1*!8,' 1. %&./2(* X4 /"'8+ # 5'F %&"'%!1)* X̂ = −X4 )56&' 32(5
%&./2(2F (%2)5&!8,+2 1.1!5,+F " F+!&O WXY'Z2L. "!1!,O %&"2" ΠX̂(dy) = ΠX(−dy)=

B



 !"#!$%&' ()&'%$# *+,-,%$'-#"./0*' 1-(*'! X̂ )230 ("4,*",4' 1-"# .5#*&. 63,!"%,7 4,3 &!$4&'8
/0*0 /.5 4($,*/0 3($#*"0*0 1-(*'!. X9 :;, 1-(*'!. X "3'<4&./=# 1-(*'! 3-,)&4(># (L−1, H) =
{(L−1

t , Ht)}t≥0?

L−1
t :=

{
inf{s > 0 : Ls > t} @3# t < L∞

∞ > 1-"'*&>4#= 1-"#1,3%.

(-,"

Ht :=

{
XL−1

t
@3# t < L∞

∞ > 1-"'*&>4#= 1-"#1,3%.,

@3"&' L = {Lt}t≥0 /'!$ $">9 *",!'= ;(%,;4#= > =,%!&.=.= A1,$-" BCDE !$-9 DFGHI9 J-"#1(8

=4&/=#E 5' (L−1, H) /'!$ 3>.>#=&,-(>#= !.)(-3#4,$(-'= " >#%K,34&%&'= L,1;,*'M, κ(θ, β) =

− logE
(
e−θL

−1
1 −βH1

 {1≤L∞}

)
(-," " =&,-0 LNO#M'@(E %$P-0 )23"&'=# ("4,*",Q 1-"'" ΠH 9 :;, 1-(8

*'!. 3.,;4'@( X̂ "3'<4&./=# =,;'/0*# 1-(*'! 3-,)&4(># 1-"'" (L̂−1, Ĥ) = {(L̂−1
t , Ĥt)}t≥0E " >#8

%K,34&%&'= L,1;,*'M, κ̂(θ, β)9 :(3,$%(>( ",.>,5=#E 5' L̂∞ =, -("%K,3 >#%K,34&*"# " 1,-,='$-'=

κ̂(0, 0)E @3# κ̂(0, 0) > 0 A1,$-" BCDE !$-9 DRSHI9 J(4,3$( " T,%$(-#",*/&  &'4'-,8U(1T, >#4&%,E 5'?

κ(θ, β) = Φ(θ) + β, κ̂(θ, β) =
θ − ψ(β)

Φ(θ)− β
;

1,$-" BCDE !$-9 DVW8DXGH9 Y$03 κ̂(0, 0) = ψ′(0+)9
Z'-," "3'<4&./=# =&,-2 1($'4*/,K. U ?

U(dx, ds) =

∫ ∞

0

P(L−1
t ∈ ds,Ht ∈ dx)dt

( 4([4&%. 4, [0,∞)2E " $-,4!T(-=,$0 L,1;,*'M,
∫
[0,∞)2

e−θs−βxU(dx, ds) = 1/κ(θ, β)E , $,%5' =&,-2
(34(>#

U(dx) =

∫

[0,∞)

U(dx, ds) = E

(∫ ∞

0

 {Ht∈dx}dt

)
.

:(3,$%(>(E 4, 1-"#%K,3 " BCDH >&,3(=(E 5' 3;, !1'%$-,;4&' ./'=4#*+ 1-(*'!P> LNO#M'@( =&,-,

(34(># >#4(!& U(dx) = dx. \,$(=&,!$ =&,-, (34(># Û(dz) 3;, (L̂−1, Ĥ) /'!$ ",3,4, 1-"'"?

∫ ∞

0

e−θzÛ(dz) =
θ

ψ(θ)
;

1,$-" BCDE !$-9 DWRH9

!"#$%&'&%&()*+,-$& '#".,/)*0 "1)2. %3# ,'*/-"#32)* 10*42.56 '"&5*,7$ 89:.;*<&

='"#5# >? @A

],3,4&, 3($#*"0*' 1,-#!%&'/ -.&4# 3;, 3(>(;4'@( !1'%$-,;4&' ./'=4'@( 1-(*'!. LNO#M'@( ",*"2K#

!&2 (3 1-,*# BDCHE @3"&' ($-"#=,4( 3>&' (!()4' T(-=.K# 4, (>( 1-,>3(1(3()&'^!$>( > ",;'54([*&

(3 >,+,4&, $-,/'%$(-&& -(">,5,4'@( 1-(*'!.9

_



 !"#$%&#'"# (  !"#$%#& ' ( )'*+,)  !"#$%&%$%'()*+,#% &"!-+.()/ !0(1- $2" +&).,!"21() 0/)31-45

&!%4)+6# 789-:);% #-1%+(<

Px(τ
d <∞) = Px(τ

−
0 <∞)P(τ d <∞)

+
(
1− P(τ d <∞)

) ∫ ∞

0

P(τ+z > d)Px(τ
−
0 <∞,−Xτ−0

∈ dz)  -,

%!"= ∫ ∞

0

e−θs
∫ ∞

0

P(τ+z > s)Px(τ
−
0 <∞,−Xτ−0

∈ dz) ds

=
1− ψ′(0+)W (x)

θ
−

1

θ
eΦ(θ)x

(
Z

(−θ)
Φ(θ) (x) +

θ

Φ(−θ)
W

(−θ)
Φ(θ) (x)

)
,  .,

;$=() W
(−θ)
Φ(θ) = e−Φ(θ)xW (x) %!"= Z

(−θ)
Φ(θ) = 1− θ

∫ x
0
e−Φ(θ)yW (y) dy ,% >01.4/) +."20/?4) =$)@1(%#"1)

#=;2A$)3 3("!- P
Φ(θ)

="$"1)/ &!=)=  /,B

012 34$($4567 (89%  -, 5:;#<2 8:=>$=$(:7 &$?5@ (A:=5$B7 C:%D$(:E F>#42 5: 84:%8#563

{τ d = ∞} 4:5@ >%:G#D>$%6H I$?#=3 XJ D>9%: =?"$486 I$56<#G I$86$&3 8#%$J %$816G:&2 5: 4(6# ?8HK

B?6E L6#%(=8: 8 56?" 8:%:8 I$ =D$D3 I%$?#=3 X =>:%>3G# 8 I#(5#M$ I$86$&3 −z < 0J : 5:=>HI56#

I$(%:?: 4$ 8#%: ( =I$=91 ?6@MA2J I$56#(:< %$8(:<:52 I%$?#= G#=> =I#D>%:;56# 3G#&52E N$4:>D$($

G#=> >$ I%82I:4#DJ D6#42 I$(%9> I%$?#=3 X 4$ I$86$&3 8#%$ 5:=>@I6A ( ?8:=6# D%9>=82& 56< I:%2=D6#

$I9O56#56# dE N%3M: ?8HB7 >%:G#D>$%66 8:?825: =6H 8:%:8 I$ (2<#G $I6=:5#G (2?6#?8?# I$56<#G I$86$&3

8#%$J ( &$&#5?6# D6#42 I%$?#= X =>:%>3G# 8 8#%:E F>#42 I%:(: =>%$5: I$(2<=8#G %9(5$B?6 G#=>

?8HB?6$($ =?":%:D>#%28$(:5: I%8#8 $16#D>2J D>9%# =@ G3< 85:5# ( D;:=2?85#G >#$%66 %3652 4;: =I#DK

>%:;56# 3G#&52?" I%$?#=9( PQR2S#M$E T@ >$ (89% 5: I%:(4$I$4$16#U=>($ %3652 $%:8 >%:5=V$%&:>:

P:I;:?#S: %$8DA:43 I6#%(=8#M$ &$&#5>3 4$GB?6: 4$ I#(5#M$ 8:4:5#M$ I$86$&3E W#425@ (6#;D$B?6@J

D>9%@ 5:;#<2 G#=8?8# (285:?827 G#=> I%:(4$I$4$16#U=>($ I:%2=D6#G %3652 P(τ d < ∞)J M42 I%$?#=

=>:%>3G# 8 x = 0E X($ I%:(4$I$4$16#U=>($ 8$=>:A$ =?":%:D>#%28$(:5# I$56<#G ( !(6#%48#563 /E

Y:GI6#%(J 4;: ǫ > 0 $85:?8&2 I%8#8 p+(s) = Pǫ(τ
−
0 < s) I%:(4$I$4$16#U=>($J <# (2?6#?8D:

I$(2<#G I$86$&3 0 G#=> D%9>=8: 56< sE Y6#?"

p(s, t) =

∫ ∞

0

P(τ+z+ǫ ≤ t)Pǫ(τ
−
0 < s,−Xτ−0

∈ dz)

+P(τ+ǫ ≤ t)Pǫ(τ
−
0 < s,Xτ−0

= 0)

1H486# I%:(4$I$4$16#U=>(#&J <# (2?6#?8D: I$(2<#G 0 G#=> D%9>=8: 56< s $%:8 (2?6#?8D: I$56<#G 0
5:=>HI3G@?: 8:%:8 I$ 56#GJ G#=> I%8#=356H>: ( 49A $ −ǫJ 6 G#=> D%9>=8: 56< tE Z:3(:<&2 >:D<#J <#

p+(s) = p(s,∞)E F>#42 &$<#&2 5:I6=:7 5:=>HI3G@?# >(6#%48#56#E

 !"#$%&#'"# *  !"#$%#& / ( )'*+,) C(D E)F2( X /)+, &!%4)+)3 % %;!"1(4=%1-3 #"5"1(0G ,%

P(τ d <∞) =

∫∞

0
P(τ+z > d)P(τ−0 <∞,−Xτ−0

∈ dz)

1− ρ+
∫∞

0
P(τ+z > d)P(τ−0 <∞,−Xτ−0

∈ dz)
,

;$=() ρ = P(τ−0 <∞) %!"=
∫ ∞

0

e−θs
∫ ∞

0

P(τ+z > s)P(τ−0 <∞,−Xτ−0
∈ dz) ds =

1

p

(
1

Φ(θ)
−
ψ′(0+)

θ

)
.

[



 !!" #$%&! X '$() *+,-$($. , /!$,0+1/!-2,/3. 4151/!67 ),

P(τ d <∞) = lim
b→∞

lim
ǫ↓0

p+(b)− p(b, d)

1− p(b, d)
.  !"

# $%&'( )*+, $-$%&./-0- $-.(123( %43567&78 $-0/4.&1 -9.%:'-0- 7%&02;-%<&7= >&$6&'4?&  @"8

93/=A/ '34<5 -7%3(<&0- B490C 3.&%7C ;-%<5D= 96& 9-.-604E- 2$4A7%&60/4 5B4<04E- $%-'425 >FG(?4E-H

 !"#$%&#'"# (  IJ4-%4< + . )*+,") 8!$-5 d > 09 :1;<=.37 =$ E[X1] = ψ′(0+) > 09 >)$?3 ?&1

x ∈ R7

Px(τ
d <∞) = 1− E[X1]

∫∞

0
W (x+ z)zP(Xd ∈ dz)∫∞

0
zP(Xd ∈ dz)

.  K"

L&A ./9&M 34 .3-%5  K" $%&.9-$-9-N/4O27.- $&%(2A/4B %5/0( 3-27&D- .(%&1-04 3& $-<-'C %-3P

AD&95 $%-'425 X . <-<40'/4 d -%&3 . B=3(A5 ;50A'B/ 2A&65BC'4B 74E- $%-'4258 '- 96& $4.0('J A6&2

$%-'42:. <-14 N(M .(6/'3-04 $@*&!-!)$H

Q-.:9 $-.(1234E- 7./4%9340/& B427 A/6A547&$-.(H R- $/4%.234 A65'3-.( B427 757&B $-0/123(

64<&78 A7:%( <-10& 59-.-90/M 27-25BC' 0&27=$5BC'( .3:% S409&66&  3-NH )!, T-%-66&%( UVVHW"X 96&

</&% P(τ+z ∈ dr) -%&3 P(Xr ∈ dz)8 0& [0,∞)2 3&'J-93/

rP(τ+z ∈ dr)dz = zP(Xr ∈ dz)dr.

*#+,- .  >4<<& Y . )*+,") A&1 θ > 07

Ex

[
1{τ−0 <∞}e

Φ(θ)X
τ
−

0

]
=

θ

Φ(θ)

∫ ∞

0

e−Φ(θ)yW ′(x+ y)dy,

∫ ∞

0

e−θr
∫ ∞

y

z

r
P(Xr ∈ dz)dr =

1

Φ(θ)
e−Φ(θ)y, y ≥ 0,

∫ ∞

0

W (z)
z

r
P(Xr ∈ dz) = 1.

Z&27=$0/4 -2-N0- 9-.-93-0( B427 .3:% 96& $%-'42:. - -E%&0/'3-0(< .&J&0/5 / 9&64B 96& $%-P

'42:. - 0/4-E%&0/'3-0(< .&J&0/5H # $%3($&9A5 $%-'42:. - -E%&0/'3-0(< .&J&0/5 9-.:9 B427

$%-2723( / -$/4%& 2/= $%3494 .23(27A/< - <-'0C .D&20-[M \&%A-.& / ;&A78 14 $%-'42( >FG(?4E- 2C

B490-%-904 . $%3427%340/H #749( 0&B$/4%. .($%-.&93&0( B427 .3:% 0& $%&.9-$-9-N/4O27.- $&%(P

2A/4B %5/0(8 E9( x = 08 & 0&27=$0/4 96& 9-.-604E- x ∈ RH L4[6/ 'J-93/ - $%3($&94A 0/4-E%&0/'3-04E-

.&J&0/&8 9-.:9 ED:.04E- 7./4%9340/& $%&'( )*+, B427 N&%93/4B 2A-<$6/A-.&0( / .(<&E& 51('/&

&%E5<4075 E%&0/'304E-H #(0/A& 7- 3 ;&A758 14 . 7(< $%3($&9A5 0 B427 %4E56&%04 96& (−∞, 0)  730H

P(τ−0 = 0) = 1"8 '- %&34< 3  ]" 9&B48 14 W (0) = 08 & .749( .3:% 0& $%&.9-$-9-N/4O27.- $&%(2A/4B

%5/0( 96& x = 0 .(<&E& &$%-A2(<&'B/H Q6&74E- . 7(< $%3($&9A5 96& ǫ ≥ 0 94^0/5B4<( '3&2

3&7%3(<&0/& τ dǫ B&A-

τ dǫ = inf{t > d : t− gǫt > d,Xt−d < 0}, E93/4 gǫt = sup{0 ≤ s ≤ t : Xs ≥ ǫ}H

_&5.&1<(8 14 '3&2 3&7%3(<&0/& τ dǫ 7- $/4%.23( 7&A/ <-<4078 14 39&%3( 2/= .('/4'3A& 3&'3(0&BC'&

2/=8 E9( $%-'42 X 30&B93/4 2/= $-0/14B 08 A-O'3C'& 2/= $%349 <-<4074<8 E9( X $-.%:'/ 9- $-3/-<5

ǫ -%&3 - 9D5E-['/ ./=A234B 0/1 dH Z&27=$0/48 96& 7&A 394^0/-.&04E- '3&25 3&7%3(<&0/&8 27-25BC'

%-35<-.&0/4 B&A . $%3($&9A5 -E%&0/'3-04E- .&J&0/& 9-27&B4<( .3:% 0& $%&.9-$-9-N/4O27.-

Pǫ(τ
d
ǫ <∞)  . $%&'( )*+, .3:%  +W""H `27&74'30/48 N/-%C' ǫ ↓ 0 -7%3(<5B4<( 743= I./4%9340/& WH

+a



 !"#$%&%$%'()*+,#% &"!-+.()/ !0(1- 2 $%314 '"!()!4 '"1.!05,#" 6&!"5" 789:;

 !"#$%# %&'()&"%# *+'&%,# - .!%'#./0,# '#!),, )(,%+ 1!'+02+ *)&-1!*!1!3,#45'-& *&)+5.,#$ )(,%+ 2

'&. 2-&%6 1!"%6 3&),#)6 3&%.)(0'-&7 2&1&%6 %& *#-%+8 *!2,!8,# −a < 09 :&. $(; *,5&%! -# -5'<=
*,#7 '&., 8!1#" $#5' ,%'#)#5($60+ 2&)>-%! - *(%.'( -,12#%,& 2&5'!5!-&47 $&. , '#!),,7 *!%,#-&; "#*,#$

8!1#"($# )2#02+-,5'!/?7 & *!%&1'! 5'&%!-, 3&)12,#$ 5.!8*",.!-&%# 2&@&1%,#%,# 2 8&'#8&'+02%#@!

*(%.'( -,12#%,&9 A!)8&"%,# 21#B%,($8+ %&5'<*($60+ 8!8#%' 2&')2+8&%,&C

κd,a = min(τ d, τ−−a),

@12,# τ−−a = inf{t ≥ 0 : X(t) < −a}9 D#"#8 *)&0+ EFGH 3+I! -+)&;#%,# J!)8(I+ %& *)&-1!*!1!=

3,#45'-! *&)+5.,#$ )(,%+ 2 1!"%6 3&),#)6 Px(κ
d,a <∞) - $<2+.( 2%&%+0K $(; !3,#.'>- 2 '#!),, )(,%+

1"& *)!0#5>- LMN+O#@!7 89,%9 J(%.0$, 5.&"($60+0K9 P *)&0+ EFGH !')2+8&%! %&5'<*($60# J!)8(I+

%& *)&-1!*!1!3,#45'-! *&)+5.,#$ )(,%+ 2 1!"%6 3&),#)69

<#()!$2)1() = QRK#!)#8 S - EFGHT>  !" x > 0#

Px(κ
d,a <∞)

= Px(τ
−
0 <∞)− P(κd,a = ∞)

(∫ a

0

Pa−z(τ
+
a < min(d, τ−0 ))Px(τ

−
0 <∞,−Xτ−0

∈ dz) +
σ2

2
W ′(x)

)
,

$%&'(

Px(τ
−
0 <∞) = 1− ψ′(0+)W (x)

)*"&

∫ ∞

0

e−θs
∫ a

0

Pa−z(τ
+
a < min(s, τ−0 ))Px(τ

−
0 <∞,−Xτ−0

∈ dz) ds

=
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ x

0

Û(x− dy)

∫ ∞

0

ΠX̂(dz + υ + y)dυ

=
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ x

0

ΠX(−dz − y) (W (x)−W (x− y)) dy.

<#()!$2)1() ? QRK#!)#8 G - EFGHT> +', -(.!' X /(01 2*)3(0(4 ) )$*"5'3&)564 7"8"5'9: 1)

P(κd,a <∞) =
P(τ−0 <∞)−

∫ a
0
Pa−z(τ

+
a < min(d, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz)

1−
∫ a
0
Pa−z(τ+a < min(d, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz)
,

$%&'(

∫ ∞

0

e−θs
∫ a

0

Pa−z(τ
+
a < min(s, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz) ds

=
1

pθW (θ)(a)

∫ a

0

W (θ)(a− z)ΠX(z,∞)dz.

SS



 !!" #$%&! X '$() *+,-$($. , /!$,0+1/!-2,/3. 4151/!67 ),

P(κd,a <∞) = lim
ǫ↓0

p+(ǫ)− p(d, ǫ)

1− p(d, ǫ)
,

082!$ p+(ǫ) = Pǫ(τ
−
0 <∞) ,+12

p(t, ǫ) =

∫ a

0

Pa−z(τ
+
a+ǫ < min(t, τ−0 ))Pǫ(τ

−
0 <∞,−Xτ−0

∈ dz)

+Pa(τ
+
a+ǫ < min(t, τ−0 ))

σ2

2
W ′(ǫ)

'$() *+148,*,8,9!$:()4$.7 ;$ *, +12 *!$+4(23 43()<*! 43-!$-2=1 21-23/1'<-1 (!>7 083 *+,-$(

X 2/1'82!$ (!> *,/!;$' 2$+1  &69 4 2$+2$"7 1&$ *,43;$' −a7 =,:-2<-1 (!> =!$83 *+,-$( X *,4+?-!

8, *,2!,.6 ǫ7 , 8@60,%-! =+?)(2$' /!; tA

 !"#$%&' (") *"+',(&'-+) (!"!(&!-' %. /,&'& 0!1-. "2)%-!34 5),6!")7 "2)%-!31+ 89-61:+

%6);9:.1#1< !,)& :'(-!,!(-!34 " /,&'%*,&'-+ /,!1'%=" >?@#A'B!C

D),*! *9*): (!()47 $' (;) /,!1'%9 D+'-',) & (,#8'0 Xt = x+ pt+ σBt "#&-)1&!-! /!"#$%&'

/,)"(!/!(!E+'F%*"! $B*&!-!)$ G" /,)1# HIJK :'%* *! /,&#62)( LCJMC  !-)(*!7 ,!&")$)-! ,="-+'$

/,!1'%# N,)0?,)O>9-(E',B) & "#62)(-+1&#0+ %6!6)0+ GPM !,)& N,)0?,)Q>9-(E',B) & "#62)(-+Q

1&#0+ %6!6)0+ (!()*6!"! &)E9,&)-'B! ,91<'0 R,!"-) G" /,)1# HIJK %. *! /,&#62)(# LCP !,)&

LCSMC D *#1< /,&#/)(6)1< (!6!-)-! )-);+&# -90',#1&-': (;) /,)"(!/!(!E+'F%*") /),#%6+': ,9+-#

& (!;-. E),+',.7 %*!%9:.1 0'*!(T C1() D,6+!$+ )+1/(C,+.1)!,/ GUUVM (!()*6!"! "&E!B)1!-. ! *&"C

WǫQ);B!,#*0X (! /,&#%/+'%&'-+) &E+'$-!31+ -+'%6!F1&!-'B! %&','B9 U!9,+',)C Y&1&'B=2!") )-);+&)
",)& & "-+!%6)0+ :'%* (!%*T/-) " /,)1# HIJK " ,!&(&+);' EB1.*&$(C

D)$-. 1&T31+. *': /,)1# %. ,!&(&+)2# (!*#1&.1' )%#0/*!*#6 ;'66!Q !,)& 1+T$6!!B!-!"#1<C V9Q

*): +-*','%9:' -)% &)1<!")-+' /,)"(!/!(!E+'F%*") /),#%6+': ,9+-# & (!;-. E),+',. E)-6,91*") "

/,&#/)(697 B(# 6)/+*)2 /!1&.*6!"# X0 = x (.$# (! -+'%6!F1&!-!31+C D /,&#/)(69 )%#0/*!Q

*#6+ ;'66!!B!-!"': G" /,)1# HIJK ,!&(&+)2 ZM &)62)()0#7 $' %/'2-+!-# :'%* "),9-'6 N,)0?,)7 *&-C

+%*-+':' γ > 0 *)6)7 $'
ψ̂(γ) = ψ(−γ) = 0 G[M

!,)& 89-61:) ψ̂(γ) :'%* %6!F1&!-) " /!E;+$9 γC D*'(# Ee−γX1 < ∞ + 0!$'0# &)()4 0+),T P
−γ

/,&'& GJM G&!EC H\KMC ]('^-+9:0# -)%*T/-+' Ûγ(dx) = Û
(0)
γ (dx) := eγxÛ(dx) !,)&

µ =

∫ ∞

0

xÛ (1)
γ (dx),

B(&+' Û
(q)
γ (dx) =

∫∞

0
e−(qt+γx)

P(Ĥt ∈ dx)dt (;) q ≥ 0C ])9")$0#7 $' " /,)1# H\K 9(!"!(-+!-!7 $'

Ûγ :'%* 89-61:. !(-!"# (;) /,!1'%9 "#%!6!31+ (,)E+-!"': !(/!"+)():.1'B! 0+',&' P
−γ
C _!()*6!"!

& /,)1# H\K "+)(!0!7 $'

µ =
∂κ̂−γ(0, β)

∂β
|β=0 =

∂κ̂(0, β)

∂β
|β=−γ.

_&+T6+ /!"#$%&'09 0!$'0# &)/,'&'-*!")4 B2="-# ,'&9;*)* & ,!&(&+)29 Z " /,)1# HIJK7 6*=,# /!():'

"#62)(-+1&. )%#0/*!*#6T (;) /,)"(!/!(!E+'F%*") /),#%6+': ,9+-# & (!;-. E),+',.C

PJ



 !"#$%&#'"# (  !"#$%#& ' ( )*+,-)  !"#$%&' $( )*("+,-+& .()/ 0!12+(3 41!%51!  .- -1!6' $(

+-7+,3 %,!1& Π̂ +,( .()/ 31!/-0&' 89& Π̂(R) <∞: ;/(9&

lim
x↑∞

eγxPx(κ
d,a <∞) =

κ̂(0, 0)

γµ
−

(
1− P(κd,a <∞)

)
f (c)(d, a),  /0-

896,(

∫ ∞

0

e−θsf (c)(s, a) ds =
1

µθW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ ∞

0

eγy
∫ ∞

0

ΠX̂(dz + υ + y)dυdy

-1!6 P(κd,a <∞) .()/ 9!+( 0 <0,(196(+,2 =: >(7?, µ = ∞' /- *16&.%2.(%&' $( ?(0! )/1-+! 1#0+!+,!

@ABC .()/ 1#0+! B:

1$(23 4$(5678#9$ :(;#%38#<;= $4;#%= 7;> $ ?@ABC8$(# :(;#%38#<;# $3<$(5DE @:2%# &2(;E 6# <=

42F4%$7:#G (0,∞) &;=%= Ûγ(dx) 8H;#9= 7F=H$ 3$ µ−1dx  8$HI )'/E 7:%I /JJ, $%=8 )J,-I 1$3=:@$($E

=H5 (58<=C85K =75&4:$:5@> 3A= eγxP(X̂τ+x
− x ∈ dz)E 935 x ↑ ∞ 7:$7BG#&5 :(;#%38#<;# L#H#79B#M=

$ 8H;#6<$NC; $9%=<;C8$<#GI

O#8BA:=:5 8=(=%:# ( %$838;=A# P 4%=C5 )*+, 3$:5C8Q =75&4:$:5@; 4%=(3$4$3$H;#R7:(= 4=%57@;#G

%B;<5 8 3$A<Q H=%;#%Q ( 4%854=3@BE 935 $9$< &;=%5 LST5M#9$ 4%$C#7B 3B=A<#9$ X̂ <=A#65 3$ @A=75

S(α)
I U8<=C8= :$E 6# 3$4B78C8=&5 7@$@; 4%$C#7B X̂ &=GQC# :8(I C;>6@;# $9$<5I V$%&=A<;# @A=7=

%$8@F=32( S(α)
G#7: 83#W<;$(=<= ( <=7:>4BGQC5 74$72H  8$HI )+.,-X

 !"#$#%&' *) @D?!)! L(α)
C E?! α ≥ 0 %#0,%&' $( %,!1! G +! [0,∞)' 3/#1! %! -8-+ G = G([0,∞))

+!?($& 9- 3?!)& L(α)
.(7?,

(i) G(x) > 0 9?! x ≥ 0'

(ii) limu→∞
G(u−x)

G(u)
= eαx 9?! x ∈ R' -1!6 %,!1! G +,( %! 31!/-0(8- +-7+,3! '

(iii) limn→∞
G(n−1)

G(n)
= eα, 89& G %! +-7+,3 31!/-0& @6 1-6*,F/-7G,H 31!/& 1#0+H 1C:

 !"#$#%&' +) @D?!)! S(α)
C I#0,%&' $( G +!?($& 9- 3?!)& S(α)

.(7?,

(i) G ∈ L(α)
'

(ii) 9?! *(0+(8- M0 <∞' %!%&' $(

lim
u→∞

G ∗G(u)

G(u)
= 2M0,  //-

896,( G ∗G(u) = 1−G ∗G(u) -1!6 ∗ -6+!G6! )*?-/:

1A= 3$($A<#9$ a ∈ R :=@;#9$E 6# 4$<;678= C=F@= G#7: 7@$RC8$<=E 83#W<;BG&5 YB<@CG> 9#<#%BGQCQ

&$&#<:5 δ :=@QE 6#

δa(G) =

∫ ∞

0

eauG(du),  /+-

938;# G G#7: %$8@F=3#& 4#(<#G 7@$RC8$<#G &;=%5I

Z%854$&<;G&5E 6# X̂ = −X G#7: 74#@:%=A<;# 3$3=:<;& 4%$C#7#& LST5M#9$I [>38;#&5 3=A#G

8=@F=3=KE 6# 3A= X̂ $%=8 3A= 4#(<#9$ B7:=A$<#9$ α ≥ 0 &=&5

/'



(i)

ΠX̂ ∈ S(α),  !" α > 0 #$%&

'()*

∫ x

0

ΠX̂(y) dy ∈ S(0)
#$+&

(ii)

ψ̂(α) < 0,  !" α > 0 #$,&

(iii)

e−qδα(Ĥ) < 1,  !*-. q = lim
β↓0

−ψ̂(−β)

κ(0,−β)
#$/&

'()* δα(Ĥ) '*0)1*) 2304156  .0.(35717 8'8.09" #$:& !;) ('*4<)!3 Ĥ1= > ?-.(@A*. ' @)(3043

@"0-4)B C. ΠĤ ∈ S(α). D)(30.4 #---& 5.A9 0-.*E6!0"B  !" α > 0= F)9'8-)A9 !*-64- *)<'C.0-3 0)

!("2B @ ?(*"?)!43B  !" α = 0 @)(30.4 #---& 5.A9 )39'8)9"1*0-. A?.<0-'0"= G(*"4<)!.8 ?('1.A3B

49H(" A?.<0-) @)(304- #$%&I#$/& 5.A9 ?('1.A !3);0" !' ?('1.A3 J()8K()LM30!E.( ) #$& *. A4'4)8-

' ('*4<)!*-. G)(.9'=

N*0)1*8"O f(x) ∼ g(x) @9.!" - 9";4' @9.!"B  !" limx→∞ f(x)/g(x) = 1= D9.!"  <H@0"

(.*3;9)9 ('*!*-)<3 , ?()1" PQ:R 5.A9 0)A96?3571"O

 !"#$%&#'"# ( #ST.'(.8 + @ PQ:R&)  !"# "$%&'()*$+, -./01-.20 $3#456&6#7$ 89$ 5!$:8&5&8&;*(<1

36:$ 5$!#37*(= !>*)# " 8&9)? ;$!*(!? :#)&3*

Px(κ
d,a <∞) ∼ EX1

(
α

ψ̂(α)

)2 (
1− (1− P(κd,a <∞))f (e)(d, a)

) ∫ ∞

x

ΠX̂(y) dy,

@8"*( ∫ ∞

0

e−θsf (e)(s, a) ds =
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)B(z)dz #$U&

&!$"

B(z) =
e−αz

EX1

(
−ψ̂(α) + α

∫ ∞

z

eαyΠX̂(y) dy

)
.

A9$ α = 0 :*(97&BC −ψ̂(α)/α =(36 !&">4*$)$ : 3()3*( @!$)*+")#4 * :#)&3* −ψ̂′(0+) = EX1D

$+



 !"#$%&%$%'()*+,#% &"!-+.()/ !0(1- $2" 3"4"5"1)6% &!%7)+0 89:-;)6% <&!"7" =>?@A

 !"#$%& '()*& +*,!-.&*& + /01)- !/2&3%2#*2) %)40!+#3! $#/5 '()*) 6789 -!5:*.&*) '()+-!'!-!;

<2#=/5+) ')(:/02#$ (42%: !(). '!-)$&*) >!(?41: %) 5!@/)?!A*2 B4054)*:$%# -") 5.+C .)1)?)%#3!

'(!*#/4 DEF:G#3! (!.+)@)%#3! -!-)50!+! . ')(:/02? !'HI%2#%2#?C J)1)?)%: '(!*#/ DEF:G#3!

K !" #$%!& '()* + ,$!--L '! (). '2#(+/.: .!/5)1 /.*.#3H1!+! /*,)()05#(:.!+)%: + '()*: 6889M 3-.2#

)45!(.: 4-!+!-%2"2 $#3! 2/5%2#%2#M .%)"#I"2 >!(?41: %) $#-%!/5(!%%# 2 -+4/5(!%%# '(!<"#?: +:A*2)

2 '!-)"2 >!(?41: %) (#.!"+#%5:C N!(?)"%2# .)1)?)%: '(!*#/ DEF:G#3! $#/5 .-#O%2!+)%: $)0! $#-:%#

?!*%# (!.+2&.)%2# %)/5P'4$&*#3! /5!*,)/5:*.%#3! (H+%)%2) (H@%2*.0!+#3!Q

dUt = dXt − δB{Ut>b}dt, t ≥ 0, KRSL

3-.2# δ, b ≥ 0M ) X 5! /'#05()"%2# 4$#?%: '(!*#/ DEF:G#3!M 05H(: ?!-#"4$# -:%)?20P '(!*#/4 U
'!%2@#$ '!.2!?4 bC T!-)50!+! . '!+:@/.#3! (H+%)%2) ?!@%) 1)5+! .)4+)@:UM @# '!+:@#$ '!.2!?4
b '(!*#/ U .)*,!+4$# /2# $)0 '(!*#/ Y = {Yt = Xt − δt, t ≥ 0}C V*.:+2A*2# '(!*#/ Y 5! (H+%2#@

'(!*#/ DEF:G#3! ! 5#$ /)?#$ ?2#(.# DEF:G#3! *! XM )"# .# .?2#%2!%:? -(:>#?C T") '(!*#/4 Y
!.%)*.?: '(.#. W

(q)
$#3! >4%0*$P /0)"4$&*&M ) '(.#. ϕ +:01)-%20 D)'")*#G)C W '(.:')-04M 3-:

δ = 0 -!/5)$#?: + 5(:+2)"%: /'!/H<M @# U = XM *! -)$#M @# +/.:/502# %2#.%)%# +*.#A%2#$ + "25#();
54(.# 5!@/)?!A*2 B4054)*:$%# !5(.:?)%# -") '(!*#/4 U (!.+)@)%#3! -! ?!?#%54 ')(:/02#$ (42%:

/& )45!?)5:*.%2# (!.+2&.)%# -") -!+!"%#3! /'#05()"%2# 4$#?%#3! '(!*#/4 DEF:G#3! XC W:%202
.)'(#.#%5!+)%# + '()*: 6889 +:?)3)1: +'(!+)-.#%2) %!+#$ >4%0*$2 /0)"4$&*#$ w(q)

.+2&.)%#$ .

'(!*#/#? U M .-#O%2!+)%#$ + %)/5P'4$&*: /'!/H<

 !"#$#%&' CD ./# q ≥ 0 , #0 x, z ∈ R1 b ≥ 01 ,02#$03*

w(q)(x; z) := W (q)(x− z) + δ {x>b}

∫ x

b

W
(q)(x− y)W (q)′(y − z)dy. KRXL

Y!%)-5!M 3-: x ≤ b ?)?:
w(q)(x; z) = W (q)(x− z).

T!-)50!+! -") q = 0M <P-.2#?: 4@:+)U .)'2/4 w(0)(x; z) = w(x; z)C
W '()*: 6789 '(.:$P5!M @# b = 0C J '4%054 +2-.#%2) 2%5#('(#5)*$2 4<#.'2#*.#%2!+!;#0!%!?2*.%#$

!.%)*.) 5!M @# 3-: O(?) $#/5 -!<(#$ 0!%-:*$2 O%)%/!+#$M 5$C '(!*#/ U .%)$-4$# /2P '!+:@#$ '!;

.2!?4 0M +5#-: *.PAU +'1:+H+ .# /01)-#0 K. '#+%& 2%5#%/:+%!A*2& δ > 0L $#/5 '(.#.%)*.)%) %)
(!.+H$ *.: ?!-#(%2.)*$P O(?:C V+# +:'1)5: ?!3& 5#@ <:U (!.4?2)%# $)0! '#+2#% /5)1: '!-)5#0

-!*,!-!+:M 05H(: O(?) +5#-: '1)*2C Z%)*.#$ $#/5 + /:54)*$2M 3-: O(?) ?) 01!'!5: O%)%/!+#M *.:"2

'(!*#/ U .%)$-4$# /2P '!%2@#$ '!.2!?4 0M +5#-: '!+:@#$ !'2/)%# ?!-#(%2.)*$# %2# /& (#)"2.!+)%#
) '!-)5#0 -!*,!-!+: %2# $#/5 '1)*!%:C W '()*: 6789 4.:/0)%! +2P* %)/5P'4$&*# (#.4"5)5:C [2#*,

τ dU = inf {t > 0: t− sup {0 ≤ s ≤ t : Us ≥ 0} > d}

<P-.2# ')(:/02? ?!?#%5#? .)5(.:?)%2) -") '(!*#/4 U C W5#-: '()+-!'!-!<2#=/5+! ')(:/02#$
(42%: $#/5 .)-)%# '(.#.

E#()!$3)1() F K\,#!(#? ] + 6789LD ./# x ∈ R,

Px

(
τ dU <∞

)
= 1− (E[X1]− δ)+

∫∞

0
w(x;−z)zP(Xd ∈ dz)∫∞

0
zP(Xd ∈ dz)− δd

. K]^L

R_



 !"#$ %!&#!'()* '+ ,-( δ = 0 !" #"$%&'(% $()* #"+*%$, '-. ( */(01!,!/2 "!*(%2,3%2 $

45/"*/2 6 ( #*,7% 896:; <"$%&'(/ !$-/*=(/3-/ ="$"=("3/ >/'! (, #"2"7? @"*20A% B/3=,11, "*,(

2"73/> $A,'3"C7- D,*+"$, =(-.+- +!)*/> =/+"2#"(%7>, !*,>/+!"*-- #*"7/'0 U #*"$,=(- =" "!*(%E

2,3-, !"&',2"C7- F0+!0,7%>3%75 ($-?(,3%75 ( #-/*$'(%2- 2"2/3!,2- =">C7-, #*"7/')$ X - Y ="

(,=,3%75 #"(-"2)$; 4"&',2"C7- !/ #*/(/3!0>/2% $ #"3-&'(%2 1/2,7-/; G,*!" !/& $'#"23-/H &/

#*(%#,=/+ I=% U 2, 3-/"I*,3-7("3/ $,5,3-/ 20'- J%H *"(#,!*%$,3% "'"J3"; K/L3-0>/2% $!/=%

7(,' (,!*(%2,3-, τ d,ǫU = inf {t > 0: t− sup {0 ≤ s ≤ t : Us ≥ ǫ} > d} , 3,'!.#3-/ #*,$="#"="J-/ME

'!$" #,*%'+-/> *0-3% >/'! ,#*"+'%2"$,3/ #*(/( Pǫ(τ
d,ǫ
U <∞) I=% ǫ ↓ 0;

 !"#$ % NO/22, P $ 89Q:R&  !"#$ ν−0 = inf{t > 0 : Yt < 0} %&'( ν+a = inf{t > 0 : Yt > a}. )*"+,
+-' x ∈ R. a, q ≥ 0. /'/,

Ex

[
PY

ν
−

0

(
τ+0 ≤ d

)
1{ν−0 <∞}

]
=

∫ ∞

0

(w(x;−z)−W(x))
z

d
P(Xd ∈ dz) + δW(x),

Ex

[
e−qν

−

0 EY
ν
−

0

[
e−qτ

+
0 1{τ+0 ≤d}

]
1{ν−0 <ν

+
a }

]

=

∫ ∞

0

e−qd
(
w(q) (x;−z)−

W
(q) (x)

W(q) (a)
w(q) (a;−z)

)
z

d
P (Xd ∈ dz)

%&'(

Ex

[
e−qν

−

0 PY
ν
−

0

(τ+0 ≤ d)1{ν−0 <ν
+
a }

]

=

∫ ∞

0

(
W

(q,−q)
x,δ (x+ z)−

W
(q) (x)

W(q) (a)
W

(q,−q)
a,δ (a+ z)

)
z

d
P (Xd ∈ dz) ,

0+(!" +-' +%1%-2,#$ x, c ∈ R

W
(q,−q)
c,δ (x) = W (x) +

∫ c

0

(
qW (x− y)− δW

′

(x− y)
)
W

(q) (y) dy. NS6R

G !/753-+,75 ="$"="$%75 $%+"*(%'!,3%75 $ #*,7% 89Q: +107("$% J%A @,+! &/ (,75"$,3-/ #*"E

7/'0 U $ (,1/&3"C7- "= >/I" #"A"&/3-, >/'! 2"=/1"$,3/ #*(/( #*"7/'% X - Y ; K1,!/I" #"$%&'(%

1/2,! ("'!,A 0="$"=3-"3% #*(/=/ $'(%'!+-2 #*(% 0&%7-0 2"73/> $A,'3"C7- D,*+"$, "*,( >/=3"E

*"=3"C7- $ #*(/'!*(/3- #*"7/')$ OTU%V/I" X - Y ;

K"=,!+"$" $,&3%2 */(01!,!/2 #*,7% 89Q: >/'! 3,'!.#0>?7/ !$-/*=(/3-/ +!)*/ #"=,>/ @"*20A%

3, =$0'!*"33/ - >/=3"'!*"33/ #*"J1/2% $%>C7-, =1, #*"7/'0 U *"($,&,3/I" =" 2"2/3!0 #,*%'+-/>

*0-3%; W!*(%2,3/ */(01!,!% ("'!,A% $%*,&"3/ (, #"2"7? $("*)$ (,$-/*,>?7%75 @03+7>/ '+,10>?7/

#*"7/')$ X Y  U "*,( *"(+A,= #*"7/'0 X $ 2"2/37-/ d;

'()!*+,!-)! . N45/"*/2 X $ 89Q:R&  !"#$ κ+a = inf{t > 0 : Ut > a} %&'( d > 03 )*"+, 4'&,56!"
4&%7-"/, 1,89#!' +-' (':'/'2"0% 4&%#"5; <=>,?"0% U ('+'2" 5@ 1 2'5*A4;8@#, 54%5B7

C!D E-' q > 0. x ≤ a.

Ex

[
e−q(τ

d
U−d)

1{τdU<κ
+
a }

]

= Z
(q) (x) +

∫ ∞

0

(
w(q) (x;−z)E

[
e−qτ

d
U1{κUd <κ

+
a }

]
−W

(q,−q)
x,δ (x+ z)

) z
d
P (Xd ∈ dz) ,

6Y



 !"#$

E

[
e−qτ

d
U1(τdU<κ

+
a )

]
= 1−

Z
(q) (a) +

∫∞

0

(
w(q) (a;−z)−W

(q,−q)
a,δ (a+ z)

)
z
d
P (Xd ∈ dz)

∫∞

0
w(q) (a;−z) z

d
P (Xd ∈ dz)

=

∫∞

0
W

(q,−q)
a,δ (a+ z) z

d
P (Xd ∈ dz)− Z

(q) (a)∫∞

0
w(q) (a;−z) z

d
P (Xd ∈ dz)

.

%##& '() q > 0 *+)" x ∈ R,

Ex

[
e−q(τ

d
U−d)

1{τdU<∞}

]

= Z
(q) (x) +

∫ ∞

0

(
w(q) (x;−z)E

[
e−qτ

d
U1{τdU<∞}

]
−W (q,−q)

x,δ (x+ z)
) z
d
P (Xd ∈ dz) ,

 !"#$

E

[
e−q(τ

d
U−d)

1{τdU<∞}

]
=

∫∞

0
H

(q,−q)
δ (z) z

d
P (Xd ∈ dz)− q

ψ(q)
− δ

∫∞

0
H

(q,0)
δ (z) z

d
P (Xd ∈ dz)− δeqd

*+)" !() p, p+ q ≥ 0

H
(p,q)
δ (x) = eϕ(p)x

(
1 + (q − δϕ (p))

∫ x

0

e−ϕ(p)yW (p+q)(y)dy

)
.

%###& '() q ≥ 0 *+)" x ≤ a,

Ex

[
e−qκ

+
a 1{κ+a <τdU}

]
=

∫∞

0
w(q)(x;−z) z

d
P (Xd ∈ dz)∫∞

0
w(q)(a;−z) z

d
P (Xd ∈ dz)

.

 !"!#$ %!&'(')*+,-$(. %/-01+" ' %!"$2&')*! 1"3)4#')-35 &6 1)(.-3('-) !45' #!78 &0!9%,30!:

"5-) 45(./-0!"!; <$0!4'$&1/=6 1!2&59!7(3 '5"541) " >)95(3) ? !45' 9!(-6 "@5&-!78 A540!"5;

B4'$%5#)0 -3)!*45-3('!-)*! "5.5-35 =)&1 4+"-3)2 #!"!#'!-$ %4')' 5%4!0&$95(=C;

 !"#$% &'()'%*+$ ,-% .#"*!/01 23456!7" 8%-!9:5*; ", ."8$"<' =.#%*% >?@AB

D&151-35 ('C78 !95"35-)*! ($0,/ %45( %!7"3C(!-5 =)&1 %4!()&!9 '5,)2-$9 !# #4$E/ F ($-$(.!$/$0!$01

23-4 /+*5$66$6G; H6 1! %4!()&$ I),,)45 '#)J-3!"5-) =50! 9!(-) 4!'"36'5-3) -5&1C%/=6()*! &1!(.5:

&1$('-)*! 4+"-5-35 4+2-3('0!")*!

dU(t) = dX(t)− φ(U(t)) dt, F??G

*#'3) X(t) =)&1 &%)0145,-3) /=)9-$9 %4!()&)9 >KL$M)*!; D E/-0(=3 φ '50@5#59$N 2) =)&1 -3)95,)=6(5
!45' 3&1-3)=) r∗ ∈ R 1503)N 2) φ(x) = 0 #,5 052#)*! x ≤ r∗; < %4'$%5#0/N 03)#$ %4!()& X 95

!*45-3('!-) "5.5-3) '50@5#59$ #!#510!"!N 2) φ(x) < p = γ +
∫
(−1,0)

xΠ(dx) > 0 #,5 052#)*!

OP



x ∈ R !"#$ $% $"&'()&*(" *+,%-"()". /$01" *%#$+,% 23/%1*3#$+(" 41*3 /%(#$15/&6) 1%*2)7*+()+ 899: 

;%(+<$%. *+/,+<+=3. -" >5(/&6+ φ 6"#$ +?@% ?%/+?()" ?)4#&')$*%2#/+ +?@% 6"#$ 4%#$+&)

φ(x) = φk(x) =
k∑

j=1

δj1{x≥bj},

A<*)" k ≥ 1. 0 < δ1, . . . , δk. %1+* −∞ < b1 < ... < bk < ∞ ;%23-#*" *+,%-"()+ 2 41+&3 BCDE

*%#$+,3 %*(+&*%(" 6+/% 2+15("/  !" 

;1%&"# U = Uk. A<3 φ = φk (+*32+=3 41%&"#"= 2)"?%/1%$()" *+,+=+(3= 8 !"#$%&'(&)*#'+

,&-*'..:. 6"#$ %( (+$51+?(3= 5%A0?()"()"= 41*34+</5 k = 1. /$013 @3, 1%*2+-+(3 2&*"F()"6 2

41+&3 BGGE H+52+-=3. -" <?+ <%2%?("A% 0 ≤ j ≤ k 2 /+-<3= 41*"<*)+?" (bj, bj+1] 8A<*)" b0 := −∞
%1+* bk+1 := ∞: 41%&"# Uk *+&'%256" #)I 6+/ 41%&"# Xj := {X(t) −

∑j

i=1 δit : t ≥ 0}. /$013 6"#$

#4"/$1+?()" 56"=(3= 41%&"#"= JKL3M"A% ()"@I<7&3= =)(5# #5@%1<3(+$%1"=. &% 23()/+ * *+,%-"()+.

-" φk(x) ≤ p <?+ 2#*3#$/)&' x ∈ R H<"N()56=3 $"1+* 23/,+<()/ J+4?+&"M+ 41%&"#5 XjO

ψj(θ) := ψ(θ)− (δ1 + ...+ δj)θ <?+ θ ≥ 0.

P+$%=)+#$

ϕj(q) = sup{θ ≥ 0 | ψj(θ) = q}

$% >5(/&6+ 41+2%#$1%(()" %<21%$(+ <% ψj 
;1+&+ BCDE #/,+<+ #)I * <20&' &*IF&) ;)"12#*+ <%$3&*3 41%&"#5 2)"?%/1%$()" *+,+=+("A% Q<%R

2%<()%(%. -" A<3 φ 6"#$ #&'%</%2+. 2$"<3 )#$()"6" 6"<3(" =%&(" 1%*2)7*+()" 102(+()+ 899:. /$01"

4%#)+<+ =%&(7 2,+#(%FS T+1/%2+ 

#$%&'()&*%& +, 8U'"%1"= V 2 BCDE:- /$'*0 k ≥ 11 φ(x) = φk(x) =
∑k

j=1 δj1{x≥bj}1 0 < δ1, . . . , δk1
-&)2 −∞ < b1 < ... < bk <∞3 4#'+5 $.#6$'7' ,&-*'. Uk 89+:*5  -*65 &-2;$:2)6$' .#-*0).#5*2%
6'<- &=;6)6$) &=>6$*2?-;'<- 899:3

;)"12#*3= /1%/)"= <%2%<%23= @3,+ /%(#$15/&6+ 4% $1+6"/$%1)+&' 1%*2)7*+()+ 102(+()+ 899: 2

41*34+</5. A<3 41%&"# X =+ %A1+()&*%(" 2+'+()" ;%?"A+ %(+ (+ *(+?"*)"()5 41%&"#5 Uk #4",()+R

67&"A% 102(+()" 899: (+ 41*"<*)+,+&' &*+#%23&'. 2 /$013&' %23 41%&"# *(+6<56" #)I 4%23-"6 @7<W

4%()-"6 (+623-#*"A% 4%*)%=5 bk X%20< 6"#$ )(<5/&36(3 X?+ k = 1 $"*I %$1*3=56"=3 @"*4%F1"<R

()% * 41+&3 BGGE P+#$I4()" *+/,+<+=3. -" 41%&"# Uk−1 6"#$ <%@1*" #/%(#$15%2+(3 (+ 41*"<*)+,+&'

&*+#%23&'. 2 /$013&' 41*"@32+ 4%=)I<*3 4%*)%=+=) −∞ < b1 < ... < bk−1 < ∞ ) 4%/+*56"=3.

-" 2$"<3 Uk 6"#$ 102()"- <%@1*" %/1"F?%(3 (+ 2#*3#$/)&' 4%*)%=+&' −∞ < b1 < ... < bk < ∞ 

;%23-#*+ /%(#$15/&6+ 6"#$ 4%41+2(+ $3?/% 2 41*34+</5 *+,%-"()+ % %A1+()&*%(3= 2+'+()5 41%&"#5

X. &% 23()/+ * >+/$5. )- bk 6"#$ ()"1"A5?+1(3 <?+ 40,41%#$"6 (−∞, bk) X%<+$/%2% )#$%$(3 6"#$ $5$+6

>+/$. -" 41%&"# Uk 4%15#*+ #)I 2 A01I $3?/% 2 #4%#0@ &)7A,3. + 2 <0, 6"<3()" *+ 4%=%&7 #/%/02

8$5$+6 2,+F()" 23/%1*3#$56"=3 *+,%-"()". -" φk(x) ≤ p = γ+
∫
(−1,0)

xΠ(dx) > 0 <?+ /+-<"A% x ∈ R: 

;1*34+<"/. A<3 41%&"# X. + $3= #+=3= 41%&"# Uk =+ ()"%A1+()&*%(" 2+'+()" <%2%<*%(3 6"#$ *+

4%=%&7 $*2 &)7A02 +41%/#3=+&36(3&' Xn
%1+* Un

k . A<*)" 2#*3#$/)" 41%&"#3 Xn
. Un

k =+67 %A1+R

()&*%(" 2+'+()" !"#$ $% =%-?)2". 4%()"2+- /+-<3 #4"/$1+?()" 56"=(3 41%&"# JKL3M"A%. /$013 =+

()"%A1+()&*%(" 2+'+()" $1+6"/$%1)) =%-(+ +41%/#3=%2+S &)7A)"= 41%&"#02 #4"/$1+?()" 56"=(3&'

% %A1+()&*%(3= 2+'+()5 8*%@ BY. #$1 9VZE: ;%(+<$% 2 $"6 &*IF&) 41+&3 23*(+&*%(% $%-#+=%F&)

[5/$5+&36(" %1+* 1"*%?2"($3 <?+ 41%&"#5 Uk 

V\



 !"#$#%&'  !  !" #$%$!&'($ 1 ≤ k) −∞ =: b0 < b1 < · · · < bk < bk+1 := ∞) $*"+ y ∈ R)

+#',&-./01

Ξφk(y) := 1−W (q)(0)φk(y).

2#1 X 0" &-'$(*"&-3+$&' %"4"&-') 5$ W (q)(0) = 0) 6*+'+ 3$ Ξφk(y) = 1 #!" %7+1758-34 y ∈ R9 :

#*.(-'/ 75*$&1) (#1 X 0" $(*"&-3+$&' %"4"&-' $*"+ y ∈ (bi, bi+1] #!" i ≤ k − 1) 5$

Ξφk(y) = 1−W (q)(0)
i∑

j=1

δj =
i∏

j=1

(
1− δjW

(q)
j−1(0)

)
.

;"5$0-"75) (#1 y > bk) $5*+10./'01 Ξφk(y) =
∏k

j=1

(
1− δjW

(q)
j−1(0)

)
9

 !"#$ a ∈ R %&'( k ≥ 1) (*"+,!-./0 ,'1234-.5#" #('10 ('2&(0/',!'

κa,−k := inf{t > 0: Uk(t) < a} %&'( κa,+k := inf{t > 0: Uk(t) ≥ a},

( 6%,7",#.5) 8" inf ∅ = ∞9
: 4%,!81(0/ 27!"&*(",!- 4&"(",2-."/0 7(%&0 ,' *7-12&%,," 4&%;<"/0 70.=#!' *<' 4&%#"1- 7!">

<%6&%2,!" ('?'/',"@% Uk9 A&'7" 12&%,0 20#$8" &B7,%=#! 15 4&("*12'7!%," 7 .3(06- ,%70#$ C-,6#.!
16'<-.5#0#$ ('*',0#$ 4&("( 4"7," &"6-&",#0.," &B7,',!' #'?6%7"9 DB7,',!' 2" /%8,' &%(7!5('E

! %2&(0/'E .'7,0 7(B& ,' 4&("*12'7!%," 4%,!8". C-,6#." F7 4&'#0 GHIJ ."12 2% A&%4%1!2!%, KLM9

"#$%&'(%)$% ** FN$"%&"/ O 7 GHIJM! <75"!01 k ≥ 1 $*"+ q ≥ 09

=->  !" r < b1 < · · · < bk ≤ a $*"+ r ≤ x ≤ a) 0"01

Ex

[
e−qκ

a,+
k 1{κa,+

k
<κ

r,−
k

}

]
=
w

(q)
k (x; r)

w
(q)
k (a; r)

, FPLM

(#+-' w
(q)
k /'75 +"#"&' % 76$7?@ *'8.*'&31/&1

w
(q)
k (x; r) := w

(q)
k−1(x; r) + δk

∫ x

bk

W
(q)
k (x− y)w

(q)′
k−1(y; r)dy, FPIM

+ %"*.&8-'0 6$3+A58$%10 w
(q)
0 (x; r) = W (q)(x− r)9 B.&83/" w

(q)
k (x; r) /'75 C.&83/A 78"!./A3A

+%-A+"&A + 6*$3'7'0 Uk9

=-->  !" 0 < b1 < · · · < bk ≤ a $*"+ 0 ≤ x ≤ a)

Ex

[
e−qκ

0,−
k 1{κ0,−

k
<κ

a,+
k

}

]
= z

(q)
k (x)−

z
(q)
k (a)

w
(q)
k (a)

w
(q)
k (x), FPOM

(#+-' z
(q)
k /'75 +"#"&" *'8.*'&31/&-'

z
(q)
k (x) := z

(q)
k−1(x) + δk

∫ x

bk

W
(q)
k (x− y)z

(q)′
k−1(y)dy,

+ %"*.&8-'0 6$3+A58$%10 z
(q)
0 (x) = Z(q)(x)9 B.&83/" 78"!./A3" z

(q)
k (x) /'75 +%-A+"&" + 6*$3'D

7'0 Uk)

KQ



 !"#$ %!"&'()*+! ,"-*.$)*/-0 %.)*1-*+02 $"3*,0%!"!4 506%-*." 3$!"!$/-!/! ")#. 789: "

%.)&%0$;3< +$& %.!=*( X >0 !+.0/-=)!/* "0?0/-*4 @*/ %.)&%0$*; $!"!$)- (-A (,!(36B= >!=/B

"20(/!CD E0.;!"0< 0 /0(,A%/-* "&)/0=)06B= 789:< +$& x = bk4 @0;-* .!)3>!"0/-* 6*(, >!'F-"*
6*$&/-* $F0 %.)&%0$;3 !+.0/-=)!/*+! "0?0/-0< +$&' ",*$& W (q)(x− bk) = W (q)(0) > 04  !"#$ $F0
%.!=*(3 ! /-*!+.0/-=)!/&> "0?0/-3 6*(, 10.$)-*6 (;!>%F-;!"0/& - "&>0+0 3'&=-0 =-B+#" 0%.!;(&G

>0=&6/&=?4 H!)!(,02* ,!'(0>!C=- I3;,30=&6/*< ;,#.* "&)/0=)!/! " ,&> .!)$)-0F* $F0 %.!=*(3 Uk
!%-(36B 6*$/!(,.!//* %.!1F*>& "&6C=-0 !.0) .*)!F"*/,&4 J*$/!(,.!//* %.!1F*>& "&6C=-0 !)/0=)06B

,.0/(K!.>0,A L0%F0=*M0 %-*."()*+! >!>*/,3 "&6C=-0 %.!=*(3 Uk ) %#2%.!(,*6 [0,∞) 7%!$%3/;, (i)
" %!/-'()&> "/-!(;3: !.0) ) %#2%.!(,*6 (−∞, a) $F0 %*"/*+! a ∈ R 7%!$%3/;, (ii) " %!/-'()&>
"/-!(;3:4 @!'(0>!C=- ,* )!(,02& "&.0'!/* " 6A)&;3 K3/;=6- (;0F36B=&=? )"-B)0/&=? ) %.!=*(*> Uk
- )0$0/&=? " (%!(#1 .*;3.*/=&6/&4

 !"#$%&  7N!.!FF0.& O " PQRS:!  !"#$%& k ≥ 1'

()* +$# x ≥ 0, b1 > 0 -.#/ q > 0, %#%&

Ex

[
e−qκ

0,−
k 1{κ0,−

k
<∞}

]
= z

(q)
k (x)−

∫∞

bk
e−ϕk(q)zz

(q)′
k−1(z)dz∫∞

bk
e−ϕk(q)zw

(q)′
k−1(z)dz

w
(q)
k (x). 78O:

())* +$# b1 < · · · < bk ≤ a, x ≤ a -.#/ q ≥ 0,

Ex

[
e−qκ

a,+
k 1{κa,+

k
<∞}

]
=
u
(q)
k (x)

u
(q)
k (a)

, 78T:

01/)2 u
(q)
k 32!" /#1#4# .256.247&34)2

u
(q)
k (x) := u

(q)
k−1(x) + δk

∫ x

bk

W
(q)
k (x− y)u

(q)′
k−1(y)dy,

/ 8#.645)2% 9-7/:"5-8&% u
(q)
0 (x) = eΦ(q)x

' ;64573# u
(q)
k (x) 32!" <64573: !5#$63:7: /8):/#4: /

9.-72!2% Uk

U*)!F"*/,& F31 -/0=)*6 qG%!,*/=602& ,! >-0.& !=)*;-"0/*+! =)0(3 %.)*1&"0/-0 %.!=*(3 " %*"G
/&> )1-!.)* 1!.*F!"(;->4 E!+B 1&D .!)%0,.&"0/* %.)*) =02& !;.*( V'&=-0W %.!=*(3< =)&F- /0 /-*G

(;!X=)!/&> ?!.&)!/=-* =)0(!"&>< 0F1! $! >!>*/,3 %-*."()*+! %.)*6C=-0 %.!=*(3 %!/-'*6 1B$Y

%!"&'*6 %*"/*+! %!)-!>34 U*)!F"*/,& %*2/-B "0'/B .!FA " ,*!.-- I3;,30=6- - " )0(,!(!"0/-0=?< /0

%.)&;20$ $! "&)/0=)0/-0 %*"/&=? =?0.0;,*.&(,&; " >!$*F0=? $&"-$*/$!"&=? 7)!14 /%4 PZR< 9[S:4

"#$%&'(%)$% *+ 7@?*!.*> T " PQRS:!  !"#$%& /=)>. =-.2$-8!5) B ⊆ R -.#/ k ≥ 1'

()* +$# r < b1 < · · · < bk ≤ a, r ≤ x ≤ a -.#/ q ≥ 0,

Ex

[∫ κ
a,+
k

∧κr,−
k

0

e−qt1{Uk(t)∈B}dt

]
=

∫

B∩(r,a)

w
(q)
k

(x;r)

w
(q)
k

(a;r)
w

(q)
k (a; y)− w

(q)
k (x; y)

Ξφk(y)
dy, 78\:

01/)2 <64573# w
(q)
k (x; z) /-!"#?# /12@4)-8#4# 8 A8)2.1/24)6 BB ()*'

8]



 !!" #$% x ≥ 0& b1 > 0 '(%) q > 0&

Ex

[∫ κ
0,−
k

0

e−qt1{Uk(t)∈B}dt

]
=

∫

B∩(0,∞)

w
(q)
k

(x)

v
(q)
k

(0)
v
(q)
k (y)− w

(q)
k (x; y)

Ξφk(y)
dy,  !"#

*+)!, v
(q)
k (y) := δk

∫∞

bk
e−ϕk(q)zw

(q)′
k−1(z; y)dz& '(%) -./012% w

(q)
k (x; z) )'34%5% )+,6/!'7%/% 7

87!,(+),/!. 99  !":

 !!!" #$% x, bk ≤ a '(%) q ≥ 0&

Ex

[∫ κ
a,+
k

0

e−qt1{Uk(t)∈B}dt

]
=

∫

B∩(−∞,a)

u
(q)
k

(x)

u
(q)
k

(a)
w

(q)
k (a; y)− w

(q)
k (x; y)

Ξφk(y)
dy,  $%#

*+)!, -./012, w
(q)
k (x; y) '(%) u

(q)
k (x) )'34%5; )+,6/!'7%/, 7 87!,(+),/!. 99 '(%) </!'30. =:

 !>" #$% x ∈ R '(%) q > 0&

Ex

[∫ ∞

0

e−qt1{Uk(t)∈B}dt

]
=

∫

B

u
(q)
k

(x)
∫
∞

bk
e−ϕk(q)zw

(q)′
k−1(z;y)dz

∫
∞

bk
e−ϕk(q)zu

(q)′
k−1(z)dz

− w
(q)
k (x; y)

Ξφk(y)
dy.  $&#

'()*+,-, ./0/./0( .12 3/045674)* 8(791:2:;0 6< 3/./=+( ./ :4)* 954:4)* 0 '0,(8.7(+,9 &&>

?+,/6(- @ /:874A9B(A4 7 '0,(8.7(+,2 &&C 1,)7<) /.3/0,(.+,( D82+,)(C D.4 a→ ∞ 0( 07/87(  !E#C

/827 r → −∞ 0 387432.-9 07/89  !$#>

F/.2:-/0/ 0 :(B )7GH), 382)4 6)*282-:(847/02+/ I9+-)BG 6-219B<)< w
(q)
k (x; r)C 7=2.2+/ B(B 72J

)*/02+,( 0 7(87( /827 0 +,(6-/K)7/+/H),C A/+/:/+,)7+/HL /827 DM2.-/HL  3/.8/7.7,2M !>$ 0 NOPQ#>

R/+2.:/ =28.7/ 025+< /=6(802)B< B(6: I2-:C 5( I9+-)B( 6-219B<)( w
(q)
k (x; r)C z

(q)
k (x) /827 u

(q)
k (x)

63(M+,2B< +26:G39B<)( 8;0+2+,2 )2M-/0(S

 !"#$%&'$(#$ )  T/7.7,2M !>P 0 NOPQ#* ?!,1@ φk(x) =
∑k

i=1 δi1{x>bi} '(%) q ≥ 0& k ≥ 1: <4,+; +$%

x, r ∈ R& z < b1 -./012, w
(q)
k (x; r)& z

(q)
k (x) '(%) u

(q)
k (x) 3A 2,+;/;B! (')7!A)%/!%B! /%34CD.2A1;1@

(E7/%FG

w
(q)
k (x; r) = W (q)(x− r) +

∫ x

r

W (q)(x− y)φk(y)w
(q)′
k (y; r) dy,

z
(q)
k (x) = Z(q)(x) +

∫ x

0

W (q)(x− y)φk(y)z
(q)′
k (y)dy,

u
(q)
k (x) = eΦ(q)x +

∫ x

0

W (q)(x− y)φk(y)u
(q)′
k (y)dy.

!&



 !"#$%&' %(")'*+&',)' -'%( )%(!(,'. /!,)'"0$ (! +&)12) ('- !3%'*"04-) !(*&#50,! 0,06!7)4&,'

*8",0,)0 ,0 9:,24-' %206:-;4' +60 !786,)'-%&'- 260%# 9:,24-) φ <"%&#%(2)4= %/'>,)0-;4#4= "0*:,'2
 !"?@

A +*:7)'- 4&1B4) /*04# :+!"!+,)!,! )%(,)',)' ) -'+,!&,04&,!BC 5!4,'7! *!&");&0,)0 *8",0D

,)0 <EE? " !786,#5 /*&#/0+2:. 0 ,)' (#62! +60 9:,24-) %4=!+2!"#4= -02 3#>! " /)'*"%&'- 4&1B4)

/*04#@ F! ")14'- /*&#/0+'2  !"#$%&'(&)*#'+ /!%>:$#> -02! 0/*!2%#504-0 +60 !786,)'-%&'- 260%# 9:,2D

4-) φ@ G! ('7! "#2!*&#%(0,! 4);7 9:,24-) (φn)n≥1 %/'>,)0-;4# ,0%(1/:-;4' "0*:,2)H

<0? limn→∞ φn = φ -'+,!%(0-,)' ,0 &3)!*04= &"0*(#4=@

<3? G60 x ∈ R.

φ1(x) ≤ φ2(x) ≤ . . . ≤ φ(x).

<4? G60 20$+'7! n ≥ 1 !*0& x ∈ R. 505# φn(x) =
∑mn

j=1 δ
n
j 1{x>bnj }

. +60 /'",#4= mn ∈ N.

0 < bn1 < . . . < bnmn
. !*0& δnj > 0 +60 +!"!6,'7! j = 1, . . . ,mn@

G60 20$+'7! n ≥ 1 *!&");&0,)' *8",0,)0 <EE? & 9:,24-; φn !&,04&05# /*&'& Un@
I'*0& /!20$'5#. -02 %2!,%(*:!"0C (02) 4);7 (φn)n≥1. 2(8*# %/'>,)0 /!"#$%&' "0*:,2)@ G60

+!"!6,'7! n ≥ 1 "#3)'*05# 2*0(1 Πn = {bnl = l2−n : l = 1, . . . ,mn = n2n} ) &0+0-'5#
δnj = φ(bnj )−φ(b

n
j−1). 7+&)' b

n
0 = 0@  !,0+(! +'J,):-'5# *$,- ).&/012 !3,*2 9:,24-1 φ " ,0%(1/:-;4#

%/!%83H

φn(x) =
mn∑

j=1

δnj 1{x>bnj }
+60 n ≥ 1 !*0& x ∈ R@

G60 20$+'7! n ≥ 1. & I")'*+&',)0 K & /*04# LMNO "#,)20. $' )%(,)'-' -'+#,' *!&");&0,)' Un *8",0D
,)0 <EE? & 9:,24-; φn@ G!+0(2!"!. "0$,; !3%'*"04-; -'%( 902(. $' 4);7 (Un(t))n≥1 -'%( ,)'506'-;4#

+60 20$+'7! t ≥ 0H

#$%&' ( <P'550 EQ " /*04# LMNO?) 4&52.!67 28 9' +") 0)9+'-/ n ≥ 1  ) 2 φn(x) ≤ φn+1(x)
+") :1521#0$*; x ∈ R< =#'+2 Un+1(t) ≤ Un(t) +") :1521#0$*; t ≥ 0<

R0%(1/,)'. :$#"0-;4 /!"#$%&'7! 6'50(:. :+!"!+,)!,!

*'+,$-./$0,$ 1 < *!/!%)()!, EK " LMNO?) 4&52.!67 28 9' (!>0*3) φ 1.'?>$) :)&!>'0  !"< =#'+2

$1#>$'3' .&/*'1 U @ 3'+2>'  /*>' &/5:$,5)>$' &A:>)>$) <EE? 5 (!>0*3, φ< 4/>)+#/8 *$,- (Un)n≥1

5B$'-) +/ U .<>< 3'+>/1#)3>$' >) 5:)&#2*; .&5'+5$)?)*; *5)1/:2*;<

S!6'-,#5 '(0/'5 3#>! /!20&0,)'. $' 9:,24-0 %206:-;40 w(q)
&");&0,0 & !786,#5 /*!4'%'5 U

%/'>,)0 ,0%(1/:-;4' *8",0,)' 40>2!"'H

w(q)(x; r) = W (q)(x− r) +

∫ x

0

W (q)(x− y)φ(y)w(q)′(y; r)dy, <TE?

7+&)' W (q)
(! 9:,24-0 %206:-;40 /*!4'%: X@

EE



 !"#$%&% '()('()! ) *!+ ",-."% /01"2 ,)%3,1$! 43 , (567$3 *!(0%3 06)$18 "19&()2"# *2/:

;(7*!002<

u(x; r) = g(x) +

∫ x

0

K(x, y)u(y; r) dy, =>>?

5',%! "%359(.@ +3'01 K % A:$&"+% g $%! +!4* )2B151$1C 1 /0!,!$*()1$1 *!(0%1 +!4* 0(,:B%1$1 )
&($*!&."%! +3'!0 , /0,!4*0,!$% L1

C *1& +1& ) /01"2 DEFGH I1+/%!0) (567$%! /(&1,:+!B2C J! +!.7%

,19(J2B2 %J /!)$1 A:$&"+1 u +!4* 06J$%",&()17$1 /01)%! )4,-',%!C *( u +!4* 0(,)%3,1$%!B 06)$1$%1

u(x; r) = W (q)(x− r) +

∫ x

r

W (q)(x− y)φ(y)u′(y; r) dy

)*!'2 % *27&( )*!'2C 5'2 u′ +!4* 0(,)%3,1$%!B $14*-/:+3"!5( 06)$1$%1 ;(7*!002

u′(x; r) = Ξφ(x)
−1W (q)′((x− r)+) +

∫ x

r

Ξφ(x)
−1φ(y)W (q)′(x− y)u′(y; r) dy, =>K?

, )10:$&%!B /(",3*&()2B u(r; r) = W (q)(0)H L /01"2 DMKG +!4* *( N!B1* EEH I14*-/$%! 4*(4:O

+3" %*!01"+! P%"10'1 &($4*0::+!B2 0(,)%3,1$%! 06)$1$%1 =>K? % ,$1+':+!B2 B1+(01$*- '71 4,!0!5:

I!:B1$$1C Q-'3"!5( ) *2B /0,2/1'&: $%!4&(8",($3 4:B3 4/7(*6) +3'!0

K(x, y) = Ξφ(x)
−1φ(y)W (q)′(x− y).

R(7!+$2B &0(&%!B Q29( /(&1,1$%!C J! ,1 /(B("3 A:$&"+% 4&17:+3"2"# /0("!46)  !"#$%&'(&)*#'+

B(J$1 1/0(&42B()1@ A:$&"+- 4&17:+3"3 '71 /0("!4: ,17!J$!5( (' /(,%(B:H L*!'2 '71 '()(7$!5(

x ≥ r B1B2

lim
n→∞

w(q)′
n (x; r) = w(q)′(x; r) (01, lim

n→∞
z(q)′n (x) = z(q)′(x).

L /01"2 DMKG +!4* *(  #!(0!B ESH

T,%-&% /()2J4,!+ 1/0(&42B1"+% ) (4*1*$%B /('0(,',%17! /01"2 DMKG (*0,2B17%.B2 *(J41B(."%

U:&*:1"2+$! '71 (567$!5( /0("!4: ,17!J$!5( (' '02A:H I%!"# a ∈ RH V'!W$%:+B2 $14*-/:+3"!

B(B!$*2 ,1*0,2B1$%1 '71 /0("!4: U ,17!J$!5( (' '02A:<

κa,− := inf{t > 0: U(t) < a} (01, κa,+ := inf{t > 0: U(t) ≥ a}.

L /($%J4,2B *)%!0',!$%: /0!,!$*:+!B2 ),(02 $1 0!,(7)!$*2H V1:)1JB2 *1&J!C J! ),60 =>F?

'71 φ = φk ,51',1 4%- , =EX?C $1*(B%14* ) (567$2B /0,2/1'&: A:$&"+% c(q)(y; r) $%! ,$1B2 ) +1)$!+
/(4*1"%H

 !"#$%&#'"# () = #!(0!B >Y ) DMKG?* ,-#)" . /0$1& 02&'"23-4$ B ⊆ R5 6#'+.

7$8 9") q ≥ 0 2&)/ r ≤ x ≤ a:

Ex

[∫ κa,+∧κr,−

0

e−qt1{U(t)∈B} dt

]
=

∫

B∩(r,a)

Ξφ(y)
−1

(
w(q)(x; r)

w(q)(a; r)
w(q)(a; y)− w(q)(x; y)

)
dy.

=>Z?

E>



 !!" #$% q > 0 &'%( x ≥ 0) !*+,!-.- c(q)(y; r) > 0 +%/%) 0- w(q)(x; r)c(q)(y; r)− w(q)(x; y) ≥ 0 &'%(

Ex

[∫ κr,−

0

e−qt1{U(t)∈B}dt

]
=

∫

B∩(r,∞)

Ξφ(y)
−1

(
c(q)(y; r)w(q)(x; r)− w(q)(x; y)

)
dy.  !"#

 !!!" #$% q ≥ 0 &'%( x ≤ a)

Ex

[∫ κa,+

0

e−qt1{U(t)∈B}dt

]
=

∫

B∩(−∞,a)

Ξφ(y)
−1

(
u(q)(x)

u(q)(a)
w(q)(a; y)− w(q)(x; y)

)
dy,  !$#

12(!- u(q)(x) = eΦ(q)x +
∫ x
0
φ(y)W (q)(x− y)u(q)′(y) dy.

%&'()*& + ,-(./ 0123 4'(5647&'& -&4+784('7( )+9:*-&''/.; ,-&<56=>+ +/?@.7( )5( ,-&.6:9 U
4 )&+&5'8 A9'B.?8 φ :,6C'7(?8.8 +(-9'6B  !"D %-(+6 :*-&'/ +4&->+ 4&:*(C/ +/-(E&'6 4( ,&=&.8

A9'B.?7 :B(59?8./.; :,6C'7(?8./.; ->+'('7( .(CB&+6 */,9 F&5*6--/D

#$%&'()&*%& +,  G;6&-6= !H + 0123#-  !" #$% r ≤ x ≤ a &'%( q ≥ 0)

Ex

[
e−qκ

a,+

1{κa,+<κr,−}

]
=
w(q)(x; r)

w(q)(a; r)
.  !I#

 !!" #$% 0 ≤ x ≤ a &'%( q ≥ 0)

Ex

[
e−qκ

0,−

1{κ0,−<κa,+}

]
= z(q)(x)−

z(q)(a)

w(q)(a)
w(q)(x),  !J#

12(!- z(q)(x) = Z(q)(x) +
∫ x
0
φ(y)W (q)(x− y)z(q)′(y) dy.

K ,-(./ 0123 +/4'(.4&'& *(BE6 ,-(+)&,&)&<76L:*+& -97'/ )5( &M>5'6M& ,-&.6:9 U D N(9+(E=/

'( ,&.48*6BO E6 4 G+76-)46'7( P2  77#O )5( q = 0 &*-4/=9?6=/

ρ(x) := Px

(
κ0,− <∞

)
= 1− lim

a→∞

w(x)

w(a)
.

Q47RB7 .46=9 =&E'( 9)&+&)'7S '(:*R,9?8./ 56=(*D

.&/01 ,  %-&,&:7*7&' !2 + 0123 #- 3!-45 x ≥ 06

 !" 7-8$! E[X(1)] ≤ 0) +& ρ(x) = 1 2$% /%02-1& x ≥ 06

 !!" 7-8$! E[X(1)] > 0 &'%(

∫∞

0
φ(x)w′(x) dx !*+,!-.-) +& 9%9:

ρ(x) = 1− A−1w(x),

12(!-

A =
1 +

∫∞

0
φ(x)w′(x) dx

E[X(1)]

&'%( ρ *;-<,!% ;&,!0*(- '=>,%,!- 4%</&>-?

ρ(x) = 1− A−1W (x) +

∫ x

0

W (x− y)φ(y)ρ′(y)dy.

@&,%2+&) .-8$!

∫∞

0
φ(x)w′(x) dx = ∞ +& A = ∞ ! >+-2: ρ(x) = 1 2$% /%02-1& x ≥ 06

H2



 !"#$%& '!()*+# ,-'%.()*"/!0% 0*&"*$0/%&('% -%'12)*)# !)-'#3*0% " ,-*4*45 6789:67;9< =)>-%

()*0!"/? !(/?@0/A4/% 0*1=!"%B  !.(13!"1&?4< @+>"0% "#0/=/ ,-*4 6789:67C9 ,-'%.()*"/*&? "'!-#

0* )!$(*3!D4/ E1=)1*4#&0% .2* ,-!4%(>" FGH#I%@! !-*' '*+*3*0#45 ,-!4%(>" FGH#I%@! -!'"*$*0#45

' )'"B ,*-#(=/3 !,>J0/%0/%3< ,-*4* 67;9 ,-'%.()*"/* .!">. /()0/%0/* / E1=)1*4&% )'"B ,-!4%(>"

'*2%$0#45 !. ,!'/!31< " )#3 ,-!4%(>" "/%2!=-!)0/% '*+*3*0#45B

 ! "#$%&'(&' )*+*,-./012 *,&34(&56 (.78*%*9:.;.%1+012

 !'* 4')%-%3* ,-*4*3/< ()*0!"/?4#3/ &%.0!)%3*)#4'0# 4#=2 ,1K2/=*4&/< !,1K2/=!"*+*3 ,! .!=)!-*:

4/% 7 *-)#=1+>"< ,-'# 4'#3 &%.%0 '!()*+ '**=4%,)!"*0# / 4'%=* 0* ,1K2/=*4&A !. (/%-,0/* LM8N-B< 4!

-*'%3 ' *-)#=1+*3/ ,-'%. .!=)!-*)%3 .*&% +?4'0/% 15 ,1K2/=*4&/B O!&% ,-*4% '!()*+# !,1K2/=!"*0%
'% "(,>+*1)!-*3/ ' ->$0#45 !D-!.=>" 0*1=!"#45 ' 4*+%@! D"/*)*B F/4'K* 4#)!"*P< "%.+1@ K*'#

Q%K !R S4/%04% T0* .'/%P 8LBM;BLM8UV< &%() ->"0* 8MW TUC K%' *1)!4#)!"*PV< '*D 5:/0.%=( T/0.%=(

7/-(45*V &%() ->"0# 4B S13*-#4'0#  !"#$% &#$%'( 4'*(!,/(3 .2* 4')%-%45 ,1K2/=*4&/ "45!.'?4#45

" (=+*. ') *+, -$ # ,#./'01+'< "%.+1@ 2/()# X!1-0*2 Y/)*)/!0 Z%,!-)(< )! 4,959[ (13*-#4'0#  !"#$%

&#$%'( 4'*(!,/(3 .2* "('#()=/45 ,/A)0*()1 ,1K2/=*4&/ )! 13,573< '!KB \*K2/4A 8B

\*K2/4* 8] 2!"#$% &#$%'( 4'*(!,/(3 "%.+1@ 2/()# X!1-0*2 Y/)*)/!0 Z%,!-) '@!.0/% ' -!=/%3 !,1K2/:

=!"*0/* T21K ' -!=1 ,!.*0%@! " 0*"/*(/% " ,-'#,*.=1 ,1K2/=*4&/ ' LM8UVB

,-*4* 4'*(!,/(3! .*)* ,1K2/=*4&/  !"#$% &#$%'(

6789 ^%-0!122/ LM8C 8<LU_

67L9 S4*0./0*H/*0 `4)1*-/*2 X!1-0*2 LM8_ 8<C;a

67C9 b0(1-*04%] O*)5%3*)/4( *0. c4!0!3/4( LM8a 8<L_W

67;9 S)!45*()/4  -!4%((%( *0. )5%/- `,,2/4*)/!0( LM8U 8<MW8 TLM8NV

6 89 X!1-0*2 !R d,)/3/'*)/!0 \5%!-# *0. `,,2/4*)/!0( LM8; 8<WMU

6 L9 S)*)/()/4( *0.  -!K*K/2/)# F%))%-( LM8_ M<W;M

6 C9 S4*0./0*H/*0 `4)1*-/*2 X!1-0*2 LM8a 8<WWM

6 ;9 S)*)/()/4( *0.  -!K*K/2/)# F%))%-( LM8a M<WCC

6 W9 X!1-0*2 !R Y!3,1)*)/!0*2 *0. `,,2/%. O*)5%3*)/4( LM8a 8<_CL

6 _9  -!K*K/2/)# *0. O*)5%3*)/4*2 S)*)/()/4( LM8Ne M<LN_ TLM8NV

6 a9 b0(1-*04%] O*)5%3*)/4( *0. c4!0!3/4(B LM8N 8<L_W

6f89 S)!45*()/4 O!.%2( LM88 M<__a

6fL9 X!1-0*2 !R `,,2/%.  -!K*K/2/)# LM88 M<_CL

6fC9 Z%(%*-45  *,%-( !R Q-!4+*" g0/H%-(/)# !R c4!0!3/4( LM88 h

6f;9 Z%(%*-45  *,%-( !R Q-!4+*" g0/H%-(/)# !R c4!0!3/4( LM88 h
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 !"# $% &'()*(+ ,% !(-./0123+  !"!#$%# &'()*$+ ,!-. /0'!1!0% #$*02 3(' 0 1&$4-'0**2 %$50-!"$ 67"2

'!18 &'(4$11+ 4/5)*(- /6 7893.3'(93/* :;</)= (*> ?88-3@(93/*1% AB"C+ D/-% "E"+ */% "+ 1% AFGH

AIE%

 !A# $% &'()*(+ 4JK% L<*(5>+ 9 %(-$ (% /0'!1!0% ':!% ,!-. 0% :*-!+0-$ )0%8':&-42 *$"$* 3(' 67"2

!%1:'0%4$ '!18 &'(4$11$1; M9(93193@1 (*> !)/N(N3-39= O<99<)1% AB"E+ D/-% ""F+ 1% ICHE"%

 !F# $% &'()*(+ ,% !(-./0123+ !% P03Q9<2+  !14'$-$ -!+$ ':!% &'()0)!*!-2 ,!-. /0'!1!0% #$*02+

M@(*>3*(D3(* ?@95()3(- 4/5)*(-% AB"R+ D/-% AB"R+ */% "B+ 1% SICHSEG%

 !C# $% &'()*(+ ,% !(-./0123+ /0'!1!0% <:01!=1-0-!(%0'2 #!1-'!):-!(%1 3(' 012++$-'!4 67"2 &'(4$1=

1$1+ M9(93193@1 (*> !)/N(N3-39= O<99<)1% AB"R+ D/-% "AR+ 1% RIHSC%

 !I# $% &'()*(+ T% O3+ ,% !(-./0123+ &% ,;(/+ >.$ ?(!%- #!1-'!):-!(% (3 -.$ /0'!1!0% ':!% -!+$ 0%#

-.$ %:+)$' (3 4*0!+1 :%-!* /0'!1!0% ':!% !% -.$ 4*011!40* '!18 +(#$* + 4/5)*(- /6 &/.859(93/*(-

(*> ?88-3<> U(9;<.(93@1% AB"R+ D/-% F"F+ 1% CGGHI"C%

 !E# $% &'()*(+ T% O3+ ,% !(-./0123+ &% ,;(/+ @&-!+0* /0'!1!0%=-2&$ #!"!#$%# &02+$%-1 &$%0*!A$#

)2 -.$ %:+)$' (3 4*0!+1 3(' -.$ 4*011!40* 0%# &$'-:')$# 4*011!40* '!18 &'(4$11B + !)/N(N3-39= (*>

U(9;<.(93@(- M9(93193@1% AB"G%

 !R# $% &'()*(+ 4%JO% !V)<'+ W% T(.('(23+ @&-!+0*!-2 (3 +:*-!='$3'04-!(% #!"!#$%# 1-'0-$5!$1 !% -.$

#:0* +(#$*+ $*15)(*@<X U(9;<.(93@1 (*> Y@/*/.3@1% AB"S+ D/-% SF+ "CSH"EB%

UZ[ >/)/N<2 *(52/0= >/8<\*3([Q [<1'@'< 8/*3]1'< @'9<)= 85N-32(@[< 0@;/>'Q@< 0 12\(> >/29/J

)(95+ 29Z)< *3< N^>Q 959([ /.(03(*<%

 _"# $% &'()*(+ ,% !(-./0123+ C:!% &'()0)!*!-2 ,!-. /0'!1!0% #$*02 3(' 0 1&$4-'0**2 %$50-!"$ 67"2

'!18 &'(4$11+ 4/5)*(- /6 ?88-3<> !)/N(N3-39=% AB""+ D/-% CS+ */% C+ GSCH"BBA%

 _A# $% &'()*(+ ,% !(-./0123+  $ D!%$--!E1 #!"!#$%# &'()*$+ 0%# !+&:*1$ 4(%-'(* 3(' 0 -,(=

#!+$%1!(%0* !%1:'0%4$ '!18 &'(4$11+ M9/@;(193@ U/><-1% AB""+ D/-% AR+ */% A+ 1% AABHAIB%

 _F# $% &'()*(+ ,% !(-./0123+ /('F,%0%!$ &'0,#(&(#()!$G1-, &0'218!$? ! 8*0124A%$? ':!%2 #*0

&'(4$1: '2A280 -2&: 67"2E$5(+ L<1<()@; !(8<)1 /6 )̀/@\(0 a*3D<)139= /6 Y@/*/.3@1% AB""+

*) ABR+ 1% GHA"%

 _C# $% &'()*(+ ,% !(-./0123+ /'()*$+ ,2)(': (&-2+0*%$? &0'218!$? #2,!#$%#2 #*0 &'(4$1: '2A280

-2&: 67"2E$5( H %:+$'24A%0 0%0*!A0+ L<1<()@; !(8<)1 /6 )̀/@\(0 a*3D<)139= /6 Y@/*/.3@1%

AB""+ *) ABR+ 1% AAHFR%

7.Z03^ 9<)(' 0=*323 5'=12(*< 0 8)(@(@;  !"#J !R#% !)(@<  !"#J !E# >/9=@'Q 9<.(9=23 '03Q'(*<[

' 8()=123. /8Zb*3<*3<. '(19/1/0(*=. 0 )Z]*=@; ./><-(@;% c(9/.3(19 8)(@(  !R# 8/2('5[<+ ]<

8)/@<1 +:*-!='$3'04-$# d>-( k = 2e [<19 )/'03Q'(*3<. 8)/N-<.5 /89=.(-*<[ 0=8\(9= >=03><*>=

8)'= '(\/]<*35+ ]< 19)(9<f3< >=03><*>/0< 0 9=. ./><-5 1Q (N1/-59*3< @3Qf\< 0'f-^><. .3()=

O<N<1f5<g(% _-( 03^21'<[ 8)'<[)'=19/h@3 @(\= /831 8/>'3<-/*= [<19 *( 9)'= @'^h@3 />*/1'Q@< 13^ >/

f\Z0*=@; '(f(>*3<i N(>(0@'=@;+ 29Z)=.3 13^ '([.5[^%

AE



 !" #$%&'()* +&,)+*-+&  !"#$% &!'() &!*(+

,-.% /"#$% 0123$45 1/236#783$9 :3/;#2 03:.0%80 :348#$4183$9 01 616%82< /#"3=>.%? "<.83@

A10#2>1:1 : /"#$3 &!*( :3/;#23 2% =5 03=>1821:#8% /"4%4 $4388.> r ∈ (0, 1) 4:.54#83 4 7.$4-5

=>1>B:) >2B"% /1?#:.;3 =.C : 4;1D1836 /"1$%=.% !1.==18# 01 616%82< /#"3=>.%? "<.83 τπ,d  2?@

rNτπ,d
+@ E#216.#=2 : /"#$3 &!'( "14:#D#63 /"43/#0%>) F03 r = 1@ G1"6#78.%) :38.>. 12"436#8%

: /"#$#$9 &!'() &!*( /17%F#?5 8# 46#>=36#7.41:#8.< 8#=2C/<?5$%F1 H<8>$?18#;< $#;>1:%F1

sup
π∈Π

vπ,d(x) := sup
π∈Π

Ex

[
rNτπ,d

∫ τπ,d

0

e−qtdLπt

]
,

F04.% q > 0 1"#4 Π 21 4-.B" :=43=2>.$9 01/<=4$4#783$9 =2"#2%F.. 2#>.$9) D% π = {Lπt : t ≥ 0}
?%=2 8.%6#7%?5$36 7%:1=2"188.%I$.5F;36 #0#/21:#7836 /"1$%=%6) >2B"3 : $9:.7. t = 0 =2#"2<?% 4

/14.16< 0@ J#> :.C$ Lπt "%/"%4%82<?% =><6<71:#8% 03:.0%803 /;#28% 01 616%82< t@ !"4%4

Uπ
t = Xt − Lπt  KL+

0%M8.<?%63 /"1$%= >182"171:#83 /"4%4 =2"#2%F.C 03:.0%801:5 π@ N /"#$3 &!'( /"1$%= X ?%=2

01:17836 =/%>2"#78.% <?%6836 /"1$%=%6 OPQ3R%F1) # : /"#$3 &!*( "14:#D#83 ?%=2 /"1$%= S"#6P"#T

O<80-%"F#  '+ 010#2>1:1 4#-<"4#83 /"1$%=%6 N.%8%"# {Bt}t≥0@ A7# <=2#718%F1 d ≥ 0 0%M8.<?%63

:2%03 /#"3=>. 616%82 4#2"436#8.# 07# /"1$%=< Uπ
U

τπ,d := inf{t > 0 : t− sup{s < t : Uπ
s ≥ 0} > d,Uπ

t < 0}.

N 1-< /"#$#$9 "14/#2"<?%63 =2"#2%F.C -#".%"1:5 πa,d) 07# >2B"%? :3/;#2# 03:.0%80 /17%F# 8#

"%0<>$?. /"1$%=< Uπa,d

01 /14.16< a) F03 Uπa,d

(0) = x > a) /1/"4%4 :3/;#$#8.% :.%7>1V$. x − a)
# 8#=2C/8.% :3/;#$#8.% 6.8.6#78%? >:123 03:.0%803 2#>) #-3 <2"436#W /"1$%= "343># /18.D%?

/14.16< a  41-@ X3=@ Y+@ Z#> :.#0161 4 7.2%"#2<"3  41-@ &[(+) 07# 0 < x ≤ a /"1$%= "343># Uπa,d

:4F7C0%6 Px 10/1:.#0# $1 01 "14>;#0< /"1$%=1:. {a− Yt : t ≥ 0} :4F7C0%6 Px) F04.%

Yt = max(a,X t)−Xt

?%=2 /"1$%=%6 OPQ3R%F1 X 10-.236 : =</"%6<6U X t = sup0≤s≤tXs. N /"#$3 &!'( "14:#D#63

/"43/#0%>) F03 r = 1) :.C$ 07# 01:178%F1 x ≥ 0)

va,d(x) := vπ
a,d

(x) = Ex

[∫ τπ
a,d

0

e−qtdLπ
a,d

t

]

1"#4 Lπ
a,d

t = max(a,X t)− a@

Y\



Uπa,d

t

0

x
a

d d

τ dτ

 !"# $# %&'!()*+,-* .&*/0(.,&1* 2&,30"4 &0546,-*705, Uπa,d

#

8+,-,+71,7,9 :0

va,d(x) =





V (q)(x)

V (q)′(a)
, x ≤ a,

x− a+ V (q)(a)

V (q)′(a)
, x > a,

;<=>

5+'10 V (q)(x) =
∫∞

0
W (q)(x+ z)zP(Xd ∈ dz). ? "'3'05@67,A319

(va,d)′(a) = 1.

B.C+ ,.&'!D4/0D! 7*".E24/C30 .-10&+'0710#

 !"#$%&#'"# () ;FG0,&0D <#= - 2&*3! H%=I>*  !"#$%& '&()*+$, va,d *-.*',&-&%/$& 0)(&)12,, 3&(,14
(*'1% πa,d %10) 5&-&"& .(515 6789: ;)1-< 51 '5*(! 6789 '<",#&= >1 *.)<?&@"& 3&(,1(& a∗ 0.1A",&
'&(!"1#B

a∗ = inf{a > 0 : V (q)′(a) ≤ V (q)′(y) -@& #&>-12* y ≥ 0}.

; 05$512C@"*+$,= %1+@, V (q) ∈ C2(R) *(&5 ,0)",1%1 %1-<"1 (*5',/5&",1 (C'"&",&B

V (q)′′(a∗) = 0,

)* a∗ %10) *.)<?&@"/ 3&(,1(/:

J*".E2710 4+,-,+71,7,9 :0 ".&*.051* πa
∗,d
/0". ,2.!D*67* - 'K1,&'0 -"'!".(13G +,24"'3'*67!3G

".&*.0511 &,'-*:*7!3G +, D,D07.4 2*&!"(10/ &417! τπ,d ;- 2&*3! H%=I /0". ., FG0,&0D L#$># F07

M*(. +,-,+'1 "1E '* 2,D,3C @1?&)! '1(<D#&$<%"12* ;',K# H<=9 <$9 <NI>9 (.@&05, '*),:071* -!D*5*/C

"2&*-+'071*9 :0 M47(3/* -*&.,A31 va
∗,d
'*+*7* 2&'0' ;<=> /0". qO7*+G*&D,713'7* ,&*' /0/ 2,3G,+7*

/0". -1E("'* ,+ /0+7,A319 .'7# "20)71* 7*".E24/C30 -*&47(1P

(Γ− q)va
∗,d(x) ≤ 0, +6* x ∈ R,

(va
∗,d)′(x) ≥ 1, +6* x ∈ R,

$Q



 !"#$ Γ %&  $'$()%&( #'*'#%$"+,)-'+ .(&/$01 X2 3) 4&'#$/ 1!&5&!'#&'& 16+%$/"'+ 5'#&0$47 4%8(+

.&"5)-) "')-$9: &.%+,)-'+ .&"#&, ;)(#$(+2

 !"#$%&  ! <=&(&--)(+ >2? 5 @A?BC"  !"#$

V (q)′(a) ≤ V (q)′(b) %&' (')%"*+ a∗ ≤ a ≤ b,

-."%/ 0.1'."*!' 2'1!"1+3' 4 2'1!"15 6' 7+4!+8!" a∗ 9"0. +7./8'&6',

D .()/+ @AEB7 .&!&;'#$ F)4 5 @A?B7 (85'#$6 1!&5&!'#&'& &.%+,)-'&G: 0%()%$ ## πa
∗,d
2 H)0)!'#I

/") (86'#/) .&-$ ) ') %+,7 6$ 5 @AEB (&".)%(+5)'+ F$0% .(&/$0 .&0%)/#

Xt = x+ pt−
Nt∑

i=1

Ci + σBt,

&()" ,)40+,)-#"1F$,+ ')0%J.1FK/+ L1'4/F&')M7 !-) 0 < r < 1 &()" q > 0N

va,d,r(x) := vπ
a,d

(x) = Ex

[
rNτπ,d

∫ τπ
a,d

0

e−qtdLπ
a,d

t

]
. <OPC

D %+, .("+.)!41 (85'#$6 5+.(&5)!"&'& 5"8( ') L1'4/FJ 5)(%&G/# va,d,rN

va,d,r(x) =

{
hd(x)va,d(a)  !+ x ≤ a,
x− a+ va,d(a)  !+ x > a,

<OQC

 !"#$ hd(x) := Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ d

]
%& 5)(%&G: &/"$4#5)') .#$(50"$ & ,&,$'%1 !&FG/#) !&

.&"#&,1 a .("$! .)(+04K (1#'K7 !+04&'%&5)') 5 /")0#$ # !&!)%4&5& -#/";K 04&485 .(&/$01 N 2

A&0%): L1'4/F# hd &%("+,)'& !5#$,) ,$%&!),#2 A#$(50") " '#/R 5+4&("+0%1F$ /)M4&5+ &.$()%&(

S#/40&')IT#..) <TρfC7 ;J!K/+ .$5'+, 1& 8-'#$'#$, %()'0L&(,)%+ U).-)/$V) <"&;2 @?WBC2 D%$!+

&%("+,1F$,+ ')0%J.1FK/$ %5#$(!"$'#$2

#$%&'()&*%&  + <XR$&($, Q2Y 5 @AEBC"  !"#$ f 2:%4!" *:0.+;#!5 48!"66"9 &+0+3"9 Ci %&' (')%"*+
i = 1, 2, ..., -."%/ <=6(#9' hd 9"0. 4'%'6' 3 6'0.:7=95#/ 07+0>2?

@, A&' σ = d = 0 +1'4 0 ≤ x ≤ aB

hd(x) = h(x) =

∑∞
n=0(

λr
p
)n(Tρf)

∗n ∗ ζ(x)
∑∞

n=0(
λr
p
)n(Tρf)∗n ∗ ζ(a)

.

C, A&' σ > 0B d = 0 +1'4 0 < x ≤ aB

hd(x) = h(x) =

∑∞
n=0(

2λr
σ2 )

n(β ∗ Tρf)
∗n ∗ ζ ∗ β(x)∑∞

n=0(
2λr
σ2 )n(β ∗ Tρf)∗n ∗ ζ ∗ β(a)

.

D, A&' σ = 0B d > 0 +1'4 −pd ≤ x ≤ aB

hd(x) =

∑∞
n=0(

2λr
p
)n(Tρf)

∗n ∗ ϕ(x)
∑∞

n=0(
2λr
p
)n(Tρf)∗n ∗ ϕ(a)

.

PW



 ! "#$ σ, d > 0 %&$' x ≤ a(

hd(x) =

∑∞
n=0(

2λr
σ2 )

n(β ∗ Tρf)
∗n ∗ ϕ1(x)∑∞

n=0(
2λr
σ2 )n(β ∗ Tρf)∗n ∗ ϕ1(a)

,

)*'+,

β(x) := e−(ρ+
2p

σ2 )x, ζ(x) := eρx, ϕ(x) := ζ(x)−
λr

p
ζ ∗ wd(x),

ρ -,./ -,*0102 1+,3-,2102 4+,&5+$./6+,2 731*$2,1/$#1,)% &851$1+$ 931*:,&)$;

σ2

2
s2 + ps− (λ+ q) + λr

∫ ∞

0

e−sxf(x)dx = 0

%&$'

ϕ1(x) :=

(
ρ+

2p

σ2

)
ζ ∗ β(x) + β(x)−

2λr

σ2
ζ ∗ β ∗ wd(x),

wd(x) :=

∫ ∞

0

∫ d

0

e−qt
∞∑

k=0

rkvy(k, t)f(y + x)dtdy.

"#$ k ∈ N( y > 0( t ≥ 0

vy(k, t) =
d

dt
P(Nτ+y

= k, τ+y ≤ t|X0 = 0).

 !"#$ %&'()$ (*$!'$ +&,' ( '&(!-. /"0'"$1+- )2$ ,*&0'!$23-& "+&%3415 *!(1&,67 89:4;&#( - (

*&7-&3 $3$2(#(3 740<$)3-1=&+ =$%-$34 %-$!4 >?@A B)&C3-"+%4

dPα,r

dP

∣∣∣∣
Ft

= rNt exp (αXt − ψr(α)t) = exp (Zα
t − ψr(α)t) , >DD@

#)=-& Zα
t := αXt + log(r)Nt = αx+ αpt−

∑Nt

i=1(αCi − log(r)) + ασBt. E *!$14 FGHI ")(7()3-(3(

3$,'.*"+J1& '7-&!)=&3-&A

 !"#$%&#'"# () >K5&(!&% LAM 7 FGHI@* "#$ σ ≥ 0 %&$' 0 ≤ x ≤ a( 7316<-$ hd(x) -,./ '$*$1$ 5

1$./=43-><0 .4%.8:;

hd(x) = Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ d

]
=

∫∞

0
W

(q)
r (x+ z)zP(Xd ∈ dz)

∫∞

0
W

(q)
r (a+ z)zP(Xd ∈ dz)

%&$'

h(x) = h0(x) = Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ 0

]
=
W

(q)
r (x)

W
(q)
r (a)

.

"#$ 7316<-+ W
(q)
r : [0,∞) → [0,∞) '$<?%*'+

∫ ∞

0

e−θyW (q)
r (y)dy =

1

ψr(θ)− q
, θ > Φr(q),

)*'+, ψr(θ) :=
1
t
logE

[
eθXt+log(r)Nt

]
= 1

t
logE

[
rNteθXt

]
%&$' Φr(q) -,./ /$6$( @, ψr(Φr(q)) = q!

LN



 ! "#$%&' (#)#*$%& +!" , (-!'. /012 3)#,#)$%#$# #(4.5!6$#78 94-!4&:%% *!-%&-#,&+ πa
∗,d
;

)#)!4"#,.5 ).9"#$4#,!$%&5 (-;&; 6%';*< 9"#"=, , ;>#?#$.5 (-#'&9%& 0#%99#$!@

 !" #$%&'($ %)*+$ A0-!'& /0B2C/0D2E

F# '."6 (-!' )#4.';G'. (!-.9"%&+ -3%$. , -=?$.'H 5#)&6!'H@ I (-!'. /0B2 #4-;.5!$# 4#?9!5#7'%

J3"43!'.+$& -#;,!?!$& )# 5#5&$43 (!-.9"%&+ -3%$. ; 4;,@ )#6$G *!-%&-G $! (#;%#5%& −a < 0K 4!"%&
+!" $! (-;.">!) ,.+7'%& ; ;!)!$&:# #)'%$"! ';. (=>(-#94&+@ L;.9"!$& ,.$%"% ;#94!>. ,.-!?#$& ,

+<;."3 M3$"'+% 9"!63+G'.'H % 4-!$9M#-5!4 N!(6!'&O! 4.'H?& M3$"'+%@

I (-!'. /0P2 -#;,!?!$# 5#)&6 ).9"-&4$. (#94!'%Q

Rn = u+ n− Sn, ARDE

:);%& u > 0 #-!;

Sn =
n∑

i=1

Ci, n = 1, 2, 3, . . .

S!">!)!5.K ?& ;5%&$$& 6#9#,& Ci Ai = 1, 2, . . . E 9G %@%@)@K ! )-.M (-#'&93 ,.$#9% 1@ T;$!';5.
P(C1 = k) = pk )6! k = 0, 1, 2, . . . U&76% )#)!4"#,# ;!>#?.5.K ?& µ = E(C1) < 1K 4# Rn → +∞ (@$@

I (#,.?9;.5 5#)&63 ;)&V$%#,!$# 5#5&$4 -3%$. ; (!-.9"%5 #(=W$%&$%&5

τ d = inf{n ∈ N : n− sup{s < n : Rs > 0} > d,Rn ≤ 0},

:);%& d ∈ {1, 2, . . .} 4# ; :=-. 394!6#$. #"-&9 ';!93@ X>=,$.5 -&;364!4&5 9G ,.-!?&$%! $! (-!,C

)#(#)#*%&Y94,! (!-.9"%&+ -3%$. Pu(τ
d < t) #-!; Pu(τ

d < ∞)@ I (-!'. /0P2 9G 4# $!94<(3+G'&

4,%&-);&$%!@

,-*.%/0.+*. 12 AFH&#-&5 1 , /0P2E!  !" u ≥ 1 #$"% t ∈ N& $'()$'*+,-*" .#$/)0" *" 1$"23#1#4

3#56'7892# 1"$,8(6'- $)6*,& (9:$" *6' *"89;16 3# +%"8) t& -'89 *"89<1)-;+"=
 !" t ≤ d+ 1 /"/, Pu(τ

d ≥ t) = 1.
 !" t ≥ d+ 2>

Pu(τ
d ≥ t) = Pu(τ

0 ≥ t− d) +
t−d−1∑

s=1

d∑

ω=1

ω−1∑

z=0

Pu(τ
0 = s,−Rτ0 = z)P(τz+1 = ω)P1(τ

d ≥ t− ω − s),

?3%6'

P(τx = ω) =
x

ω
P(Rω = x) =

x

ω
p∗ωω−x

#$"% {p∗tn , n ∈ N} #%*"+%" t4($#9*, 81!#9 $#%(0"3) %/6'**'- !#8#2'- C1=

0-!,)#(#)#*%&Y94,! Pu(τ
0 ≥ t)K Pu(τ

0 = s,−Rτ0 = z) 9G )!$& , (#$%?9;.'H 6&5!4!'H@

3.4$5  AN&55! 1 , /0P2E! @"+A#3%6 Pu(τ
0 = 1) = P(Y1 ≥ u+ 1) #$"% 3!" t ≥ 1>

Pu(τ
0 ≥ t+ 1) =

u+t−1∑

j=0

p∗tj −
u+t−1∑

j=u+1

p
∗(j−u)
j

(
u+t−1∑

k=j

t+ u− k

t+ u− j
p
∗(t+u−j)
k−j

)
,

P1



 !"#$ %  !"##$ % & '()*+&  !" s ≥ 1 #"#$

Pu(τ
0 = s,−Rτ0 = z) =

u+s−2∑

k=0

Pu(τ
0 > s− 1, Ss−1 = k)pu+s−k+z

=
u+s−2∑

k=0

p
∗(s−1)
k pu+s−k+z −

u+s−2∑

k=u+1

k∑

j=u+1

s− 1 + u− k

s− 1 + u− j
p
∗(s−1+u−j)
k−j p

∗(j−u)
j pu+s−k+z.

,-$ ./"0123452."62 728952.:; 45$02&"62 8"5;-:$: <"0: .$0:=>;<?49@

'()!*+,!-)! ./  A7"28"# % & '()*+&  !" u ≥ 1 %"&'()%*

Pu(τ
d <∞) = (1− µ)

∞∑

j=u+1

p
∗(j−u)
j −

(
1− P1(τ

d <∞)
) d−1∑

z=0

Pu(τ
0 <∞,−Rτ0 = z)P(τz+1 ≤ d),

+)%*,

Pu(τ
0 <∞) = (1− µ)

∞∑

j=u+1

p
∗(j−u)
j

(-"%

P1(τ
d <∞) =

P1(τ
0 <∞)−

d−1∑
z=0

P1(τ
0 <∞,−Rτ0 = z)P(τz+1 ≤ d)

1−
d−1∑
z=0

P1(τ 0 <∞,−Rτ0 = z)P(τz+1 ≤ d)

.

(2&9B05" C28#;D9 0? 8"1;8".49<."E F5/=1/ 45"#; F2G/"8$<?4 12.18":." >$8$#":89 >824"0;E

#2B.$ F212.$H &./1-/&"< $.$-/59 .;#"8945."< >8$&F2>2F2G/"30:&$ >$8901/"< 8;/.9E :$1 <$1 & 825I

F5/$-" J >8$49 '()*E 6F5/" 825&$B$.2 8K&./"B 4/=B12262.2&" 0121/ >824"0; RL ,2F$:12&2 & >8$49

'()* &95.$452.2 $09#>:2:91/ 4/=B12I / -"112262.2&" F-$ >8$&F2>2F2G/"30:&$ >$8901/"< 8;/.9 &

>859>$F1;E 6F9 u→ ∞L

(8$4$ '(M* F2:9459 :$1 5&$."62 8251D$F; N;$0/I0:$4<2.$8."62 &$8;.12&$."62 &56-=F"# >$89I

01/"62 #2#".:; 5$:859#$./$L O5.$45$ :2E B" 6DK&.9# 4"-"# >8$49 G9D2 &95.$45"./" .$0:=>;<?4"<

68$./49E 5&$."< :$1B" 68$./4? P$6-2#$@

lim
t↑∞

Px(Xt ∈ B|τ θ > t) = µθx(B), B ∈ B([0,∞)),  MJ+

6F5/" τ θ <"0: >$8901/# #2#".:"# 5$:859#$./$ 5F"Q./2&$.9# & .$0:=>;<?49 0>20KG@

τ θ = inf{t > 0 : t− sup{s < t : Xs ≥ 0} ≥ eθ, Xt < 0},

6F5/" eθ <"0: ./"5$-"B.? 2F X &91D$F./45? 5#/"..? -202&? 5 >$8$#":8"# θL R2#".: 8;/.9 τ θ

.$0:=>;<"E 6F9 >824"0 Xt <"0: >2./B"< >25/2#; 5"82 >85"5 218"0 FD;B059 ./B eθL S$-"B9 :; 5$5.$I

459HE B" & F"Q./4</ 45$0; 5$:859#$./$ τ θ #$#9 F2459./"./$ ./" 5 <"F.? 5#/"..? -202&? eθE $-" 5

)%



 !"# $%&'()# *!+( , '-(.))/ ,0 1&'(. +!2&! 3.4* '5(#'!)! ' %4%6)# 5/ (. '+# 7%)(2.3 '.$!8 9!+(

-%&.: 7!$/4+(.1% %7;<)(.)(! 6/" 3=2 5 '.>)(.3 $%'5!2!)/ 5 :(*.$!*=$'. 7$'.' ?@0 ABC8 D 7$! /

?EFC $%'5!2!)% &5! 7$'/7!&+(0 +(.&/ 7$% .4 GHI/J.1% X 3.4* 47.+*$!:)(. =3.-)/ K-(!$! GHI/J.1%

-! )%>)(+ )! (−∞, 0)L !:6% 47.+*$!:)(. &%&!*)( K-(!$! GHI/J.1% -! )%>)(+ )! (0,∞)L8 M:! %6=

7$'/7!&+;5 %*$'/-!)% !4/-7*%*/+N KF@L0 1&'(. (&.! &%5%&%5! 7%:.1!"! )! ')!:.'(.)(= 7%&5;3O

).3 *$!)4P%$-!*/ G!7:! .J! &:! Px(Xt ∈ dy, τ θ > t) 5'1:N&.-  '!4= ( 7$'.4*$'.)(8 Q!4*N7)(. &:!

7.5).3 %+$.>:%).3 7%4*! ( -(!$/ GHI/J.1% 7$'/ =2/ (= *5(.$&'.R *!=6.$%54+( , %$!' *'58 '!4!&/

S.!I(4(&.J! %*$'/-!)% 4'=+!)# !4/-7*%*/+N0 1&/ t→ ∞ K5 7$! / ?EFC 4# *% 95(.$&'.)(! T ( UUL8

D 7$! / ?EVC $%'5!2!)/ 3.4* 7$% .4 W$!-H$!XG=)&6.$1! KUL0 &:! +*;$.1% 5/')! '%)% "# ')/

$%'+"!&  '!4= %$!' :( '6/ 4+%+;5 &% -%-.)*= 7!$/4+(.3 $=()/8 D 7$! / 6!&!)% 3.4* '!$;5)%

4+%R '%)/ 3!+ ( )(.4+%R '%)/ ,%$/'%)*  '!4%5/8 9!+(. 7%&.3> (. &:! -%-.)*= +:!4/ ').3 $=()/ 6/"%

3=2 5 '.>)(.3 $%'7!*$/5!). -8()8 5 7$! ! , ?YZ0 YY0 AT0 VYC8 [%$-!:)(. &:! 7!$/4+(.1% -%-.)*=

'!*$'/-!)(! τ d '&.\)(=3-/

wdx(k, t) :=
d

dt
ψdx(k, t), k ∈ N, t ≥ d,

1&'(.

ψdx(k, t) = P(Nτd = k, τ d ≤ t|X(0) = x), k ∈ N, t ≥ d.

M!:.3 )(. , pdx(k) %')! '! 7$!5&%7%&%6(.R4*5%0 2. 6/"% k 4+%+;5 &% -%-.)*= 7!$/4+(.3 $=()/

$%'5!2!).3 )! )(.4+%R '%)/- ,%$/'%) (.  '!4%5/-8 D*.&/

pdx(k) = P(Nτd = k, τ d ≤ ∞|X(0) = x) =

∫ ∞

d

wdx(k, t)dt.

]";5)/- $.'=:*!*.- 7$! / ?EVC 4# %*$'/-!). P%$-="/ )! 1N4*%>^ wdx(k, t) %$!' 7$!5&%7%&%O

6(.R4*5% pdx(k) K95(.$&'.)(! Y8A %$!' Y8T 5 7$! / ?EVCL8 _*$'/-!). 5'%$/ 4# $.+=$.) /3).8 M%

( , 5/7$%5!&'.)(! =2/*% -% ).3 5"!4)%> ( `!$+%5! ! *!+2. 7%4*! ( 1.).$!*%$! ()\)(*.'/-!:O

).1% 7$% .4= W$!-H$!XG=)&6.$1!0  % &%7$%5!&'("% &% %*$'/-!)(! 7.5).1% $;5)!)(! $;2)( '+%5%O

 !"+%5.1%8 a%'5(#'!)(. %5.1% $;5)!)(! 4+=*+%5!"% ')!:.'(.)(.- 5'%$;5 )! wdx(k, t) %$!' pdx(k)8
D &!:4'.3  'N> ( 7$! / '!"%2%)% $%'+"!& b$:!)1! &:! 4+%+;5 $%'5!2!).1% 7$% .4=8 D*.&/ 4*%4=O

3# )%5/ !:1%$/*- (*.$! /3)/ '!7$%7%)%5!)/ 5 ?EVC0 ')!:.'(%)% )=-.$/ ')(. 7%5/24'# 1N4*%>^ (

7$!5&%7%&%6(.R4*5% &:! 5/6$!)/ , 7!$!-.*$;5 7$% .4=8

 !" #$%&'()*( +&,-+.*+( , '/+.)0 ,-.)/12/%*-.34(5('(*&' KE$! ! ?ETCL

E$! ! ?ETC &%*/ '/ 5/7"!* &/5(&.)& -%&.:= 5(.:%+$%*)(. '!"!-!)/- ( 5/+%$'/4*=3. P%$-="/ c=+O

*=! /3). %*$'/-!). 5 7$! / ?SFC8 a%'5!2!)/ 7$% .4 GHI/J.1% X = {Xt; t ≥ 0} -%&.:=3. 6%O

1! *5% \$-/ =6.'7(. '.)(%5.3 5 7$'/7!&+= 6$!+= &/5(&.)&8 M%&!*+%5% '!+"!&!-/0 2. X 3.4*

 !"#$%&'()" *+*&$()0  % %')! '!0 2. )(. -! 4+%+;5 5 &;" %$!' '!+"!&!-/0 2. )(. 3.4* 4=6%$&/)!O

*%$.-8 M%7=4' '!:)! 4*$!*.1(! π := (Lπ(t), Rπ(t); t ≥ 0) *% '6(;$ )(.-!:.3# / ,0 7$!5%4*$%))(.

 (#1"/ ,0 !&!7*%5!:)/ , 7$% .4;5 *!+( ,0 2. Lπ(0−) = Rπ(0−) = 08 M%&!*+%5% '!+"!&!-/0 2.

δi > 0 &:! i = 1, 20 %$!' Lπ0 Rπ
4# !64%:=*)(.  (#1". 5'1:N&.- -(!$/ G.6.41=.J! ( 4# 7%4*! (

Lπ(t) =
∫ t
0
lπ(s)ds0 Rπ(t) =

∫ t
0
rπ(s)dsd t ≥ 00 1&'(. lπ0 rπ 7$'/3-=3# 5!$*%> ( 5 7$'.&'(!"! , [0, δ1]

%$!' [0, δ2] %&7%5(.&)(%0 3.&)%4*!3)(. 5  '!4(.8 E$'.' V π = Xt − Lπ(t) + Rπ(t) %')! '!-/ 7$% .4

$/'/+! +%)*$%:%5!)/ 7$'.' 4*$!*.1(N &/5(&.)&%5# π8 E$% .4 Lπ(t) -%&.:=3. &/5(&.)&%5. 5/7"!*/0

)!*%-(!4* 7$% .4 Rπ(t) %&7%5(!&! '! *'58 e'!4*$'/+( +!7(*!"=f0 +*;$. $%6(%). 4# 7% *%0 !6/ =)(+)#^

AA



 !"#$%&"#'(#) !*+(,- ./0123,4 2# β > 1 56 76'"5 )#$(6'576%, %(+#'+6(#86 7/ +5/0* $6 9!3,4 ρ ∈ R

56 76:&6%/ %, 0/5/ ;8$, ρ ≥ 0< =*> 7/!/ ;8$, ρ ≤ 0< % 363#(&+# !*+(, 6!/" q > 0 56 &",((+7

$,'76(5*)?&,- .$#9(+*)3, 7=/',&"(, 363#(5 !*+(, τπ0 := inf{t > 0 : V π(t) < 0} 6!/" (/'5@ *)?&,

A*(7&)6(/0 &/076%,

vπ(x) := Ex

[∫ τπ0

0

e−qtlπ(t)dt− β

∫ τπ0

0

e−qtrπ(t)dt+ ρe−qτ
π
0

]
, x ≥ 0. ;BC<

D#=#3  !/&, >,06 "(/=#"+#(+# v(x) := supπ∈A vπ(x), 8$"+# A 56 ">+1! %'",'57+&E $6 *'"&"/=(,&E

'5!/5#8++ ' #0(+/)?&,&E  6%,2'"# "/062#(+/- F/7 *$6%6$(+6(6 % GHCI  !6&#'  !"#$%&'(&)*#'+4 751!,

"6'5/0 %&"#J(+#) "$#9(+6%/(, + '&E/!/75#!,"6%/(, % GKBI4 $=/ k = 2 )#'5 !6"%+?"/(+#3  6%,2'"#86

 !6>=#3* 5"(- '5!/5#8+/ $,%+$#($6%/ " (+3 "%+?"/(/ ' #0(+/ ;BC< 6!/" )#'5 6 5,3/=(/-

 !"#$%"&$%

GLI M- N  =#>/*34 OPQ,  !6&#''#'RA!63  !6>/>+=+5, 56 9(/(&# /($ S*/(5*3 8!6* '- ,-#$*'.

/ '&0 1)#20 3-*04 TL;LL<U LVVWRLVBC4 XYYB-

GXI Z- N'3*''#(4 [*+( H!6>/>+=+5+#'4 \6!=$ Z&+#(5+9&4 Z+(8/ 6!#4 XYYY-

GVI Z- N''3*'#(4 N  =+#$ H!6>/>+=+5, /($ ]*#*#'- X($ #$- Z !+(8#!4 ^#% _6!74 XYYV-

GBI Z- N'3*''#(4 `- NQ!/3 /($ a-[- H+'56!+*'4 [*''+/( /($ N3#!+&/(  *5 6 5+6(' *($#! #b 6c

(#(5+/=  E/'#c5, # OPQ, 36$#='- Z56&E- H!6&- N  =-4 LYd4 CdRLLL4 XYYB-

GTI `- NQ!/34 .- H/=36%'7+ /($ a-[- H+'56!+*'4 e( 5E# 6 5+3/= $+Q+$#($  !6>=#3 A6! / ' #&5!/==,

(#8/5+Q# OPQ,  !6&#''- N((- N  =- H!6>/>-4 LC4 LTWRLfY4 XYYC-

GWI g-F- h/*!$6*b4 F-D- H/!$64 F-O- HP!#"4 F-c`- [#(/*$4 i#!>#!cZE+* $+'5!+>*5+6( /5 H/!+'+/(

!*+( A6! OPQ, +('*!/(&# !+'7  !6&#''#'- F6*!(/= 6A N  =+#$ H!6>/>+=+5,4 TV;X<UTCXRTfB4 XYLB-

GCI F- h#!56+(4 4567 8&-*'..'.4 Q6=*3# LXL 6A 9) :&$+;' <&)*#. $= 1)#2' )#$*.- D/3>!+$8#

j(+Q#!'+5, H!#''4 D/3>!+$8#4 LddW-

GfI F- h#!56+( /($ [- M6(#,4 D!/3P!k' #'5+3/5# A6! OPQ,  !6&#''#'- 3#)#0 >&-:):0 4'##0? XL;T<4

VWVRVWT4 LddB-

GdI ^- K- h+(8E/34 D- a- i6=$+#4 F- O- l#*8#='4 @';!")& 6)&$)#$-=4 Q6=*3# XC 6A A=*7*"-8'+$) -(

1)#2' )#$*. )=+ $#. /88"$*)#$-=.- D/3>!+$8# j(+Q#!'+5, H!#''4 D/3>!+$8#4 LdfC-

GLYI l- DE/(4 N-g- m, !+/(6*4 a- Z/Q6Q4 Z3665E(#'' 6A '&/=# A*(&5+6(' A6! ' #&5!/==, (#8/5+Q#

OPQ,  !6&#''#'- H!6>/>+=+5, lE#6!, /($ [#=/5#$ `+#=$'4 LTY;V<U WdLRCYf4 XYLL-

GLLI a- DE#'(#,4 a- F#/(>=/(&cH+&S*P4 a- _6!4 h!6%(+/( #b&*!'+6(' /($ H/!+'+/( >/!!+#! 6 5+6('4

N$Q- +( N  =- H!6>/>-4 Xd4 LWTRLfB4 LddC-

GLXI [- D6(54 H- l/(76Q4 `+(/(&+/= 36$#==+(8 %+5E )*3  !6&#''#'- DE/ 3/( n K/==oD[D `+c

(/(&+/= a/5E#3/5+&' Z#!+#'- DE/ 3/( n K/==oD[D4 h6&/ [/56(4 `O4 XYYB-

VB
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 !G# $% &'()*(+ D%NB% -C)='+ O% P(/('(34+ Q794/(.49: 0> /6.94N)=>)(?940* <4A4<=*< 29)(9=@4=2 4* 9;=
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 !U# E% W(22402 (*< X% Y6 ZMLLJ[% 564* 7)08(84.494=2 0> 9;= -()424(* 9:7= >0) 2/(.. ?.(4/2% W=N
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;997R^^111M%.2=%(?%63%
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0> E77.4=< -)08(84.49:+ A0.6/= VM+ *6/8=) "+ UHHK_LM+ ML!V%

 !J# W% &% S% W4?320* (*< &% c477+ Q* 9;= 94/= 90 )64* >0) T).(*@ZM[ )423 7)0?=22=2% $*26)(*?=R

S(9;=/(94?2 (*< T?0*0/4?2+ MJZ"[R"""K"GG+ MLL!%

 ML# W% &% S% W4?320*+ e;= f04*9 <429)486940* 0> 9;= 94/= 90 )64* (*< 9;= *6/8=) 0> ?.(4/2 6*94.
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E/% E?96()% D%+ !L ZMLLU[ _UKJ"% S5M"MHU"H%

 MU# d% d)47=*8=)@+ X% B0*<=*+ (*< Q% X9(h(*2+ F0.9=))( 4*9=@)(. (*< >6*?940*(. =i6(940*2+ T*N

?:?.07=<4( 0> S(9;=/(94?2 (*< $92 E77.4?(940*2+ &(/8)4<@= ]*4A=)249: -)=22+ !JJL%

 M_# W%$% c(<f4=A+ e;= j)29 7(22(@= 7)08.=/ >0) @=*=)(.4'=< Q)*29=4*K];.=*8=?3 7)0?=22=2 149;
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