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I. Introduction

Lévy processes can be seen as a natural generalization of random walks to processes with a con-
tinuous time parameter and thus constitute an important subclass of Markov processes. The most
known examples of these processes are the Wiener process, the compound Poisson process or the
Cauchy process. In addition, some of the results obtained for Lévy processes can be used to make
hypotheses and check properties for more general classes of processes. This means that Lévy pro-
cesses can be seen as a kind of "experimental" class for Feller processes or even more generally
for Markov processes. Moreover, Lévy processes can be used to model, among others physical,
insurance or economic phenomena, thanks to which the literature devoted to these processes is
currently very rich [1, 3, 4, 12, 28, 39].

The main goal of the scientific achievement was to create a general fluctuation theory for spec-
trally negative level-dependent Lévy processes, which are defined as a strong solution to some
stochastic differential equation and generalize Lévy processes to Feller processes. Examples of such
processes are Lévy processes, refracted Lévy processes considered in the literature by [24, 25, 33, 48|
and generalized Ornstein-Uhlenbeck process killed at the moment when it goes below a certain level,
which (also without killing) was considered before in |27, 40, 46, 47|.

The papers |[H1|-|H3| examine the probability of ruin and fluctuation identities for spectrally
negative Lévy processes and refracted Lévy processes, where the leitmotif was to consider the
so-called Parisian delay. The Parisian delay means the predetermined, deterministic time d > 0
through which the considered process must be in a specific position: for example above/below a



certain level (so-called barrier). Note that the case d = 0 means no delay, i.e. a classic theory that
for Lévy processes is well known in the literature |7, 31, 36]. As it turns out, issues related to the
Parisian delay are still very popular and the multitude of new problems has not yet exhausted the
topic of Parisian delay in risk theory. This is evidenced by numerous papers created recently (see
|6, 18, 23, 44, 45, 51]).

The presented scientific achievement concerns general class of spectrally negative level-dependent
Lévy processes, which, depending on the considered parameters, can be Lévy processes, refracted
and multi-refracted Lévy processes. Their properties were investigated using the techniques of
fluctuation theory of Lévy processes, among others scale functions and techniques related to the
theory of excursions for Lévy processes. In [H1]| the formula for the Parisian ruin probability for
any spectrally negative Lévy process was proved. The key idea was to use Kendall’s formula and,
thus, to invert the Laplace transform associated with the excursion below the level zero of the con-
sidered process. Note that the new formula obtained for the Parisian ruin probability is compact
and does not depend on the type of path variation of the considered Lévy process. This resulted
that the proof techniques used in [H1| were later used by other authors to obtain results related to
the Parisian delay in various models [6, 45, 51]. These studies become the motivation to consider
the Parisian delay model with an additional barrier at a certain fixed level —a < 0 (paper [H2]).
We believe that the Parisian ruin probability with the lower ultimate bankrupt barrier could be a
better and more realistic risk measure than the Parisian ruin probability, because in this new model
the excursion of the risk process below zero, which is "too deep" i.e. is bigger than a fixed number
a leads to ruin immediately. However, from a mathematical point of view, the model requires
more advanced proof techniques and is more complicated computationally. Additionally, in [H2]
we derive the asymptotics of the Parisian ruin probability with the lower barrier in two cases, that
is when the claim size has light- and heavy-tailed distributions. Paper |H3| generalizes the result
obtained in [H1]| for the case of the so-called spectrally negative refracted Lévy process, which is
defined as a strong solution to some stochastic differential equation. Moreover, in [H3| the formulas
for the one-sided and two-sided exit problems were obtained for refracted process considered until
the Parisian ruin moment. The proof techniques used in [H3| are based on Kendall’s formula, prop-
erties of the scale functions and excursions of spectrally negative Lévy processes. The culmination
of this research is paper [H4|, which considers the general family of level-dependent Lévy processes
that are Feller processes. In [H4| the one-sided, two-sided exit problems and the resolvents were
obtained. The resolvents are the expected occupation measures of the associated process in a given
Borel set. These formulas were expressed by the new scale functions that, as it was proved, fulfil
integral equations of the Volterra type.

In summary, below we present the most important results obtained in the papers included in
the scientific achievement:

e In |H1| the probability of the Parisian ruin for any spectrally negative Lévy process was
studied. The obtained formula involves only the scale function of the spectrally negative
Lévy process and the distribution of the process at time d.

e The paper |H2| concerns Parisian ruin probability with a lower ultimate bankrupt barrier, for
which the formula for any spectrally negative Lévy process was found and additionally, the
light-tailed and heavy-tailed asymptotics were obtained for this model.



e In [H3| for the spectrally negative refracted Lévy process the Parisian ruin probability was
found. Moreover, the formulas for the one-sided and two-sided exit problems for this process
with the Parisian delay were obtained.

e The paper [H4] concerns the fluctuation theory for the general class of the so-called level-
dependent spectrally negative Lévy processes. The main result of [H4]| is the proof of existence,
characteristics and formulas for resolvents as well as for the one-sided and two-sided exit
problems for these processes. In this paper fluctuation identities were obtained in the case
when Parisian delay d equals zero.

Before we proceed to the detailed description of the above results, we will present the basic
definitions, formulas and properties of the trajectories of Lévy processes that were used in the
discussed above papers. We relate the reader to |7, 31| for a much more complete and detailed
description.

Lévy processes and risk theory

Let X = {X;,t > 0} be a Lévy process in R, defined on the filtered probability space (Q, F,{F; : t >
0},P), i.e. X is a stochastic process issued from the origin which has stationary and independent
increments and cadlag paths. As a strong Markov process we shall endow X with probabilities
{P, : = € R} such that under P, we have X, = x with probability one. Further E, denotes
expectation with respect to P,. Recall that P = Py and E = E,.

The Lévy triple for process X is given by (v,0,1I), where v € R, ¢ > 0 and II is a mea-
sure concentrated on R\{0} satisfying [, (1 A 2?)II(dz) < oo. The measure II is called the Lévy
(characteristic) measure.

The Lévy-Khintchine formula gives that

) 1 )
U(0) = —log E[e™*1] = —in0 + 50292 + /(1 — e — 021y <1y)(d)
R
for every # € R and W is a characteristic exponent of X. If we assume additionally that X is
a spectrally one-sided Lévy process, for example spectrally negative (i.e. the Lévy measure IT is
supported only on the negative half-line) then its the Laplace exponent v is well defined by

Y(0) = —V(—if) = logE[e?*1] = 40 + %0292 + / (" — 1 — 021 <)) (d2)
(_0070)

for every 6 > 0. Moreover, ®(q) = sup{5 > 0: ¢(8) = ¢} is known as the right inverse of .

Due to the trajectory variation, Lévy processes can be divided into two separate groups:
bounded and unbounded variation. Spectrally negative bounded variation processes are such that
f(*LO) 2II(dz) < oo and o = 0. They may be written in the form

Xt:CC‘f’pt—St,

where S; is a pure jump subordinator (i.e. process which paths are are almost surely non-decreasing)
and p = v+ f(f1 0) xll(dz) > 0. In risk theory, the classic example of such a process of bounded
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variation is the so-called the Cramér—Lundberg process, which is given by the following formula

Nt
Xt:x—l—pt—ZCk, (1)

k=1

where {N;}1>0 is a Poisson process with rate A, non-negative random variables Cj are i.i.d. and
also independent of N.
Let us now define using the so-called Esscher’s transform the following exponential change of
measure:
dP¢
dP,

for any c such that Ee“** < oo. From the theory of Lévy processes (see |7, 31]) it is known that X
with respect to IP¢ is still a spectrally negative Lévy process with the Laplace exponent

. (0) = (@+c)—1(c) forh>—c.

The above fact plays a key role in the analysis of insurance models, which are constructed based on
spectrally negative Lévy processes. For example, using the exponential change of the measure (2)
one can derive the expressions for the Laplace transforms of the first exit time of the process from
a given set.

Most of the results of the scientific achievement concern issues related to the fluctuation theory
for spectrally negative Lévy processes and spectrally negative level-dependent Lévy processes. In
this theory, for the case of Lévy processes, the so-called scale functions play a key role.

= exp{e(X; — Xo) =¥ (¢) £} (2)

Fi

DEFINITION 1. For a given spectrally negative Lévy process X define a family of functions indezxed
by ¢ >0, W@ : R — [0,00) as follows. For each given q > 0 we have W9 (z) = 0 when x < 0
and otherwise for all x > 0, W9 is a strictly increasing and continuous function whose Laplace
transform is given by

| et wom = we) - o 0> ). 3)
0

For convenience we shall always write W@ =W when ¢ = 0. Typically we shall refer the functions
W9 as g-scale functions, but we shall also refer to W as just the scale function.

The scale function W9 appears in classical fluctuation theory as a solution of the so-called
two-sided exit problem from interval [0, a], which has a long history (see |7, 30, 49]). Define 7, =
inf{t > 0: X, <0} and 7,7 = inf{t > 0 : X; > a}. It is common in insurance and actuarial
applications that the stopping time 7; is called the moment of ruin. Then for any ¢ > 0 and
0 < z < a we have that

B, [ 1oy | = Wiz)
a <To W (a) (a)
In fact, it is through this identity that the scale function gets its name. We also mention here that
for some particular examples of Lévy processes (like for example Brownian motion with drift or
Cramér-Lundberg process with exponential jumps) the form of the function W@ can be obtained
explicitly (see |36, H1|). Another function appearing in fluctuation identities for Lévy processes is
the so-called second scale function Z(@.



DEFINITION 2. For any ¢ > 0 and x € R define

Z@(x) =1+ q/ WD (y)dy.
0

Since in fluctuation theory most of the identities are expressed by the above defined scale
functions, their properties have been extensively studied in literature |10, 31, 32, 34, 36|. For
example, the solution of the one-sided exit problem for spectrally negative Lévy process, for ¢ > 0
and z > 0 is given by

e q
Ele™ 0 1(- o] = Z29(2) — @W(Q)(fﬂ)-
When ¢ = 0 we get a formula for ruin probability, where we understand ﬁq) in the limiting sense
when ¢ | 0. Then
_ 1 =y(0+)W(z) ify'(0+) >0

In risk theory, one of the basic characteristic is the above ruin probability P,(7, < oo), which
is treated as a certain measure of risk and it is also an important component taken into account
when calculating the insurance premium. There exist already a vast number of papers considering
this subject. Regarding the references, it is enough to mention the books of Rolski et al. [50] and
Asmussen [2, 3|. In the papers [13] and [H1| the concept of ruin was generalized to the so-called
Parisian ruin, which occurs when the process stays below zero for a period of time longer than fixed
d > 0 (see Fig. 1). Formally define Parisian stopping time as follows:

7 =inf{t >0:t—sup{s <t:X,>0}>d X; <0}
and the ruin probability is given by
P(r¢ < 00| Xy = 1) = P, (77 < o0).

Note that the case d = 0 corresponds to the classical ruin.

The name for this problem is borrowed from the Parisian option. Depending on the type of such
option the prices are activated or cancelled if underlying asset stays above or below barrier long
enough in a row (see [11, 15, 16, 17]). We believe that Parisian ruin probability could be a better
measure of risk in many situations giving the possibility for to an insurance company to get solvency.
Therefore, the above-mentioned problem turned out to be both interesting from an economic and
mathematical point of view.
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Fig. 1. A sample path of process X and moments of classical and Parisian ruin.

For further developments on this subject, in [H2] the Parisian ruin moment with lower ultimate
bankrupt barrier —a was defined:

d

k4 = min(r?

77-:@)’

where 77, = inf{t > 0 : X; < —a}. Then the ruin probability is given by:

P(k™ < 00| Xy = z) = P, (k%" < 00).

The Parisian ruin probability with the lower ultimate bankrupt barrier occurs if the process X
stays below zero for a longer period than a fixed d > 0 or goes below the level —a (lower barrier).
We believe that the Parisian ruin probability with the lower ultimate bankrupt barrier could be
better and more realistic risk measure than the Parisian ruin probability, because in this new model
the excursion of the risk process below zero, which is "too deep" i.e. is bigger than a fixed number
—a < 0 leads to ruin immediately.

Moreover, in [H2] to obtain asymptotics of the above ruin probability when x — oo a dual
process X = —X was considered. In this case the process Xisa spectrally positive Lévy process
with the Lévy measure II¢(dy) = Ilx (—dy).

The characteristics of X will be indicated by using a "hat" over the existing notation for the
characteristics of X.

For the process X we define the ascending ladder process (L™, H) = {(L; ', Hy) }i>o:

1. inf{s >0:Ls >t} ift <Ly
t ] oo otherwise

and .
H, o= { XLgl if t < Lo

00 otherwise,



where L = {L;};>0 is a local time at the maximum (see |31, p. 140]). Recall that (L™' H) is
a bivariate subordinator with the Laplace exponent x(#,) = —logE (e‘eLfl_ﬁHll{lng}) and

with the Lévy measure denoted by IIy. We define the descending ladder process (Zfl,ﬁ) =
{(L;', H,)};>o with the Laplace exponent %(6,3) constructed from the dual process X. Recall
that L has exponential distribution with parameter %(0,0) when 7(0,0) > 0 (see [31, p. 152]).
Moreover, from the Wiener-Hopf factorization we have:

K(0,8) = @(0)+ 5, K(0,8) =

7

b =98
o(0) -5

see |31, p. 169-170|. Hence x(0,0) = ¢'(0+).
We introduce the potential measure U defined by

U(dx,ds) = / P(L;* € ds, H, € dx)dt
0

supported on [0,00)?, with the Laplace transform f[o oo e %Y (dx,ds) = 1/k(0,3) and the

renewal measure: .
U(dz) = / U(dx,ds) =E (/ l{Htedw}dt> :
[0,00) 0

It is konwn (see, e.g. [31]) that for a spectrally negative Lévy process the renewal measure equals:
U(dz) = dx. Moreover the renewal measure U(dz) for (L', H) is characterized by:

> —0277 _ 0 .
/0 e U(dz>__1/)(9)’
see |31, p. 195].

Parisian ruin probability for spectrally negative Lévy processes (paper [H1])

Studies on the Parisian ruin for any spectrally negative Lévy process began with [13], where for the
Parisian ruin probability two separate formulas were obtained, depending on the path variation of
the considered process.

Theorem 1 (Theorem 1 in [13]). The Parisian ruin probability for any spectrally negative Lévy
processes equals:

P, (1% < 00) = P.(15 < 00)P(7¢ < 00)

+ (1 -P(r* < 0)) /OO P(r;" > d)Py(ry < 00, =X~ € dz) (5)
and
/ / (7 > s)P.(1y < o0, —X. - €dz)ds
GO _ 2w (Zéw?( )+ gV @), ©



where Wé(e) = e *O"W () and Zé(g)) =1- Gf e~ *OvW (y) dy are the scale functions defined

with respect to P*@ given by (2).

To prove formula (5) we use the Strong Markov property. Then on the event {r? = oo} we
decompose the possible trajectory that goes below zero into two parts. The first one starts at
the undershoot of 0 of size, say, —z < 0 visiting zero in a continuous way because of the spectral
negativity of X in a shorter period than d. The second part starts at 0 after this excursion below
0. Then the right-hand side of the above equality is partially characterized by objects that are
already known in the classical ruin theory for spectrally negative Lévy processes. These objects
are the classical ruin probability and the Laplace transform of the first passage time above a given
level. The only unknown term is the Parisian ruin probability P(7¢ < co), when the process starts
at x = 0. This probability is characterized below in Theorem 2.

First, for € > 0 denote by p™(s) = P.(7, < s) the probability that the excursion of X above 0
is shorter than s. Let

(s ) = / P(rh < )Py < 5,—X,_ € d2)
0
+P(rF <P (15 < s, X, - =0)

be the probability that the upper excursion above 0 is shorter than s and that the first consecutive
excursion below 0, which is shifted downward by —e, is shorter then than ¢. Note that p*(s) =
p(s,00). Then we can write the following theorem.

Theorem 2 (Theorem 2 in [13]). (i) If X is a process of bounded variation, then

S P(r > d)P(ry < oo, X~ €dz)
1—p+ [[PP(r > d)P(7y < oo, —X, - € dz)’

Pt < 00) =

where p =P(1, < 00) and

T e [T - L1 ¢(0+)
/Oe /OP(Tj>s)IP>(TO<oo7—XTO—Edz)d5—]—)((I)<6>— 7 )

(11) If X is a process of unbounded variation, then

Jr
P(1¢ < 00) = blilgo 12&)1 opd) (7)

The above result was improved in [H1|, because the Laplace transform (6) was inverted, whereby
a compact formula for Parisian ruin probability for any spectrally negative Lévy process was ob-
tained.

Theorem 3 (Theorem 1 in [H1|). Let d > 0. Assume that E[X;] = ¢/(0+) > 0. Then for any
r €R,
JS W (x + 2)2P(Xy € dz)

P, (1% < 00) =1 — E[X|] [ 2P(X, € d2)

(8)



The formula (8) for Parisian ruin probability involves only the distribution of the process X at
time d and its scale function, what can be calculated explicitly for certain classes of Lévy processes.

The proof of the above theorem is multi-staged. First of all, the key is following lemma, which
can be proved using Kendall’s identity (see [7] Corollary VII.3) i.e. the measures rP(7) € dr) and
2P(X,. € dz) coincide on [0, 00)?.

Lemma 1 (Lemma 2 in [H1]|). For 6 > 0,

e@O)x -1 0 Y
E, [1{Tg<oo}e 0} —@/0 e VYW (@ + y)dy,
T e [Tz )
e -P(X, € dz)dr =——¢ Yooy >0,
foer ] e e =5

/OO W(z);IF’(XT € dz) =1.

Then, the proof for bounded variation processes is provided and next for unbounded variation
processes. For the bounded variation case the proof is simpler and is mostly based on the strong
Markov property and spatial homogeneity of Lévy processes. In this case, at first, the formula for
the Parisian ruin probability is obtained when x = 0 and then for any x € R. However, for the case
of unbounded processes, the proof of the main theorem of [H1]| is more complicated and requires
the use of a limiting argument. It results from the fact that in this case 0 is regular for (—o0,0)
(i.e. P(ry = 0) = 1), which together with (4) gives that W (0) = 0, and hence the formula for the
Parisian ruin probability when x = 0 requires an approximation approach. Therefore in this case,
for € > 0 define the stopping time 7¢ by

é=inf{t >d:t— g >d, X,_q <0}, where g¢ =sup{0<s<t:X,>e}

The stopping time 72 is the first time that an excursion starting when X gets below zero, ending
before X gets back up to ¢ and of length greater than d, has occurred. Next, for the stopping
moment 7%, using a similar reasoning as in the bounded variation case we get the formula for
P. (7% < o0) (in [H1| formula (13)). Finally, taking € | 0 we get the statement of Theorem 3.

Parisian ruin probability with a lower ultimate bankrupt barrier (paper [H2])

Another natural question in the context of ruin theory concerns the probability of Parisian ruin
with a lower ultimate bankrupt barrier, set at a certain level —a < 0. As it was written in the
introduction, this model extends Parisian ruin concept and it is interesting both for applications
and theory, because it is more realistic model and, moreover, it is a more complex problem from a
mathematical point of view.

Let’s define the following stopping moment:

d,a

k4 = min(r?, 77,

where 77, = inf{t > 0: X (¢) < —a}. The goal of |H2| was to express the formula for Parisian ruin
probability with a lower ultimate bankrupt barrier P, (k%* < co) using already known objects from
the theory of Lévy processes, such as scale functions. Thus, in [H2| the following formulas were
obtained for the Parisian ruin probability with a lower ultimate bankrupt barrier:
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Theorem 4 (Theorem 1 in [H2|). For z > 0:
P, (k™" < o)

a 2
=P, (15 < 00) — P(k™* = c0) (/ P,_.(7,) < min(d, 7y ))P.(15 < o0, —X,-€dz) + %W'(w))
0

and

P.(1y < o0)=1—'(0+)W(z),

/ / a2 (75 < min(s, 75 ))P.(1y < 00, —X.- € dz)ds

QW(H)(G>/ W(e)(a_z)/o Uz — dy) /()mﬂg(dz+v+y)dv

- ewé’)(a) /oa e /OZ Mx(=dz = y) (W(z) = W(z —y)) dy.

Theorem 5 (Theorem 2 in [H2]). (i) If process X has bounded variation paths, then

4 P(ry < 00) — [ Paz(7y < min(d, 75 ))P(ry < 00, =X - € dz)
P(Iﬂ? @< OO) = a 5 — — 2 ;
1— [ Pos(r < min(d, 7 ))P(rg < 00, =X € dz)

where
/’5%/p%mf<mMaﬁw%a<ermewws
0

W/ W(e) CL — Z)HX(Z OO)dZ
p

(i1) If process X has unbounded variation paths, then

. p'(e) = p(d €
]:ED d,a — 1 p )
A e O

where p*(e) = P(15 < 00) and
p(t,e) = / P, (1. <min(t, 7)) Pe(1y < o0, —X,- € dz)
0
o2
VB, (< min(t, 7)) 5 W9

is the probability that the first excursion starting when X gets below zero (or to zero), but
above —a, ending before X gets back up to € and of length shorter than t, has occurred.
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The above two theorems were proved by the strong Markov property, properties of scale functions
and spatial homogeneity of Lévy processes. In addition, for Brownian motion with drift X, =
x + pt + 0B, the above probability was obtained explicitly (Example 6.2 in [H2|). Moreover,
the Cramér—Lundberg process with exponential jumps (1) and the Cramér-Lundberg process with
exponential jumps perturbed by a Brownian motion were also considered (Examples 6.1 and 6.3
in [H2]). For this particular examples the numerical analysis was provided using fast Fourier
transformation method (FFT) followed by the so-called "e-algorithm” to speed up the convergence
of infinite complex Fourier series. Detailed analysis with conclusions is available in [H2| in section
Examples.

An important part of this paper are the sections about Cramér-type (light-tailed) and convolution-
equivalent (heavy-tailed) asymptotics of the Parisian ruin probability with a lower ultimate bankrupt
barrier when the reserves Xy = x tends to infinity.

In the light-tailed case (Section 4 in |[H2|) assume Cramér’s conditions i.e. that there exists
~v > 0 satisfying R

() =¢(=7) =0 (9)
and that 12(7) is finite in the neighborhood of . Then Ee %! < 0o and we can define the measure
P~ via (2) (see [8]). Define ﬁw(d:ﬂ) = U"(dz) := e U(dx) and

= / 20D (da),
0

where U\? (dz) = I e~ @) P(H, € dx)dt for ¢ > 0. Note from [8] that U, is a renewal function
of the ladder height process calculated on P~7. Moreover, from [8] we have:

B0, FCY

8/6 ’70_ ’,

Now, we can present the main result of Chapter 4 of [H2|, which derives the exponential asymptotics
of the Parisian ruin probability with a lower barrier.

Theorem 6 (Theorem 3 in [H2]). Assume Cramér’s conditions (9) and that the support of 11 is
not lattice when II(R) < co. We have

l#m evxPx(Hd,a < OO) = o - (1 - ]P)(fid@ < OO)) f(C)(da CL), (10)
wtoo Y

o0 1
/0 e " f)(s,a) ds = MGW(G)( ] / WO (a— 2 / / z(dz +v +y)dvdy

and P(k%* < 00) is given in Theorem 5. If u = oo, then left-hand side of (10) is understood to be
0.

where

To prove the above theorem we use the Key Renewal theorem saying that ﬁw(dx) on (0, 00)
converges weakly as a measure to g~ 'dz (see [31, p. 188] and [8]). Moreover, to obtain asymptotics
of eWIP’(XT; — x € dz), when x 1 oo we apply Lebesgue dominated convergence.
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The results given in Section 5 of [H2| deal with spectrally negative Lévy process X for which
the tail of Lévy measure of its dual process belongs to the class S It means that we allow that
the process X may have heavy-tailed jumps. Formally, the class S\® is defined as follows (see [29]):

DEFINITION 3. (Class L)) For a parameter a > 0 we say that measure G on [0,00) with tail
G = G([0,00)) belongs to class L) if

(i) G(x) > 0 for each x > 0,

(17) limy o0 ég‘(;)x) = e for each x € R, and G is non-lattice,
(791) limy, o0 égz;)l) = e if G is lattice (then assumed of span 1).
DEFINITION 4. (Class S®)) We say that G belongs to class S if

(i) G € LW,

(17) for some My < oo, we have
lim ———= = 2M,, (11)

where G x G(u) =1 — G« G(u) and % denotes convolution.

For all a € R such that the following integral is finite we define the moment generating function
0 such that

5(@) = /0 " e du), (12)

where G is a disiribution function of a finite measure.
Recall that X = —X is a spectrally positive Lévy process. Throughout this section we assume
that for X and for some fixed o > 0 we have:

(4)

e eS@ if a>0 (13)
and

/0 Tg(y) dy € S© (14)

(i)
pla) <0 if a>0 (15)

(iif)

s B . —p(=p)
15, (H 1 h =lim——=. 1

e %,(H) <1, where ¢ [}%R(O,—/B} (16)
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Above 6,(H) denotes the moment generating function (12) of the distribution function of Hy. The
first condition gives I € S@. The latter condition (iii) is necessary when a > 0; by the drift
assumption for o« = 0 this condition is automatically satisfied. An example of a process that fulfills
the conditions (13)-(16) is the dual process to Cramér—Lundberg process (1) with Pareto distributed
jumps.

We denote: f(x) ~ g(x) iff lim,_,» f(z)/g(x) = 1. Then the main result of Section 5 in [H2] is
as follows

Theorem 7 (Theorem 4 in |[H2|). Under assumptions (13)-(16) the asymptotic Parisian ruin
probability equals:

P, (k% < 00) ~ EX; AL 1— (1 -P(k* < 00))fd,a ooﬁ;( dy,
(s < o0) <¢(a>> (1= (1= (et < o)) fda) [ Tis(o) dy
where - | "
/0 e f(s,a)ds = m/o W (a — 2)B(2)dz (17)
and

6—&2

BO) = e (0@ +a [ ety )

Above for a = 0 the quantity —p(c) /o is understood in limiting sense and equals —'(0+) = EX].

Parisian ruin for a refracted Lévy process (paper [H3])

The next paper included in the scientific achievement is [H3|, which gives formula for Parisian ruin
probability and fluctuation identities for refracted Lévy process considered with Parisian delay.
In [33] refracted Lévy process was described in detail for the first time. The authors proved its
existence, the strong Markov property, found formulas for the one-sided and the two-sided exit
problems and gave formulas for resolvents. Formally, a refracted Lévy process is defined as a strong
unique solution of the following stochastic differential equation (SDE):

dUt == dXt - 51{Ut>b}dt, t Z 07 (18)

where 0,0 > 0 and X is a spectrally Lévy process, which models the dynamics of the process U
under level b. In addition, from the above SDE, it is easy to see that above the level b process U
evolves as Y = {Y; = X; — 0t,t > 0}. The process Y is also a Lévy process and has the same
Lévy measure as X, but different drift. Let’s denote by W@ and ¢ the scale function and the
Laplace exponent of the process Y, respectively. In the case when § = 0 we get that U = X, which
gives that all fluctuation identities previously unknown in the literature obtained for the process
U considered until the Parisian ruin moment are automatically solved for any spectrally negative
Lévy process X. The results presented in [33| required the introduction of a new scale function
w@ associated with the process U and defined as follows

14



DEFINITION 5. For ¢ > 0 and x,z € R, b > 0, define
w'(z;2) = W (& = 2) + 61 (y5p) / W (z — )W (y — 2)dy, (19)
b

where W is the scale function of Y.

Note that when z < b, we have
w'(z;2) = W9 (z — 2).

For q = 0, we will write w® (z;2) = w(z; 2).

In [H3] is assumed that b = 0. Note that we could interpret this change in the premium rate
as a way to invest (for R&D, modernization, etc.) or to pay an income tax: if the surplus of the
company is in a good financial situation, i.e. above the critical level 0, then it invests or pays at
rate 6 > 0; otherwise it does not.

The following results were obtained in [H3].

Let

i =inf{t >0: t —sup{0 < s <t:U, >0} >d}

be the Parisian ruin moment of U. Then the Parisian ruin probability is given by

Theorem 8 (Theorem 2 in [H3|). For x € R,

IS w(z; —2)2P(Xy € dz)

T 2P(Xg € dz) — od

P, (1 < 00) =1 — (E[X;] — ) (20)

One can easily see that for ¢ = 0 the above formula matches with the result obtained in The-
orem 1 in [H1]. The above theorem is proved by the Kendall identity and the strong Markov
property, which gives that the decomposition of the trajectory of the process U leads us to
get fluctuation identities associated with the first passage times of the processes X and Y to
given levels. These formulas are presented in the following lemma. Note that the case when
U has unbounded variation paths must be considered separately. We define the stopping time
T = inf {t > 0: t —sup {0 < 5 < t: U, > €} > d}, and then the Parisian ruin probability is ap-
proximated by IPL(Tg’6 < 00), when € | 0.

Lemma 2 (Lemma 8 in [H3|). Let vy = inf{t > 0:Y; < 0} and v = inf{t > 0:Y; > a}. Then
forz €R, a,q >0, we get

E, [Pyua (rf <d)1 {VO_@}} - /0 " (w( —2) — W(z)) 21@()@ € dz) + W (z),

S e e

_ /O - <w<q> (3 —2) — Mw@ (a; —z)> 21@ (X4 € dz)
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and
E, [e_qyoi]Pyi(TJ < d)l{y <t }}
v 0 a
0 W@
_ (9,—9) (z) (q, q) =
_/0 (WM (x+2) = i Vs (a+z)> P (X, € d2),

where for any x,c € R
WS @) = Wia) + [ (W (2 =) =W (@ =) WO (o) dy. (21)
0

The proof techniques used in [H3] are based on the fact that depending on its position the
process U behaves like the process X or the process Y. Therefore, the above lemma was proved
most of all using of the strong Markov property and the spatial homogeneity of Lévy processes
X and Y. Moreover, the important result of [H3| is the following theorem, which gives formulas
for the two-sided and the one-sided exit problems for the process U considered until the Parisian
ruin. The following results are expressed using the scale functions associated with X, Y, U, and
the distribution of X at time d.

Theorem 9 (Theorem 4 in [H3|). Let ] = inf{t > 0: U; > a} and d > 0, then the Parisian exit
problems for refracted Lévy process U are given by

(i) For ¢ >0, z <a,

E, [e’q(Tg*d)l{TU@a }}

=79 () +/ (w(q) (z;—2)E [e’qﬁ}l{ﬁg“i}] W(q’ D (z+ z)) dIP’ (Xq € dz),

0

where

Z(Q) )+ f (w(q) a;—z) — W(q —a) (a+ z)) ZP (Xg4 € d2)
= 1 —_
TU<“a)] fo w@ (a; —2) 2P (Xy € dz)
W WD (a4 2) 2P (X, € dz) — 29 (a)
JoTw@ (a;—2) 2P (X, € d2) '

E |:€_qTU 1(

(1) For ¢ >0 and x € R,

E, [em 1, ]
U

=79 (z) + /OOO (w(q) (x;—2)E [e_ngl{Tg@O}] W(q 9 (x + z)) g]P’ (X4 € d2),

where

w(Q) —9

2)5P (Xg4 € dz) — det?

[ HE D (2)2P (X, € d2) —
(2)

—q(r¢—d)
E [e ’ 1{75@0}} f H((;q,O)
0

16



and for p,p+q >0

H((Sp,q)<$) _ ¥D)z (1 + (g — ¢ (p))/o e—w(p)yw(p+q)(y)dy) .

(111) For ¢ >0 and x < a,
I w9 (z; —2)2P (X, € dz)

Em |: —qK,}L]_ i| = o d ’
e {m;<7’g} fO w(‘])(a; —Z)%ED (Xd S dZ)

The proofs of each sub-items of the above theorem are technical and quite complicated. They
use the identities given in Lemma 2 and the strong Markov property. For the unbounded variation
case we use an approximation argument.

Fluctuation theory for level-dependent Lévy processes (paper [H4])

The last part of the description of the scientific achievement is devoted to level-dependent Lévy
processes, which are Feller processes defined as the strong unique solution of the following stochastic
differential equation (SDE):

dU(t) =dX(t) — o(U(t)) dt, (22)

where X () is a spectrally negative Lévy process. Additionally, we assume that the function ¢ is
non-decreasing and for fixed r* € R, ¢(z) = 0 for z < r*. In the bounded variation case, we assume
that ¢(z) <p=~v+ f(—l,O) xll(dx) > 0 for all z € R. This is a technical assumption that has been
used to construct the solution of (22). Furthermore ¢ is either locally Lipschitz continuous or ¢ is
of the form

k
d(x) = o) = Y 0Lz,
=1

where £ > 1, 0 < d1,...,0;, and —oo < by < ... < by < oo. The above conditions were denoted in
[H4] as assumption [A].

For ¢ = ¢ the process U = Uy is a so-called multi-refracted Lévy process and it is a direct,
but nontrivial, extension of the case k& = 1, considered in [33]. Observe that for any 0 < 57 < k
in each level interval (b;,b;11] (where by := —oo0 and by, := 00) the process Uy evolves as X; :=
{X(t) —>>]_, 6;t : t > 0}, which is a spectrally negative Lévy process that is not the negative of a
subordinator, because we assumed that that ¢;(x) < p for all z € R. The Laplace exponent of X
is given by
with right-inverse

pi(q) = sup{0 > 0 [ 1;(0) = q}.

The paper |H4| consists of two parts. The first one concerns multi-refracted Lévy processes. In
Theorem 1 of [H4] it has been proved that when ¢ is a step function, then there exists strong a
unique solution to (22), which possess the strong Markov property.

17



Theorem 10 (Theorem 1 in [H4|). Let k > 1, ¢(x) = ¢p(z) = S0, 6;1(p}, 0 < 81, 0, and
—00 < by < ... < by < 0. Then there exists a strong solution Uy, to the SDE (22).

At first we provide a pathwise solution to (22) when the driving Lévy process X is of bounded
variation. It means that we construct the process Uy satisfying the equation (22) at time intervals
during which this process is above or below the highest level b,. We prove the result by induction.
First, the base case (k = 1) holds by [33]. Next we assume that process Uy_; it is well defined at
time intervals where it is between levels —oo < b; < ... < b1 < 0o and then we show that U,
is also well defined at all levels —oo < b; < ... < by < oo. The above construction holds only for
bounded variation processes X, because in this case by is irregular for (—oo, b;). Moreover, it is
important that process Uy goes upward continuously and down only with jumps (here we use the
assumption that ¢p(x) <p=~+ f(—1,o) xIl(dz) > 0 for all x € R).

The case when the process X and hence when the process Uy has unbounded variation is proved
using the approximating sequences X" and U}, where the processes X", U]’ have bounded variation
paths. This is due to the fact that any spectrally negative Lévy process, which has unbounded
variation paths, can be approximated by a sequence of bounded variation spectrally negative Lévy
processes (see |7, p. 210]).

Moreover, in Section 2 of [H4| fluctuation identities and resolvents were obtained for process Uy.

DEFINITION 6. For any 0 <k, —o00o =:by < by < --+ < by < b1 :=00, and y € R, define
Eo(y) = 1= WD(0)gy(y).

For the unbounded variation case, we note that the fact that W@ (0) = 0 implies that Z4, (y) = 1
for all y € R. On the other hand, in the bounded variation case with y € (b;,biy1] and i < k — 1,
we have that

7

Zlr) = 1= W00 5= [T (1- 5W%,0).

7j=1
and similarly for y > by, we obtain =4, (y) = H§:1 <1 — @W;@l (0))
For a € R and k > 1, define the following first-passage stopping times
Ky =1inf{t > 0: Uy(t) < a} oraz k3" :=inf{t > 0: Uy(t) > a},

with the convention that inf () = co.

In the following theorem, we present formulas for two-sided exit problems for multi-refracted
process Uy. Right-hand sides of these identities are represented by new scale functions given by
some recursive integral equations. The recursion can be solved and an explicit formula can be
obtained for these scale functions listed below (see Proposition 13 in [H4|).

Theorem 11 (Theorem 5 in [H4|). Fiz k > 1 and ¢ > 0.

(i) Forr <by <---<by<aandr <z <a, we have

7qﬂa.,+ B ’Z,Uk
]Ea: |:e k 1{&Zy+<nza*}:| — (q) ] ) (23)



(g

where wk) 1s defined by the recursion
@ (1) o @ s [ @ (0 d 94
wy (@sr) == wy (237) + Ok , (x — y)wyy (y;7)dy. (24)
k

with initial function w(()q) (z;7) = WD (z —r). The function w,(f) (x;r) is the scale function

associated with the process Uy.

(ii)) For 0 <b; <---<b,<aand0<z<a,

()
— HO’ Z (a)
B, [0 Lo ] = 20(2) J(T(a)w,(f)@), (25)
k

(@)

where 2z, is defined by the recursion

20 (x) == 2 () + 0y b W (z — )2 (y)dy.
k

with initial function zéq) () = Z9(z). The function z,(cq) (x) is the scale function associated
with the process Uy.

The proof of the above theorem consists of two parts. At first, the formula (23) was proved in
case the process X has bounded variation paths. It can be showed by using the strong Markov
property, and then determine (23) when x = by. Such reasoning is appropriate only for bounded
variation process, because in this case W@ (z — b,) = W@ (0) > 0. The proof for the unbounded
variation case is more complicated and requires the use of approximation sequences. The remaining
fluctuation identities that were obtained in this section for the multi-refracted process U, are the
one-sided exit problems and resolvents. One-sided exit problems give the Laplace transform of the
first-exit time of the process Uy from the half line [0, 00) (point (7) in the following corollary) and
from (—o0,a), for some fixed @ € R (point (i7) in the following corollary). These identities are
expressed by scale functions related to the process Uy and specified recursively.

COROLLARY 7 (Corollary 6 in [H4|). Fiz k > 1.

(i) For x >0, by >0 and ¢ > 0, we have
Sy e @ 5 2) (2)d
Jir e e @sw (2)d

— 50’7
E, [e ) 1{52,_@0}} = 2D (q) - w? (). (26)

(ii) Forby < -+ <b,<a, x<aandq>0,

at u\? (z)

B et 10 ] - )
{r) " <oo} u}(j)(a

(27)

~—
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(9)
k

Here, w;”’ is defined by the recursion

u(2) = ul? () + 6 [ W (e — y)ul(y)dy.

with initial function uéq)(x) = @ The function u,(f)(x) is the scale function associated

with the process Uy.

Resolvents or ¢-potential measures give expressions for the expected occupation measure of
process in a given Borel set over its entire lifetime as well as when time is restricted up to the first
passage times. Such expected occupation measures play an important role in fluctuation theory
and in applications, for example to determine some characteristics in optimal dividend models (see
e.g. [14, 35]).

Theorem 12 (Theorem 7 in [H4]|). Fiz a Borel set BC R and k > 1.
(i) Forr <bj<---<by<a,r<x<aandq>0,

wl (@) (q)

/@Z’"W\ni’f o w(q)(a;’r‘) Wy, (CL; y) - w](cq) (ZB, y)
E, / e "Ly menydt | = / ; dy,  (28)
0 BN(r,a)

E¢k (y)

where the scale function w,(f) (x;r) is defined in Theorem 11 (i).

(i) For x>0, b; >0 and ¢ > 0,

(9)
w; " (z
9 g W) — w ()
E, / e "1y, esydt =/ = dy, (29)
0 BN(0,00) =, (y)
where v\”(y) = & I e=ex @2\ (2:0)dz, and the scale function w\?(x;2) is defined in
Theorem 11 (i).
(111) For x,by < a and g >0,
oD (&
S u’g@Ea; w (a3 y) — w (x;y)
Em / e ! l{Uk-(t)GB}dt :/ - dy7 (30)
0 BN(—o0,a) “qﬁk(y)

where the functions w,(f) (z;y) and u,(cq) (x) are defined in Theorems 11 and 7, respectively.

(iv) For x € R and q > 0,

(@) o RO )dz ()

7 —w X,
. {/OO e dt} _/ fbo’:eiwk(wz“l(cq—)l(z)dz k ( y)
r {Uk(t)eB} = =
" B “%(y)

dy, (31)
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Proof techniques for the above results are similar to those used in the Theorem 11. Moreover,
we get Corollary 7 directly from Theorem 11 by taking the appropriate limits: a — oo in (25) and
r — —oo in (23).

In Subsection 2.3 of [H4|, we summarized the properties of the multi-refracted scale function

w,(f)(a:; z) such as its behaviour at zero and at infinity, monotonicity and smoothness. Moreover, it
was crucial for the second part of [H4| that the scale functions w\? (z;7), 2\ (z) and u\? () fulfil

the following integral equations:
Proposition 8 (Section 2.4 in [H4|). Suppose that ¢y(z) = S, 0ilizsp,y and ¢ >0, k > 1. Then,
for x,v € R, z < by functions w,(cq)(

equations:

x;r), z,(cq)(x) and u,(f)(x) are unique solutions to the following
o) = WO =) [ WO = phonto)el? i)
00 = 29@) + [ WO =)o) )y

P (z) = 2@* 4 / WO (2 — 1) (y)ul® (y)dy.
0

Indeed, the above proposition is important, because thanks to the above observation the anal-
ogous equations were obtained for scale functions for a general class of functions ¢ (that fulfil the
condition [A]).

In Section 3 of [H4|, the theory of multi-refracted processes was extended to the solutions of (22)
with a general premium rate function ¢. The existence and uniqueness of these solutions were proved
using the already developed theory for the multi-refracted case. To this end, we approximated a
general rate function ¢ by a sequence of rate functions (¢, ),>; that satisfy the following conditions

(a) lim, 00 ¢, = ¢ uniformly on compact sets.
(b) For z € R,
¢1(z) < d2(z) < ... < o(a).
(c) For each n > 1 and =z € R, we have that ¢,(z) = >
0<by <...<0bp ,and 67 >0 with j=1,...,m,.

For each n > 1 we denote the solution of (22) with the rate function ¢,, by U,. We now show how
to construct a specific sequence (¢,),>1 that satisfies the conditions mentioned above. For each
n > 1 we choose a grid II" = {bp = 127" : [ =1,...,m, = n2"} and set 07 = ¢(b}) — ¢(bj_,), with
by = 0. Furthermore we define the approzimating sequence of the rate function ¢ as follows:

i " o7 1{x>b;}, for some m, € N,

= 25?1{@1);} dlan > 1 oraz x € R.

For any n > 1, we have from Theorem 1 in [H4| that there exists a unique solution U, to (22)
with the rate function ¢,,. Moreover, the following lemma implies that the sequence (U, (t)),>1 is
non-decreasing for any ¢t > 0.
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Lemma 3 (Lemma 20 in [H4|). Suppose that for each n > 1, ¢,(x) < ¢pi1(x) for all v € R. Then
Uns1(t) < U,(t) for all t > 0.

Then using the above mentioned lemma it was proved that

Proposition 9 (Proposition 21 in |H4|). Suppose that the rate function ¢ satisfies condition [A].
Then, there exists a unique solution U to the SDE (22) with rate function ¢. Furthermore, the
sequence (Uy,)n>1 converges uniformly to U a.s. on compact time intervals.

The next step was to show that the scale function w@ associated with the general process U
satisfies the following integral equation:

w9 (z) = W@ (z) 1 / WO (@ — y)dly)w (y)dy, (32)

where (@ is the scale function of the driving Lévy process X.
Proof techniques used in this part of [H4] are related to the general theory of Volterra integral
equations:

ul(e) = glx) + / " K (e, y)uly) dy. (33)

where the continuity of ¢ and K is not required and the presented theory is in the spirit of L!
kernels as in Chapter 9.2 of [26]. It was showed in Lemma 22 of [H4| that if we assume that a
measurable function w is differentiable almost everywhere, then u is the solution to

i) = WO =)+ [ WO — )6l i) dy

r

if and only if «’ is the solution to the following Volterra integral equation
U (1;7) = Eg(x) WD (2 — r)+) + / Zo(2) Lo(y) WD (2 — y)u (y; ) dy, (34)

with boundary condition u(r;7) = W@ (0). Next, using Picard’s iterations we construct the solution
to (34) and then we determine a majorant for the Neumann series, which in our case is an infinite
series of convolution of the kernels

K(z,y) = Es(2) ' o(y) W (@ —y).
The next step was to show that the scale functions of general level-dependent process can be
approximated by the ones for the multi-refracted case. Then Theorem 27 in [H4| gives that for
each x > r, we have

lim w'? (z;7) = w9 (z;r)  and lim 29 (z) = 29 ().

Thanks to the above approximation in the last subsection of [H4| we obtained fluctuaction
identities for the general level-dependent process.
Let a € R and define the following first-passage stopping times for the level-dependent process:

kK i=1inf{t > 0: U(t) <a} and k" :=inf{t >0:U(t) > a}.

In the following theorem we derive formulas for resolvents. Notice that (36) for ¢ = ¢ is
consistent with (29), however we do not have a more explicit formula for ¢(@ (y;7) in a general case.
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Theorem 13 (Theorem 30 in [H4|). Fiz a Borel set B C R, then

1) Forq>0andr <z <a,
q

SR = e (W) o (@
Ex/ e "Lyweny dt :/ E(y) <W Nazy) — wq(fﬂ;y)) dy.
0 BN(r,a)
(35)

\_/

(ii) For ¢ > 0 and x > 0, there exists ¢\D(y;r) > 0 such that w'D (z;7)c\D(y;7r) — w'D(z;y) > 0
and

. [ [

(i11) For ¢ >0 and x < a,

,—

eqtl{U(t)eB}dt] :/ ( )E(z,(y)f1 (9 (y; 1) ;1) — w9 (zy)) dy.  (36)
BN(0,00

Praes (‘1)( )
u X
e~ 1y mepdl :/ Zs(y) ™ (—w(‘” a;y) — w'? w;y)> dy, (37)
/0 {U(t)eB} ] BN(—o0,a) 4)( u(‘J)(a) ( ) (

where w9 (z) = 2@ 4 f Y)W (z —y)u'D (y) dy.

E,

In addition, in [H4| the two-sided exit problems were found for the process U with a general
function ¢ fulfilling the condition [A]. The right-hand sides of the following identities are represented
by scale functions that fulfil Volterra type integral equations.

Theorem 14 (Theorem 32 in [H4|). (i) Forr <x <a and q¢ > 0,

(@) (-
—qr®T _ w (ZL’, 71)
Eq [e 1{“a’+<”r’_}] Cw@(a;r)’ (38)
(ii) For 0 <z <a andq>0,
(2)
k0~ z a
E, [e a 1{50,_<,€a,+}] — @) (g) — U}(T((a))w@(x), (39)

where 2\9(z) = Z\D(x) + Iy @ WD (1 — )29 () dy.

Finally, the ruin probability for the general process U was also computed in [H4]. Notice that
from Theorem 14 (ii) for ¢ = 0, we get

Then one can prove the following lemma.

Lemma 4 (Proposition 34 in [H4] ). Assume that x > 0.
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(1) If E[X(1)] <0, then p(x) =1 for all x > 0.
(it) If E(X(1)] > 0 and [;° ¢(x)w'(x) dx eists, then the ruin function
o) = 1~ A u(z),
where -
_ 1—|—f0 o(z)w' (x) dx
E[X (1)

and p satisfies the following integral equation:

A

pla) = 1— AW(z) + / “Wle - )é()e (v)dy.

Moreover, when [;° ¢(x)w'(x)dz = oo it follows that A = oo, and hence p(z) = 1 for all
xz > 0.

Above we presented the most important results of [H1|-[H4|, that form the scientific achieve-
ment. Summarizing, the main results of [H1|-|H3| give fluctuation identities for Lévy processes and
refracted Lévy processes considered with Parisian delay, the paper [H4| shows the existence and
fluctuations of the level-dependent processes, including the multi-refracted case.
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5. Description of other scientific achievements

Besides the four papers, which constitute mono-thematic series of publications, after Ph.D., 1
published seven articles, one was accepted and now is waiting for publication since August 2018.
The total number of my publications (together with the articles before PhD) is 15. My papers were
published with co-authors from various research centres around the world. The number of citations,
according to the Web of Science database ("Sum of the Times Cited’ on 2019-04-12), is 105 (93
without self-citations), and the h-index (Hirsh index) is 4. Total impact factor of the journals for
five publications included in the scientific achievement, according to the Journal Citation Reports,

is 4,959; total impact factor of the journals for all publications is 13,573, see Table 1.

Table 1: Impact factor of the journals according to Journal Citation Report from the publication
year (or 2018 for publication from 2019).

article journal publication year impact factor
[H1] Bernoulli 2013 1,296

[H2| Scandinavian Actuarial Journal 2016 1,347

[H3]  Insurance: Mathematics and Economics 2017 1,265

[H4| Stochastic Processes and their Applications 2019 1,051 (2018)
[P1] Journal of Optimization Theory and Applications 2014 1,509

[P2] Statistics and Probability Letters 2016 0,540

[P3] Scandinavian Actuarial Journal 2017 1,550

[P4] Statistics and Probability Letters 2017 0,533

[P5] Computational and Applied Mathematics 2017 1,632

[P6] Probability and Mathematical Statistics 2018* 0,286 (2018)
[P7] Insurance: Mathematics and Economics. 2018 1,265

[D1] Stochastic Models 2011 0,667

|D2] Journal of Applied Probability 2011 0,632
[D3] Research Papers of Wroctaw University of Economics 2011 -
|D4] Research Papers of Wroclaw University of Economics 2011 -

Sum: 13,573

* _ article |P6] was accepted for publication in August 2018.

[P1] I. Czarna, Z. Palmowski, Dividend problem with Parisian delay for a spectrally negative Lévy
risk process, Journal of Optimization Theory and Applications. 2014, vol. 161, no. 1, p. 239
256.

[P2] 1. Czarna, J-F. Renaud, A note on Parisian ruin with an ultimate bankruptcy level for Lévy
insurance risk processes, Statistics and Probability Letters. 2016, vol. 113, p. 54-61.

|[P3] I. Czarna, Z. Palmowski, P. Swiatek, Discrete time ruin probability with Parisian delay,
Scandinavian Actuarial Journal. 2017, vol. 2017, no. 10, p. 854-869.
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[P4] 1. Czarna, Z. Palmowski, Parisian quasi-stationary distributions for asymmetric Lévy pro-
cesses, Statistics and Probability Letters. 2017, vol. 127, p. 75-84.

[P5] 1. Czarna, Y. Li, Z. Palmowski, C. Zhao, The joint distribution of the Parisian ruin time
and the number of claims until Parisian ruin in the classical risk model, Computational and
Applied Mathematics. 2017, vol. 313, p. 499-514.

[P6] I. Czarna, Y. Li, Z. Palmowski, C. Zhao, Optimal Parisian-type dividend payments penalized
by the number of claims for the classical and perturbed classical risk process., Probability and
Mathematical Statistics. 2018.

[P7] 1. Czarna, J.-L. Pérez, K. Yamazaki, Optimality of multi-refraction dividend strategies in the
dual model, Insurance: Mathematics and Economics. 2018, vol. 83, p. 148-160.

Before PhD T published the following four papers, which will not be discussed here.

[D1] I. Czarna, Z. Palmowski, Ruin probability with Parisian delay for a spectrally negative Lévy
risk process, Journal of Applied Probability. 2011, vol. 48, no. 4, p. 984-1002.

[D2] 1. Czarna, Z. Palmowski, De Finetti’s dividend problem and impulse control for a two-
dimensional insurance risk process, Stochastic Models. 2011, vol. 27, no. 2, p. 220-250.

D3] 1. Czarna, Z. Palmowski, Pordwnanie prawdopodobieristw paryskiej i klasycznej ruiny dla
procesu ryzyka typu Lévy’ego, Research Papers of Wroctaw University of Economics. 2011,
nr 207, s. 9-21.

[D4] 1. Czarna, Z. Palmowski, Problem wyboru optymalnej paryskiej dywidendy dla procesu ryzyka
typu Lévy’ego : numeryczna analiza, Research Papers of Wroctaw University of Economics.
2011, nr 207, s. 22-37.

I will now discuss the results obtained in the papers [P1]-[P7]. Papers [P1]-[P6] concern topics
related to the Parisian delay used in various models. While the paper [P7]| shows that the multi-
refracted process (for k = 2) is the solution to the optimal dividend problem assuming that dividend
strategies in this model are absolutely continuous with respect to the Lebesgue measure. For clarity,
the description is divided into three sections relating to my main research interests.

5.1 Parisian dividends (Papers |[P1], [P6])
Both papers are about optimal dividends which are paid until Parisian ruin. Additionally, in |P6]
these dividends are discounted by a new factor r € (0;1] related to the total number of claims
which arrived in a compound Poisson process up to the Parisian ruin moment 77¢ (i.e. r™rmd).
While in [P1] we considered the case, when r = 1. Formally, the results obtained in [P1]| and [P6|
consist in maximizing the following integral functional

T‘ir,d
N / ettdrr|
0
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where ¢ > 0 and II represents a set of all admissible strategies such that 7 = {L7 : t > 0} is a non-
decreasing left-continuous adapted process which starts at zero. Thus L] represents the cumulative
dividends paid out by the company up till time ¢. Formally, we consider the risk process controlled
by the dividend policy 7 given

U'=X,— L} (40)

In [P1], the process X is any spectrally negative Lévy process, but in [P6] the Cramér—Lundberg
process perturbed by a Brownian motion {B;};>o is considered. For fixed d > 0, for process U™
define the Parisian ruin moment:

7= inf{t >0:t—sup{s <t:UT >0} >d,U" <0}.

In both papers the dividends were paid according to the barrier strategy that corresponds to
reducing the risk process U™" to the level a if U™"(0) = 2 > a, by paying out the amount z — a,
and subsequently paying out the minimal amount of dividends to keep the risk process below the
level a (see Fig. 2). It is well known (see [5]) that for 0 < x < a the corresponding controlled risk
process U™ under P, is equal in law to the process {a —Y; : ¢t > 0} under P, for

Y, = max(a,yt) - X

being the Lévy process X reflected at its past supremum: X, = SUPg<s<t Xs- In [P1] we considered
the case, when r = 1, so in this case for all z > 0,

7Ta,d
va’d(x) =y (x) =E, </ eqtdea’d)
0

Fig. 2. A sample path of a regulated surplus process U=,
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Then, in |P1] it was proved that

V(D) (g
V(Tf((a)y r < a,
v () = (41)
(@) (q
r—a-+ %, T > a,

where V@ (z) = [ W@ (z + 2)2P(Xy € dz). In particular,
(v (a) = 1.
Hence we get the following theorem.

Theorem 15 (Theorem 4.1 in [P1]). The value function v®¢ corresponding to the barrier strategy
7% s given by (41). Then from (41) it follows that the optimal barrier a* satisfies:

a* =inf{a > 0:VP(a) <VD'(y) for all y > 0}.
In particular, if V@ € C%(R) and there exists unique solution to the equation:
V@ (%) =0,
then a* is the optimal barrier.

Next step was to prove that the barrier strategy 7@ ¢ is optimal across all admissible strategies II
considered up till Parisian ruin moment 77¢ (Theorem 5.2 in [P1]). To prove it, we used verification
lemma (see, |41, 42, 43]), which assumptions require checking that the value function v ¢ given
by (41) is g-superharmonic and its first derivative is greater than one, i.e. it fulfils the following
conditions:

(L — " (x)
(v ()

where I' is the infinitesimal generator of process X. Moreover, one can give another necessary
condition for the barrier strategy to be optimal.

0, if zeR,
1, if xeR,

IV IA

COROLLARY 10 (Corollary 5.1 in [P1] ). Suppose
V@ (q) < V@(b), for all a* < a <b.

Then the barrier strategy at a* is an optimal strategy.

In [P6], similarly like in [P1], it was proved that the dividend strategy 74

main difference is that, in [P6] the considered process is of the form

is optimal. The

Nt
Xt:$+pt—20j+O'Bt7

i=1
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and we maximize the following integral functional, for 0 < r < 1 and ¢ > 0:

ﬂ,a,d
PN / eqtdLg“’d]. (42)
0

a,d

V@ () = 0™ (2) = K,

a,d,r

In this case, the formula for the value function v was also derived:

he(z)v¥?(a) forz <a
a,d,r _ = U,
vt (@) = { T —a+v*¥a) for x> a, (43)

where hi(z) :=E, [TNTJ eI Tt < Td] is the expected value of the first moment of reaching level
a before the Parisian ruin, discounted in time and additionally by the number of jumps of the
process .

We used two different methods to obtain an expression for the function h%. The first one uses
the Dickson-Hipp operator (7),f), which is a generalization of the Laplace transform (see |19]).
Then we obtain the following theorem.

Theorem 16 (Theorem 3.8 in [P6]|). Let f be the density of the random variable C; for all
i =1,2,.... Then the function h* can be expressed as follows

1. Foro=d=0and 0 <z <a,

oy ST Cla)
M =D = S e @ cla) )
2. Forc>0,d=0and 0 <z <a,
sy iy Toca(ZE) (B T f) 4 ¢+ Bla)
) ) = S BT e o) =
3. Foro=0,d>0 and —pd <z < a,
Sl oM (T,f) * ()
nd() — P
O S BT, ela) o
4. Foro,d >0 and x < a,
d(p) — ch;o(%)n(ﬁ * T, f)™ * p1(x)
) S S (BT, e (@) o

where
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p 1s the unique non-negative root of the Lundberg fundamental equation:

0.2

752—1—]95— A +4q) +)\r/ e f(x)dx =0
0

and 5 o\
i) i= (o4 2 ) €1 ) + 810 - 251 85 wilo),

oo prd o
wy(z) = /0 /0 eqt;rkvy(k,t)f(y + x)dtdy.

ForkeN, y>0,t>0

d
’Uy(k,t) = %HD(NTJ = ]{Z,T;_ S t|X0 = O)

The second method is based on the fluctuation theory for spectrally negative Lévy processes
and an analogue of the exponential change of measure (2). Define

dIP)Oé NS
dpP

e (0, — i (a)t) = exp (2 — () (9
Fi

where Z& := a X, +log(r)N;, = az + apt — 3., (aC; — log(r)) + ao B;. Then the following theorem
was proved in [P6].

Theorem 17 (Theorem 3.9 in [P6]). For any 0 > 0 and 0 < x < a, the function h%(x) can be
expressed as follows:

I w9 (x4 2)2P(X,4 € dz)
I Wr(q)(a + 2)zP(X, € dz)

N T
hi(z) =E, [r CIORECI ANRS Td] =

and @
q
h(z) = h°(z) = E, [r e qT‘j,TCf < TO} = WT( )(x)
Wr(a)
For W9 - [0,00) — [0,00) it holds that
° 1
MW (y)dy = ———, 0> D,(q),
/ W= o= @

where 1,(0) == 1 logE [eeXt+1°g(r)Nt} = 1 1logE [TNt@eXt} and ®,(q) is such that .(®,(q)) = q.

1

Finally, like in [P1], we proved the optimality of the barrier strategy 7 ¢ with the value function
additionally discounted by the number of jumps of the compound Poisson process.
5.2 Parisian ruin (Papers [P2]-|P5|)
This is a series of papers considering Parisian ruin in various models. In |P2] we obtained fluctuation
identities for spectrally negative Lévy process considered until Parisian ruin with a lower ultimate
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bankrupt barrier —a < 0. For example, such as exit identities from a given interval or a half-
line. The obtained results were expressed by scale functions of the process X and their Laplace
transforms.

In [P3] the following discrete model was considered:

R,=u+n—>5,, (49)
where v > 0 and

Sn:icz, n:1,2,3,...

We assume that random variables C; (i = 1,2,...) are i.i.d. and we also assume that the process
drift equals to 1. We denote P(Cy = k) = py, for k =0,1,2,..., and we assume that = E(C}) < 1,
hence R, — 400 a.s. Define the Parisian ruin moment

=inf{neN:n—sup{s<n:R;>0}>d R, <0},

for a fixed time period d € {1,2,...}. The main results of this paper are expressions for the Parisian
ruin probabilities P, (7¢ < t) and P, (7% < 00). In [P3] these are the following theorems.

Theorem 18 (Theorem 1 in [P3]). For u > 1, the recursive representation of the Parisian non-ruin
probability until finite-time t is as follows.

Fort <d+1 we have P (7% >t) = 1.

Fort>d+ 2:

d
P (7> t) =Py (7" > t — d) + YD Pu(r’=s5—Ro = 2)P(r1 = )Py (7! 2t —w — 5),

where

x T
(e =w) = ~P(R, =) = —p[7,
and {p',n € N} denotes the t-th convolution of the law of Cy.
The probabilities P, (7% > t), P,(7° = s, —R,0 = 2) are given in the following lemmas.
Lemma 5 (Lemma 1 in [P3]). We have P, (7°=1) =P(Y; > u+1) and for t > 1:

u+t—1 u+t—1 ( | u+t—1t+u k ( )
0 o *t *(j—u - * t—i—u 7
SR S ok = eal |
7=0 Jj=u+1 k=
Lemma 6 (Lemma 2 in [P3]). For s > 1 we have:
uts—2
P, (7" =5, ~Ro=2)= Z P,(7% > 5 — 1,51 = k)Puts_ite
k=0
u+s—2 u+s—2
* 1 S — 1 +u— k * 1 *(
= > P Purais = > Z s—1+u— T Pk
k=0 k=u+1 j=u+1 ‘7
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The representation of ultimate Parisian ruin probability is given by:

Theorem 19 (Theorem 2 in [P3]). For u > 1 we have

00 d—1
P, (7% < 00) = (1 — p) Z p;(jfu) —(1=Pi(77" < 00)) ¥ Pu(1° < 00, = R0 = 2)P(7.41 < d),
j=ut1 2=0
where .
P <o) =(1-p) Y p}0
Jj=u+1
and
d—1
P (10 < 00) = 3 Py(7° < 00, = R0 = 2)P(1,11 < d)
]Pl(’/'d < OO) = 1 z=0
1-— Z Pl(TO < 00, —RTO = Z)]P)(TZ_H < d)
z=0

The above formulas are recursive so by choosing specific process parameters one can make a
precise numerical analysis as in Chapter 6 of |P3|, where heavy-tailed jumps for the process R were
also considered.

Additionally, in [P3] both asymptotics heavy- and light-tailed were estimated for the Parisian
ruin probability in the case of u — oo.

The paper |P4]| concerns the so-called limiting quasi-stationary distribution conditioned with
respect to the Parisian stopping time. This means that the main goal of [P4] was to determine the
following limit (also known in literature as a Yaglom’s limit):

l’lrmpx(Xt € B|7—9 > t) = ,U,g;(B), B e B([O, OO)), (50)

0

where 77 is a Parisian stopping time, defined by

Tezinf{t>0:t—sup{s<t:XS20}269,Xt<0},

where ey is an exponential random variable independent of X with intensity 6 > 0.

The ruin time 7% happens when process X stays negative longer than eg, which we will refer
as implementation clock. We want to emphasize that in the definition of 7% there is not a single
underlying random variable but a whole sequence of independent copies of a generic exponential
random variable ey each one of them attached to a separate excursion below zero. The model with
exponentially distributed delay has been also studied by [6, 38]. In [P4] we focus on asymmetric
Lévy processes, which are either spectrally negative (i.e. the Lévy measure is supported on (—o0,0))
or spectrally positive (i.e. the Lévy measure is supported on (0,00)). For both asymmetric Lévy
processes the limit (50) was obtained. The idea of the proof of the main results is based on finding
the double Laplace transform of P,(X; € dy, 7 > t) with respect to space and time. Then for
some specific form of the Lévy measure using tauberian theorems and 'Heavyside’ operation we
identified the asymptotics of this probability as ¢ — oo (Theorems 7 and 11 in [P4]).
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In |P5] the Cramér-Lundberg process (1) is considered. For this model the joint distribution of
the Parisian ruin time and the number of claims until Parisian ruin is obtained. We consider both
finite and infinite time horizon. This approach with the classical ruin moment has already been
considered in [20, 22, 37, 52|. Formally, for the Parisian ruin moment 7% define

d
wh(k,t) == %wﬁ(k,t), keN,t>0,

where
Yk, t) =P(Nya =k, 74 < t|X(0) =2), keNt>d

Further, let p?(k) denotes the probability that there have been exactly k claims up to Parisian ruin,
so that

plk) = P(Nya =k, <00|X(0)=2)= / w(k, t)dt.
d

The main result of [P5] are recursive expressions for the density w(k,t) and the probability p?(k)
(Theorems 2.3 and 2.7 in [P5]). To obtain the formulas we used the strong Markov property
and also the form of the infinitesimal generator for the Cramér-Lundberg process. Next we got
the integro-differential equation and then by solving it we got the expressions for w?(k,t) and
pl(k). In the last part of paper, it was assumed that the jumps of the considered process were
Erlang distributed. Then using a new iterative algorithm proposed in [P5], the above density and
probability were found numerically for the selected process parameters.
5.3 Optimality of multi-refraction dividend strategies (Paper [P7])

Paper |P7| concerns the dividend payments in multi-refracted model and uses the fluctuation for-
mulas obtained in [H4]. The Lévy process X = {X;;¢ > 0} models the surplus of a company in
the absence of control. We assume that it is spectrally positive or equivalently it has no negative
jumps and is not a subordinator. An admissible strategy m := (L™(t), R™(t);t > 0) is a set of
non-decreasing, right-continuous, and adapted processes such that L™(0—) = R™(0—) = 0. In ad-
dition, we consider §; > 0 for i = 1,2, and we require that L™ and R™ are absolutely continuous
with respect the Lebesgue measure and are of the form L™(t) = fg I"(s)ds R™(t) = f(f r™(s)ds;
t > 0, with I, r™ restricted to take values in [0,d;] and [0, d5] uniformly in time. We denote by
V™ = X, — L™(t) + R™(t) the controlled process associated to the strategy w. L™ is the cumu-
lative amount of dividends and R™ is that of injected capital, which are made to reduce the risk
of ruin. Assuming that 5 > 1 is the cost per unit injected capital, p € R the terminal payoff
(if p > 0)/penalty (if p < 0) at ruin, and ¢ > 0 the discount factor. Define the ruin moment
77 = inf{t > 0: V7(t) < 0} and the following integral functional

ve(z) = E, [/0 0 e T (t)dt — 6/0 i e ™ (t)dt + pe™0 | x> 0. (51)

Hence our aim is to compute v(z) := sup,c 4 vx(2), where A is the set of all admissible strategies
that satisfy the constraints described above. It was proved in [P7] that a multi-refracted process (for
k = 2), which was previously defined and characterized in [H4]|, is a solution of the above problem,
i.e. under a multi-refraction strategy, the resulting process becomes precisely a multi-refracted
process.
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