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9()") {Nt}t≥0 #' ! ?%#''%& 7"%+)'' 9#$( "!$) λ8 &%&*&)6!$# ) "!&-%0  !"#!5,)' Ck !") #@#@-@ !&-
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∣∣∣∣
Ft

= exp{c(Xt −X0)− ψ (c) t} <F>
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ψc (θ) = ψ (θ + c)− ψ (c) ;%" θ ≥ −c.
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 !"#$#%#&$  !  !" # $%&'( )*'+,"#--. ('$#,%&' /0&. *"!+')) X 1'2(' # 3#4%-. !3 35(+,%!() %(1'6'1

7. q ≥ 08 W (q) : R → [0,∞) #) 3!--!9):  !" '#+; $%&'( q ≥ 0 9' ;#&' W (q)(x) = 0 9;'( x < 0
#(1 !,;'"9%)' 3!" #-- x ≥ 08 W (q)

%) # ),"%+,-. %(+"'#)%($ #(1 +!(,%(5!5) 35(+,%!( 9;!)' /#*-#+'

,"#()3!"4 %) $%&'( 7.

∫ ∞

0

e−θxW (q)(x)dx = (ψ(θ)− q)−1, θ > Φ(q). <J>

 !" +!(&'(%'(+' 9' );#-- #-9#.) 9"%,' W (q) = W 9;'( q = 0: <.*%+#--. 9' );#-- "'3'" ,;' 35(+,%!()
W (q)

#) =>)+#-' 35(+,%!()8 75, 9' );#-- #-)! "'3'" ,! W #) ?5), ,;' )+#-' 35(+,%!(:

M() '+!,) ;4&+$#%& W (q)
!77)!"' #& +,!''#+!, O4+$4!$#%& $()%": !' ! '%,4$#%& %; $() '%*+!,,)-

,9!>)%1'1 '6%, *"!7-'4 ;"%0 #&$)" !, [0, a]8 9(#+( (!' ! ,%&6 (#'$%": <')) HI8 JQ8 RSK>@ T)A&) τ−0 =
inf{t > 0 : Xt < 0} !&- τ+a = inf{t > 0 : Xt > a}@ P$ #' +%00%& #& #&'4"!&+) !&- !+$4!"#!,

!77,#+!$#%&' $(!$ $() '$%77#&6 $#0) τ−0 #' +!,,)- $() 0%0)&$ %; "4#&@ M()& ;%" !&: q ≥ 0 !&-

0 ≤ x ≤ a 9) (! ) $(!$

Ex

[
e−qτ

+
a
 {τ+a <τ

−

0 }

]
=
W (q)(x)

W (q)(a)
.

P& ;!+$8 #$ #' $("%46( $(#' #-)&$#$: $(!$ $() )+#-' 35(+,%!( 6)$' #$' &!0)@ U) !,'% 0)&$#%& ()") $(!$

;%" '%0) 7!"$#+4,!" )D!07,)' %; 31 : 7"%+)'')' <,#L) ;%" )D!07,) V"%9&#!& 0%$#%& 9#$( -"#;$ %"

."!01"*34&-5)"6 7"%+)'' 9#$( )D7%&)&$#!, W407'> $() ;%"0 %; $() ;4&+$#%& W (q)
+!& 5) %5$!#&)-

)D7,#+#$,: <')) HJX8 Y=K>@ Z&%$()" ;4&+$#%& !77)!"#&6 #& O4+$4!$#%& #-)&$#$#)' ;%" 31 : 7"%+)'')' #'

$() '%*+!,,)- ')+%&- '+!,) ;4&+$#%& Z(q)
@

[



 !"#$#%#&$  !  !" #$% q ≥ 0 #$& x ∈ R &'($'

Z(q)(x) = 1 + q

∫ x

0

W (q)(y)dy.

 !"#$ !" %&#'&('!)" '*$)+, -).' )/ '*$ !0$"'!'!$. (+$ $12+$..$0 3, '*$ (3)4$ 0$5"$0 .#(6$

/&"#'!)".7 '*$!+ 2+)2$+'!$. *(4$ 3$$" $1'$".!4$6, .'&0!$0 !" 6!'$+('&+$ 89:7 ;97 ;<7 ;=7 ;>?@ A)+

$1(-26$7 '*$ .)6&'!)" )/ '*$ )"$B.!0$0 $1!' 2+)36$- /)+ .2$#'+(66, "$C('!4$ DE4, 2+)#$..7 /)+ q ≥ 0
("0 x ≥ 0 !. C!4$" 3,

Ex[e
−qτ−0

"{τ−0 <∞}] = Z(q)(x)−
q

Φ(q)
W (q)(x).

F*$" q = 0 G$ C$' ( /)+-&6( /)+ +&!" 2+)3(3!6!',7 G*$+$ G$ &"0$+.'("0

q

Φ(q)
!" '*$ 6!-!'!"C .$".$

G*$" q ↓ 0@ H*$"

Px(τ
−
0 <∞) =

{
1− ψ′(0+)W (x) !/ ψ′(0+) > 0
1 !/ ψ′(0+) ≤ 0.

I=J

K" +!.L '*$)+,7 )"$ )/ '*$ 3(.!# #*(+(#'$+!.'!# !. '*$ (3)4$ +&!" 2+)3(3!6!', Px(τ
−
0 < ∞)7 G*!#*

!. '+$('$0 (. ( #$+'(!" -$(.&+$ )/ +!.L ("0 !' !. (6.) (" !-2)+'("' #)-2)"$"' '(L$" !"') (##)&"'

G*$" #(6#&6('!"C '*$ !".&+("#$ 2+$-!&-@ H*$+$ $1!.' (6+$(0, ( 4(.' "&-3$+ )/ 2(2$+. #)".!0$+!"C

'*!. .&3M$#'@ N$C(+0!"C '*$ +$/$+$"#$.7 !' !. $")&C* ') -$"'!)" '*$ 3))L. )/ N)6.L! $' (6@ 8O:? ("0

P.-&..$" 8<7 ;?@ K" '*$ 2(2$+. 89;? ("0 8Q9? '*$ #)"#$2' )/ +&!" G(. C$"$+(6!R$0 ') '*$ .)B#(66$0

S(+!.!(" +&!"7 G*!#* )##&+. G*$" '*$ 2+)#$.. .'(,. 3$6)G R$+) /)+ ( 2$+!)0 )/ '!-$ 6)"C$+ '*(" 51$0

d > 0 I.$$ A!C@ 9J@ A)+-(66, 0$5"$ S(+!.!(" .')22!"C '!-$ (. /)66)G.T

τ d = inf{t > 0 : t− sup{s < t : Xs ≥ 0} ≥ d,Xt < 0}

("0 '*$ +&!" 2+)3(3!6!', !. C!4$" 3,

P(τ d <∞|X0 = x) = Px(τ
d <∞).

U)'$ '*(' '*$ #(.$ d = 0 #)++$.2)"0. ') '*$ #6(..!#(6 +&!"@

H*$ "(-$ /)+ '*!. 2+)36$- !. 3)++)G$0 /+)- '*$ S(+!.!(" )2'!)"@ V$2$"0!"C )" '*$ ',2$ )/ .&#*

)2'!)" '*$ 2+!#$. (+$ (#'!4('$0 )+ #("#$66$0 !/ &"0$+6,!"C (..$' .'(,. (3)4$ )+ 3$6)G 3(++!$+ 6)"C

$")&C* !" ( +)G I.$$ 8997 9O7 9>7 9W?J@ F$ 3$6!$4$ '*(' S(+!.!(" +&!" 2+)3(3!6!', #)&60 3$ ( 3$''$+

-$(.&+$ )/ +!.L !" -(", .!'&('!)". C!4!"C '*$ 2)..!3!6!', /)+ ') (" !".&+("#$ #)-2(", ') C$' .)64$"#,@

H*$+$/)+$7 '*$ (3)4$B-$"'!)"$0 2+)36$- '&+"$0 )&' ') 3$ 3)'* !"'$+$.'!"C /+)- (" $#)")-!# ("0

-('*$-('!#(6 2)!"' )/ 4!$G@

>



Xt

t

0

x

d d

τ dτ−0

 !"# $# % &'()*+ )',- ./ )0.1+&& X '23 (.(+2,& ./ 1*'&&!1'* '23 4'0!&!'2 05!2#

 .0 /50,-+0 3+6+*.)(+2,& .2 ,-!& &578+1,9 !2 :;<= ,-+ 4'0!&!'2 05!2 (.(+2, >!,- *.>+0 5*,!(',+

7'2?05), 7'00!+0 −a >'& 3+@2+3A
κd,a = min(τ d, τ−−a),

>-+0+ τ−−a = inf{t ≥ 0 : Xt < −a}# B-+2 ,-+ 05!2 )0.7'7!*!,C !& "!6+2 7CA

P(κd,a <∞|X0 = x) = Px(κ
d,a <∞).

B-+ 4'0!&!'2 05!2 )0.7'7!*!,C >!,- ,-+ *.>+0 5*,!(',+ 7'2?05), 7'00!+0 .1150& !/ ,-+ )0.1+&& X
&,'C& 7+*.> D+0. /.0 ' *.2"+0 )+0!.3 ,-'2 ' @E+3 d > 0 .0 ".+& 7+*.> ,-+ *+6+* −a F*.>+0 7'00!+0G#
H+ 7+*!+6+ ,-', ,-+ 4'0!&!'2 05!2 )0.7'7!*!,C >!,- ,-+ *.>+0 5*,!(',+ 7'2?05), 7'00!+0 1.5*3 7+

7+,,+0 '23 (.0+ 0+'*!&,!1 0!&? (+'&50+ ,-'2 ,-+ 4'0!&!'2 05!2 )0.7'7!*!,C9 7+1'5&+ !2 ,-!& 2+> (.3+*

,-+ +E150&!.2 ./ ,-+ 0!&? )0.1+&& 7+*.> D+0.9 >-!1- !& I,.. 3++)I !#+# !& 7!""+0 ,-'2 ' @E+3 25(7+0

−a < 0 *+'3& ,. 05!2 !((+3!',+*C#
J.0+.6+09 !2 :;<= ,. .7,'!2 '&C(),.,!1& ./ ,-+ '7.6+ 05!2 )0.7'7!*!,C >-+2 x → ∞ ' 35'*

)0.1+&& X̂ = −X >'& 1.2&!3+0+3# K2 ,-!& 1'&+ ,-+ )0.1+&& X̂ !& ' &)+1,0'**C ).&!,!6+ LM6C )0.1+&&

>!,- ,-+ LM6C (+'&50+ ΠX̂(dy) = ΠX(−dy)#

B-+ 1-'0'1,+0!&,!1& ./ X̂ >!** 7+ !23!1',+3 7C 5&!2" ' I-',I .6+0 ,-+ +E!&,!2" 2.,',!.2 /.0 ,-+

1-'0'1,+0!&,!1& ./ X#
 .0 ,-+ )0.1+&& X >+ 3+@2+ ,-+ '&1+23!2" *'33+0 )0.1+&& (L−1, H) = {(L−1

t , Ht)}t≥0A

L−1
t :=

{
inf{s > 0 : Ls > t} !/ t < L∞

∞ .,-+0>!&+

'23

Ht :=

{
XL−1

t
!/ t < L∞

∞ .,-+0>!&+,

N



 !"#" L = {Lt}t≥0 $% & '()&' *$+" &* *!" +&,$+-+ .%"" /012 34 156784 9")&'' *!&* (L−1, H) $%

& :$;&#$&*" %-:(#<$=&*(#  $*! *!" >&3'&)" ",3(="=* κ(θ, β) = − logE
(
e−θL

−1
1 −βH1

 {1≤L∞}

)
&=<

 $*! *!" >?;@ +"&%-#" <"=(*"< :@ ΠH 4 A" <"B=" *!" <"%)"=<$=C '&<<"# 3#()"%% (L̂−1, Ĥ) =

{(L̂−1
t , Ĥt)}t≥0  $*! *!" >&3'&)" ",3(="=* κ̂(θ, β) )(=%*#-)*"< D#(+ *!" <-&' 3#()"%% X̂4 9")&''

*!&* L̂∞ !&% ",3(="=*$&' <$%*#$:-*$(=  $*! 3&#&+"*"# κ̂(0, 0)  !"= κ̂(0, 0) > 0 .%"" /012 34 1EF784
G(#"(;"#2 D#(+ *!" A$"="#HI(3D D&)*(#$J&*$(=  " !&;"K

κ(θ, β) = Φ(θ) + β, κ̂(θ, β) =
θ − ψ(β)

Φ(θ)− β
;

%"" /012 34 1LMH1N674 I"=)" κ̂(0, 0) = ψ′(0+)4
A" $=*#(<-)" *!" 3(*"=*$&' +"&%-#" U <"B="< :@

U(dx, ds) =

∫ ∞

0

P(L−1
t ∈ ds,Ht ∈ dx)dt

%-33(#*"< (= [0,∞)22  $*! *!" >&3'&)" *#&=%D(#+
∫
[0,∞)2

e−θs−βxU(dx, ds) = 1/κ(θ, β) &=< *!"
#"=" &' +"&%-#"K

U(dx) =

∫

[0,∞)

U(dx, ds) = E

(∫ ∞

0

 {Ht∈dx}dt

)
.

O* $% P(= = .%""2 "4C4 /0178 *!&* D(# & %3")*#&''@ ="C&*$;" >?;@ 3#()"%% *!" #"=" &' +"&%-#" "Q-&'%K

U(dx) = dx. G(#"(;"# *!" #"=" &' +"&%-#" Û(dz) D(# (L̂−1, Ĥ) $% )!&#&)*"#$J"< :@K
∫ ∞

0

e−θzÛ(dz) =
θ

ψ(θ)
;

%"" /012 34 1ME74

!"#$%$"& #'$& (#)*"*$+$,- .)# %(/0,#"++- &/1",$2/ 342- (#)0/%%/% 5("(/# 67 89

R*-<$"% (= *!" S&#$%$&= #-$= D(# &=@ %3")*#&''@ ="C&*$;" >?;@ 3#()"%% :"C&=  $*! /1072  !"#" D(# *!"

S&#$%$&= #-$= 3#(:&:$'$*@ * ( %"3&#&*" D(#+-'&%  "#" (:*&$="<2 <"3"=<$=C (= *!" 3&*! ;&#$&*$(= (D

*!" )(=%$<"#"< 3#()"%%4

:;/)#/<  .T!"(#"+ 1 $= /1078=  !" #$%&'&$( %)&( *%+,$,&-&./ 0+% $(/ '*"1.%$--/ ("2$.&3" 453/

*%+1"''"' "6)$-'7

Px(τ
d <∞) = Px(τ

−
0 <∞)P(τ d <∞)

+
(
1− P(τ d <∞)

) ∫ ∞

0

P(τ+z > d)Px(τ
−
0 <∞,−Xτ−0

∈ dz) .E8

$(8

∫ ∞

0

e−θs
∫ ∞

0

P(τ+z > s)Px(τ
−
0 <∞,−Xτ−0

∈ dz) ds

=
1− ψ′(0+)W (x)

θ
−

1

θ
eΦ(θ)x

(
Z

(−θ)
Φ(θ) (x) +

θ

Φ(−θ)
W

(−θ)
Φ(θ) (x)

)
, .L8

U



 !"#" W
(−θ)
Φ(θ) = e−Φ(θ)xW (x) $%& Z

(−θ)
Φ(θ) = 1 − θ

∫ x
0
e−Φ(θ)yW (y) dy $#" '!" ()$*" +,%)'-.%( &"/%"&

 -'! #"(0")' '. P
Φ(q)

1-2"% 34  !"5

#$ %&$'( )$&*+,-  ." /( +0( 12( 31&$45 6-&7$' %&$%(&189 #2(4 $4 12( ('(41 {τ d = ∞} /(

:(;$*%$0( 12( %$00<=,( 1&->(;1$&8 12-1 5$(0 =(,$/ ?(&$ <41$ 1/$ %-&109 #2( @&01 $4( 01-&10 -1

12( +4:(&02$$1 $) 0 $) 0<?(A 0-8A −z < 0 '<0<1<45 ?(&$ <4 - ;$41<4+$+0 /-8 =(;-+0( $) 12( 0%(;1&-,

4(5-1<'<18 $) X <4 - 02$&1(& %(&<$: 12-4 d9 #2( 0(;$4: %-&1 01-&10 -1 0 -)1(& 12<0 (B;+&0<$4 =(,$/

09 #2(4 12( &<521C2-4: 0<:( $) 12( -=$'( (D+-,<18 <0 %-&1<-,,8 ;2-&-;1(&<?(: =8 $=>(;10 12-1 -&(

-,&(-:8 74$/4 <4 12( ;,-00<;-, &+<4 12($&8 )$& 0%(;1&-,,8 4(5-1<'( EF'8 %&$;(00(09 #2(0( $=>(;10

-&( 12( ;,-00<;-, &+<4 %&$=-=<,<18 -4: 12( E-%,-;( 1&-40)$&* $) 12( @&01 %-00-5( 1<*( -=$'( - 5<'(4

,('(,9 #2( $4,8 +474$/4 1(&* <0 12( G-&<0<-4 &+<4 %&$=-=<,<18 P(τ d <∞)A /2(4 12( %&$;(00 01-&10

-1 x = 09 #2<0 %&$=-=<,<18 <0 ;2-&-;1(&<?(: =(,$/ <4 #2($&(* !9

H<&01A )$& ǫ > 0 :(4$1( =8 p+(s) = Pǫ(τ
−
0 < s) 12( %&$=-=<,<18 12-1 12( (B;+&0<$4 $) X -=$'( 0

<0 02$&1(& 12-4 s9 E(1

p(s, t) =

∫ ∞

0

P(τ+z+ǫ ≤ t)Pǫ(τ
−
0 < s,−Xτ−0

∈ dz)

+P(τ+ǫ ≤ t)Pǫ(τ
−
0 < s,Xτ−0

= 0)

=( 12( %&$=-=<,<18 12-1 12( +%%(& (B;+&0<$4 -=$'( 0 <0 02$&1(& 12-4 s -4: 12-1 12( @&01 ;$40(;+1<'(

(B;+&0<$4 =(,$/ 0A /2<;2 <0 02<)1(: :$/4/-&: =8 −ǫA <0 02$&1(& 12(4 12-4 t9 I$1( 12-1 p+(s) =
p(s,∞)9 #2(4 /( ;-4 /&<1( 12( )$,,$/<45 12($&(*9

 !"#$"% &  #2($&(* ! <4 JKLM"' 6-7 8+ X -( $ 0#.)"(( .+ 3.,%&"& 2$#-$'-.%9 '!"%

P(τ d <∞) =

∫∞

0
P(τ+z > d)P(τ−0 <∞,−Xτ−0

∈ dz)

1− ρ+
∫∞

0
P(τ+z > d)P(τ−0 <∞,−Xτ−0

∈ dz)
,

 !"#" ρ = P(τ−0 <∞) $%&

∫ ∞

0

e−θs
∫ ∞

0

P(τ+z > s)P(τ−0 <∞,−Xτ−0
∈ dz) ds =

1

p

(
1

Φ(θ)
−
ψ′(0+)

θ

)
.

6--7 8+ X -( $ 0#.)"(( .+ ,%3.,%&"& 2$#-$'-.%9 '!"%

P(τ d <∞) = lim
b→∞

lim
ǫ↓0

p+(b)− p(b, d)

1− p(b, d)
.  N"

#2( -=$'( &(0+,1 /-0 <*%&$'(: <4 JOKMA =(;-+0( 12( E-%,-;( 1&-40)$&*  P" /-0 <4'(&1(:A /2(&(=8

- ;$*%-;1 )$&*+,- )$& G-&<0<-4 &+<4 %&$=-=<,<18 )$& -48 0%(;1&-,,8 4(5-1<'( EF'8 %&$;(00 /-0 $=C

1-<4(:9

 !"#$"% (  #2($&(* K <4 JOKM"' :"' d > 05 ;((,<" '!$' E[X1] = ψ′(0+) > 05 =!"% +.# $%4
x ∈ R9

Px(τ
d <∞) = 1− E[X1]

∫∞

0
W (x+ z)zP(Xd ∈ dz)∫∞

0
zP(Xd ∈ dz)

.  Q"

R



 !" #$%&'() *+, #$% -)%./.)0 %'.0 1%$2)2.(.34 .05$(5"/ $0(4 3!" 6./3%.2'3.$0 $# 3!" 1%$7"// X )3

3.&" d )06 .3/ /7)(" #'073.$08 9!)3 7)0 2" 7)(7'()3"6 ":1(.7.3(4 #$% 7"%3).0 7()//"/ $# ;<54 1%$7"//"/=
 !" 1%$$# $# 3!" )2$5" 3!"$%"& ./ &'(3.>/3)?"6= @.%/3 $# )((8 3!" A"4 ./ #$(($9.0? ("&&)8 9!.7!

7)0 2" 1%$5"6 '/.0? B"06)((C/ .6"03.34 */"" DEF G$%$(()%4 HII=J, .="= 3!" &")/'%"/ rP(τ+z ∈ dr) )06
zP(Xr ∈ dz) 7$.07.6" $0 [0,∞)2=

 !""# $ *;"&&) K .0 DLMF,%  !" θ > 0#

Ex

[
1{τ−0 <∞}e

Φ(θ)X
τ
−

0

]
=

θ

Φ(θ)

∫ ∞

0

e−Φ(θ)yW ′(x+ y)dy,

∫ ∞

0

e−θr
∫ ∞

y

z

r
P(Xr ∈ dz)dr =

1

Φ(θ)
e−Φ(θ)y, y ≥ 0,

∫ ∞

0

W (z)
z

r
P(Xr ∈ dz) =1.

 !"08 3!" 1%$$# #$% 2$'06"6 5)%.)3.$0 1%$7"//"/ ./ 1%$5.6"6 )06 0":3 #$% '02$'06"6 5)%.)3.$0

1%$7"//"/= @$% 3!" 2$'06"6 5)%.)3.$0 7)/" 3!" 1%$$# ./ /.&1("% )06 ./ &$/3(4 2)/"6 $0 3!" /3%$0?

N)%A$5 1%$1"%34 )06 /1)3.)( !$&$?"0".34 $# ;<54 1%$7"//"/= I0 3!./ 7)/"8 )3 O%/38 3!" #$%&'() #$%

3!" -)%./.)0 %'.0 1%$2)2.(.34 ./ $23).0"6 9!"0 x = 0 )06 3!"0 #$% )04 x ∈ R= L$9"5"%8 #$% 3!" 7)/"

$# '02$'06"6 1%$7"//"/8 3!" 1%$$# $# 3!" &).0 3!"$%"& $# DLMF ./ &$%" 7$&1(.7)3"6 )06 %"P'.%"/

3!" '/" $# ) (.&.3.0? )%?'&"03= I3 %"/'(3/ #%$& 3!" #)73 3!)3 .0 3!./ 7)/" 0 ./ %"?'()% #$% (−∞, 0)
*.="= P(τ−0 = 0) = 1,8 9!.7! 3$?"3!"% 9.3! *Q, ?.5"/ 3!)3 W (0) = 08 )06 !"07" 3!" #$%&'() #$% 3!"
-)%./.)0 %'.0 1%$2)2.(.34 9!"0 x = 0 %"P'.%"/ )0 )11%$:.&)3.$0 )11%$)7!=  !"%"#$%" .0 3!./ 7)/"8
#$% ǫ ≥ 0 6"O0" 3!" /3$11.0? 3.&" τ dǫ 24

τ dǫ = inf{t > d : t− gǫt > d,Xt−d < 0}, 9!"%" gǫt = sup{0 ≤ s ≤ t : Xs ≥ ǫ}=

 !" /3$11.0? 3.&" τ dǫ ./ 3!" O%/3 3.&" 3!)3 )0 ":7'%/.$0 /3)%3.0? 9!"0 X ?"3/ 2"($9 R"%$8 "06.0?

2"#$%" X ?"3/ 2)7A '1 3$ ǫ )06 $# ("0?3! ?%")3"% 3!)0 d8 !)/ $77'%%"6= S":38 #$% 3!" /3$11.0?
&$&"03 τ dǫ 8 '/.0? ) /.&.()% %")/$0.0? )/ .0 3!" 2$'06"6 5)%.)3.$0 7)/" 9" ?"3 3!" #$%&'() #$%
Pǫ(τ

d
ǫ <∞) *.0 DLMF #$%&'() *MJ,,= @.0)((48 3)A.0? ǫ ↓ 0 9" ?"3 3!" /3)3"&"03 $#  !"$%"& J=

&#'()(#* '+(* ,'-.#.(/(01 2(03 # /-2!' +/0("#0! .#*4'+,0 .#''(!' 5,#,!' 6789:

T0$3!"% 0)3'%)( P'"/3.$0 .0 3!" 7$03":3 $# %'.0 3!"$%4 7$07"%0/ 3!" 1%$2)2.(.34 $# -)%./.)0 %'.0

9.3! ) ($9"% '(3.&)3" 2)0A%'13 2)%%."%8 /"3 )3 ) 7"%3).0 ("5"( −a < 0= T/ .3 9)/ 9%.33"0 .0 3!"
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 !"#$"% &  !"#$%#& ' () *+,-.'  !" x > 0#

Px(κ
d,a <∞)

= Px(τ
−
0 <∞)− P(κd,a = ∞)

(∫ a

0

Pa−z(τ
+
a < min(d, τ−0 ))Px(τ

−
0 <∞,−Xτ−0

∈ dz) +
σ2

2
W ′(x)

)

$%&

Px(τ
−
0 <∞) = 1− ψ′(0+)W (x),

∫ ∞

0

e−θs
∫ a

0

Pa−z(τ
+
a < min(s, τ−0 ))Px(τ

−
0 <∞,−Xτ−0

∈ dz) ds

=
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ x

0

Û(x− dy)

∫ ∞

0

ΠX̂(dz + υ + y)dυ

=
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ x

0

ΠX(−dz − y) (W (x)−W (x− y)) dy.
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P(κd,a <∞) =
P(τ−0 <∞)−

∫ a
0
Pa−z(τ

+
a < min(d, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz)

1−
∫ a
0
Pa−z(τ+a < min(d, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz)
,

60.".

∫ ∞

0

e−θs
∫ a

0

Pa−z(τ
+
a < min(s, τ−0 ))P(τ

−
0 <∞,−Xτ−0

∈ dz) ds

=
1

pθW (θ)(a)

∫ a

0

W (θ)(a− z)ΠX(z,∞)dz.
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P(κd,a <∞) = lim
ǫ↓0

p+(ǫ)− p(d, ǫ)

1− p(d, ǫ)
,

60.". p+(ǫ) = Pǫ(τ
−
0 <∞) $%&

p(t, ǫ) =

∫ a

0

Pa−z(τ
+
a+ǫ < min(t, τ−0 ))Pǫ(τ

−
0 <∞,−Xτ−0

∈ dz)

+Pa(τ
+
a+ǫ < min(t, τ−0 ))

σ2

2
W ′(ǫ)

(/ 40. ,"!1$1(7(48 40$4 40. 9"/4 .:-2"/(!% /4$"4(%; 60.% X ;.4/ 1.7!6 <."! '!" 4! <."!)5 124

$1!3. −a5 .%&(%; 1.+!". X ;.4/ 1$-= 2, 4! ǫ $%& !+ 7.%;40 /0!"4." 40$% t5 0$/ !--2"".&>

''



 !" #$%&" '(% '!"%)"*+ (")" ,)%&"- $. '!" +')%/0 1#)2%& ,)%,")'.3 ,)%,")'4"+ %5 +6#7" 58/6'4%/+
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$#))4") (!"/ '!" )"+")&"+ X0 = x '"/-+ '% 4/P/4'.;
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γ > 0 +#'4+5.4/0
ψ̂(γ) = ψ(−γ) = 0 ?XF

#/- '!#' ψ̂(γ) 4+ P/4'" 4/ '!" /"40!$%)!%%- %5 γ;  !"/ Ee−γX1 <∞ #/- (" 6#/ -"P/" '!" *"#+8)"

P
−γ
&4# ?BF ?+"" CYEF; Q"P/" Ûγ(dx) = Û

(0)
γ (dx) := eγxÛ(dx) #/-

µ =

∫ ∞

0

xÛ (1)
γ (dx),

(!")" Û
(q)
γ (dx) =

∫∞

0
e−(qt+γx)

P(Ĥt ∈ dx)dt 5%) q ≥ 0; Z%'" 5)%* CYE '!#' Ûγ 4+ # )"/"(#7 58/6'4%/
%5 '!" 7#--") !"40!' ,)%6"++ 6#7687#'"- %/ P

−γ
; 1%)"%&")3 5)%* CYE (" !#&"[

µ =
∂κ̂−γ(0, β)

∂β
|β=0 =

∂κ̂(0, β)

∂β
|β=−γ.
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*%# 4!##(0) 52)* Π̂(R) <∞6 7) 2!8)

lim
x↑∞

eγxPx(κ
d,a <∞) =

κ̂(0, 0)

γµ
−

(
1− P(κd,a <∞)

)
f (c)(d, a), ?J\F

52)')

∫ ∞

0

e−θsf (c)(s, a) ds =
1

µθW (θ)(a)

∫ a

0

W (θ)(a− z)

∫ ∞

0

eγy
∫ ∞

0

ΠX̂(dz + υ + y)dυdy
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'!" '6)& .0 :;*9 <"6$%#" .0 )'$ 5%6& 8#.-"$$ ="&.+($ '. '!" -&6$$ S(α)
> ?' <"6+$ '!6' 7" 6&&.7 '!6'

'!" 8#.-"$$ X̂ <69 !6*" !"6*9@'6)&"5 A%<8$> B.#<6&&9C '!" -&6$$ S(α)
)$ 5"D+"5 6$ 0.&&.7$ E$"" 13F4GH

 !"#$#%#&$  !  !"#$$ L(α)
% &'( # )#(#*+,+( α ≥ 0 -+ $#. ,/#, *+#$0(+ G '1 [0,∞) -2,/ ,#2"

G = G([0,∞)) 3+"'14$ ,' 5"#$$ L(α)
26

(i) G(x) > 0 6'( +#5/ x ≥ 07

(ii) limu→∞
G(u−x)

G(u)
= eαx 6'( +#5/ x ∈ R7 #18 G 2$ 1'19"#,,25+7

(iii) limn→∞
G(n−1)

G(n)
= eα 26 G 2$ "#,,25+  ,/+1 #$$0*+8 '6 $)#1 1%:

 !"#$#%#&$ "!  !"#$$ S(α)
% ;+ $#. ,/#, G 3+"'14$ ,' 5"#$$ S(α)

26

(i) G ∈ L(α)
7

(ii) 6'( $'*+ M0 <∞7 -+ /#<+

lim
u→∞

G ∗G(u)

G(u)
= 2M0, EIIG

-/+(+ G ∗G(u) = 1−G ∗G(u) #18 ∗ 8+1',+$ 5'1<'"0,2'1:

B.# 6&& a ∈ R $%-! '!6' '!" 0.&&.7)+( )+'"(#6& )$ D+)'" 7" 5"D+" '!" <.<"+' ("+"#6')+( 0%+-').+

δ $%-! '!6'

δa(G) =

∫ ∞

0

eauG(du), EI3G

7!"#" G )$ 6 5)$'#)=%').+ 0%+-').+ .0 6 D+)'" <"6$%#">

J"-6&& '!6' X̂ = −X )$ 6 $8"-'#6&&9 8.$)')*" :;*9 8#.-"$$>  !#.%(!.%' '!)$ $"-').+ 7" 6$$%<"

'!6' 0.# X̂ 6+5 0.# $.<" DK"5 α ≥ 0 7" !6*"H

(i)

ΠX̂ ∈ S(α)
)0 α > 0 EILG

6+5

∫ x

0

ΠX̂(y) dy ∈ S(0)
EIMG

(ii)

ϕ̂(α) < 0 )0 α > 0 EI/G

(iii)

e−qδα(Ĥ) < 1, 7!"#" q = lim
β↓0

−ϕ̂(−β)

κ(0,−β)
. EING

IL



 !"#$ δα(Ĥ) %$&"'$( ')$ *"*$&' +$&$,-'.&+ /0&1'."& 2345 "/ ')$ %.(',.!0'."& /0&1'."& "/ Ĥ16 7)$

8,(' 1"&%.'."& +.#$( ΠĤ ∈ S(α). 7)$ 9-''$, 1"&%.'."& 2...5 .( &$1$((-,: ;)$& α > 0< !: ')$ %,./'
-((0*='."& /", α = 0 ').( 1"&%.'."& .( -0'"*-'.1-99: (-'.(8$%6  & $>-*=9$ "/ - =,"1$(( ')-' /09899(
')$ 1"&%.'."&( 23?5@23A5 .( ')$ %0-9 =,"1$(( '" B,-*C,DE0&%!$,+ =,"1$(( 235 ;.') F-,$'" %.(',.!0'$%

G0*=(6

H$ %$&"'$I f(x) ∼ g(x) .J limx→∞ f(x)/g(x) = 16 7)$& ')$ *-.& ,$(09' "/ K$1'."& L .& MN4O .(
-( /"99";(

 !"#$"% & 27)$",$* P .& MN4O5'  !"#$ %&&'()*+,!& -./01-.20 *3# %&4()*,*+5 6%$+&+%! $'+!

)$,7%7+8+*4 #9'%8&:

Px(κ
d,a <∞) ∼ EX1

(
α

ψ̂(α)

)2 (
1− (1− P(κd,a <∞))f (e)(d, a)

) ∫ ∞

x

ΠX̂(y) dy,

;3#$# ∫ ∞

0

e−θsf (e)(s, a) ds =
1

θW (θ)(a)

∫ a

0

W (θ)(a− z)B(z)dz 23Q5

%!"

B(z) =
e−αz

EX1

(
−ψ̂(α) + α

∫ ∞

z

eαyΠX̂(y) dy

)
.

<7,=# >,$ α = 0 *3# 9'%!*+*4 −ψ̂(α)/α +& '!"#$&*,," +! 8+(+*+!? &#!&# %!" #9'%8& −ψ̂′(0+) = EX1@
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B# 2445 ("9('*%"- ?@0= &(:*".. 7'. -".*()<"- )# -"%')+ 9:( %!" /(.% %)1"A  !" ',%!:(. &(:0"- )%.

"$).%"#*"6 %!" .%(:#8 C'(D:0 &(:&"(%=6 9:,#- 9:(1,+'. 9:( %!" :#"E.)-"- '#- %!" %7:E.)-"- "$)%

&(:<+"1. '#- 8'0" 9:(1,+'. 9:( (".:+0"#%.A F:(1'++=6 ' ("9('*%"- ?@0= &(:*".. ). -"/#"- '. ' .%(:#8
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dUt = dXt − δ {Ut>b}dt, t ≥ 0, IOPM

7!"(" δ, b ≥ 0 '#- X ). ' .&"*%('++= ?@0= &(:*"..6 7!)*! 1:-"+. %!" -=#'1)*. :9 %!" &(:*".. U
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"0:+0". '. Y = {Yt = Xt − δt, t ≥ 0}A  !" &(:*".. Y ). '+.: ' ?@0= &(:*".. '#- !'. %!" .'1"

?@0= 1"'.,(" '. X6 <,% -)H"("#% -()9%A ?"%Q. -"#:%" <= W
(q)
'#- ϕ %!" .*'+" 9,#*%):# '#- %!"

?'&+'*" "$&:#"#% :9 %!" &(:*".. Y 6 (".&"*%)0"+=A B# %!" *'." 7!"# δ = 0 7" 8"% %!'% U = X6 7!)*!
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U *:#.)-"("- ,#%)+ %!" ;'().)'# (,)# 1:1"#% '(" ',%:1'%)*'++= .:+0"- 9:( '#= .&"*%('++= #"8'%)0"

?@0= &(:*".. XA  !" (".,+%. &("."#%"- )# 2445 ("G,)("- %!" )#%(:-,*%):# :9 ' #"7 .*'+" 9,#*%):#

w(q)
'..:*)'%"- 7)%! %!" &(:*".. U '#- -"/#"- '. 9:++:7.
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 !"#$#%#&$  !  !" q ≥ 0 #$% x, z ∈ R& b ≥ 0& %'($'

w(q)(x; z) := W (q)(x− z) + δ {x>b}

∫ x

b

W
(q)(x− y)W (q)′(y − z)dy,  !"#

)*'"' W
(q)

+, -*' ,.#/' 01$.-+!$ !0 Y 2

$%&' &()& *('+ x ≤ b, *' ()-'

w(q)(x; z) = W (q)(x− z).

.%/ q = 0, *' *011 */0&' w(0)(x; z) = w(x; z)2
3+ 4567 08 )889:'; &()& b = 02 $%&' &()& *' <%91; 0+&'/=/'& &(08 <()+>' 0+ &(' =/':09: /)&'

)8 ) *)? &% 0+-'8&  @%/ ABC, :%;'/+0D)&0%+, '&<2# %/ &% =)? )+ 0+<%:' &)EF 0@ &(' 89/=198 %@ &('

<%:=)+? 08 0+ ) >%%; G+)+<0)1 80&9)&0%+, 02'2 )H%-' &(' ."+-+.#/ /'3'/ 0, &('+ 0& 0+-'8&8 %/ =)?8 )&

/)&' δ > 0I %&('/*08' 0& ;%'8 +%&2

J(' @%11%*0+> /'891&8 *'/' %H&)0+'; 0+ 45672

K'&

τ dU = inf {t > 0: t− sup {0 ≤ s ≤ t : Us ≥ 0} > d}

H' &(' L)/080)+ /90+ :%:'+& %@ U 2 J('+ &(' L)/080)+ /90+ =/%H)H010&? 08 >0-'+ H?

"#$%&$' (  J('%/': M 0+ 4567#!  !" x ∈ R,

Px

(
τ dU <∞

)
= 1− (E[X1]− δ)+

∫∞

0
w(x;−z)zP(Xd ∈ dz)∫∞

0
zP(Xd ∈ dz)− δd

.  MN#

O+' <)+ ')801? 8'' &()& @%/ δ = 0 &(' )H%-' @%/:91) :)&<('8 *0&( &(' /'891& %H&)0+'; 0+ J('P

%/': ! 0+ 45!72 J(' )H%-' &('%/': 08 =/%-'; H? &(' Q'+;)11 0;'+&0&? )+; &(' 8&/%+> R)/S%-

=/%='/&?, *(0<( >0-'8 &()& &(' ;'<%:=%80&0%+ %@ &(' &/)T'<&%/? %@ &(' =/%<'88 U 1');8 98 &%

>'& U9<&9)&0%+ 0;'+&0&0'8 )88%<0)&'; *0&( &(' G/8& =)88)>' &0:'8 %@ &(' =/%<'88'8 X )+; Y &%

>0-'+ 1'-'182 J('8' @%/:91)8 )/' =/'8'+&'; 0+ &(' @%11%*0+> 1'::)2 $%&' &()& &(' <)8' *('+

U ()8 9+H%9+;'; -)/0)&0%+ =)&(8 :98& H' <%+80;'/'; 8'=)/)&'1?2 V' ;'G+' &(' 8&%==0+> &0:'

τ d,ǫU = inf {t > 0: t− sup {0 ≤ s ≤ t : Us ≥ ǫ} > d}, )+; &('+ &(' L)/080)+ /90+ =/%H)H010&? 08 )=P

=/%E0:)&'; H? Pǫ(τ
d,ǫ
U <∞), *('+ ǫ ↓ 02

)$''* +  K'::) W 0+ 4567#! 4'- ν−0 = inf{t > 0 : Yt < 0} #$% ν+a = inf{t > 0 : Yt > a}. 5*'$
0!" x ∈ R& a, q ≥ 0& )' 6'-

Ex

[
PY

ν
−

0

(
τ+0 ≤ d

)
1{ν−0 <∞}

]
=

∫ ∞

0

(w(x;−z)−W(x))
z

d
P(Xd ∈ dz) + δW(x),

Ex

[
e−qν

−

0 EY
ν
−

0

[
e−qτ

+
0 1{τ+0 ≤d}

]
1{ν−0 <ν

+
a }

]

=

∫ ∞

0

e−qd
(
w(q) (x;−z)−

W
(q) (x)

W(q) (a)
w(q) (a;−z)

)
z

d
P (Xd ∈ dz)

!X



 !"

Ex

[
e−qν

−

0 PY
ν
−

0

(τ+0 ≤ d)1{ν−0 <ν
+
a }

]

=

∫ ∞

0

(
W

(q,−q)
x,δ (x+ z)−

W
(q) (x)

W(q) (a)
W

(q,−q)
a,δ (a+ z)

)
z

d
P (Xd ∈ dz) ,

#$%&% '(&  !) x, c ∈ R

W
(q,−q)
c,δ (x) = W (x) +

∫ c

0

(
qW (x− y)− δW

′

(x− y)
)
W

(q) (y) dy.  !"#

$%& '())* +&,%-./0&1 01&2 .- 3456 7(& 871&2 )- +%& *7,+ +%7+ 2&'&-2.-9 )- .+1 ')1.+.)- +%&

'(),&11 U 8&%7:&1 ;.<& +%& '(),&11 X )( +%& '(),&11 Y = $%&(&*)(&> +%& 78):& ;&??7 @71 '():&2

?)1+ )* 7;; 01.-9 )* +%& 1+()-9 A7(<): '()'&(+B 7-2 +%& 1'7+.7; %)?)9&-&.+B )* CD:B '(),&11&1

X 7-2 Y = A)(&):&(> +%& .?')(+7-+ (&10;+ )* 3456 .1 +%& *);;)@.-9 +%&)(&?> @%.,% 9.:&1 *)(?0;71

*)( +%& +@)E1.2&2 7-2 +%& )-&E1.2&2 &F.+ '()8;&?1 *)( +%& '(),&11 U ,)-1.2&(&2 0-+.; +%& G7(.1.7-

(0.-= $%& *);;)@.-9 (&10;+1 7(& &F'(&11&2 01.-9 +%& 1,7;& *0-,+.)-1 711),.7+&2 @.+% X> Y > U > 7-2

+%& 2.1+(.80+.)- )* X 7+ +.?& d=

 !"#$"% &  $%&)(&? H .- 3456#' *%+ κ+a = inf{t > 0 : Ut > a}  !" d > 0, +$%! +$% - &./. ! %0.+

1&(23%4/ '(& &%'& 5+%" *67) 1&(5%// U  &% 8.7%! 2)

9.: ;(& q > 0, x ≤ a,

Ex

[
e−q(τ

d
U−d)

1{τdU<κ
+
a }

]

= Z
(q) (x) +

∫ ∞

0

(
w(q) (x;−z)E

[
e−qτ

d
U1{κUd <κ

+
a }

]
−W

(q,−q)
x,δ (x+ z)

) z
d
P (Xd ∈ dz) ,

#$%&%

E

[
e−qτ

d
U1(τdU<κ

+
a )

]
= 1−

Z
(q) (a) +

∫∞

0

(
w(q) (a;−z)−W

(q,−q)
a,δ (a+ z)

)
z
d
P (Xd ∈ dz)

∫∞

0
w(q) (a;−z) z

d
P (Xd ∈ dz)

=

∫∞

0
W

(q,−q)
a,δ (a+ z) z

d
P (Xd ∈ dz)− Z

(q) (a)∫∞

0
w(q) (a;−z) z

d
P (Xd ∈ dz)
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9..: ;(& q > 0  !" x ∈ R,

Ex

[
e−q(τ

d
U−d)

1{τdU<∞}

]

= Z
(q) (x) +

∫ ∞

0

(
w(q) (x;−z)E

[
e−qτ

d
U1{τdU<∞}

]
−W

(q,−q)
x,δ (x+ z)

) z
d
P (Xd ∈ dz) ,

#$%&%

E

[
e−q(τ

d
U−d)

1{τdU<∞}

]
=

∫∞

0
H

(q,−q)
δ (z) z

d
P (Xd ∈ dz)− q

ψ(q)
− δ

∫∞

0
H

(q,0)
δ (z) z

d
P (Xd ∈ dz)− δeqd
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 !" #$% p, p+ q ≥ 0

H
(p,q)
δ (x) = eϕ(p)x

(
1 + (q − δϕ (p))

∫ x

0

e−ϕ(p)yW (p+q)(y)dy

)
.

&'''( )$% q ≥ 0  !" x ≤ a*

Ex

[
e−qκ

+
a 1{κ+a <τdU}

]
=

∫∞

0
w(q)(x;−z) z

d
P (Xd ∈ dz)∫∞

0
w(q)(a;−z) z

d
P (Xd ∈ dz)

.
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 !" 2('. #($. %& .!" 3"')$-#.-%1 %& .!" ')-"1.-?) ()!-"0"/"1. -' 3"0%."3 .% 2"0"2,3"#"13"1. 8@06

#$%)"''"'A =!-)! ($" <"22"$ #$%)"''"' 3"?1"3 (' .!" '.$%17 *1-4*" '%2*.-%1 %& .!" &%22%=-17 '.%)!('.-)

3-B"$"1.-(2 "4*(.-%1 CDEFGH

dU(t) = dX(t)− φ(U(t)) dt, C99G

=!"$" X(t) -' ( '#").$(226 1"7(.-0" 8@06 #$%)"''5 I33-.-%1(226A =" (''*/" .!(. .!" &*1).-%1 φ -'
1%1,3")$"('-17 (13 &%$ ?>"3 r∗ ∈ RA φ(x) = 0 &%$ x ≤ r∗5 J1 .!" +%*13"3 0($-(.-%1 )('"A =" (''*/"
.!(. φ(x) ≤ p = γ +

∫
(−1,0)

xΠ(dx) > 0 &%$ (22 x ∈ R5  !-' -' ( .")!1-)(2 (''*/#.-%1 .!(. !(' +""1

*'"3 .% )%1'.$*). .!" '%2*.-%1 %& C99G5 <*$.!"$/%$" φ -' "-.!"$ 2%)(226 8-#')!-.K )%1.-1*%*' %$ φ -'
%& .!" &%$/

φ(x) = φk(x) =
k∑

j=1

δj1{x≥bj},

=!"$" k ≥ 1A 0 < δ1, . . . , δkA (13 −∞ < b1 < ... < bk < ∞5  !" (+%0" )%13-.-%1' ="$" 3"1%."3 -1
LMNO (' (''*/#.-%1 6;95

<%$ φ = φk .!" #$%)"'' U = Uk -' ( '%,)(22"3 /*2.-,$"&$()."3 8@06 #$%)"'' (13 -. -' ( 3-$").A
+*. 1%1.$-0-(2A ">."1'-%1 %& .!" )('" k = 1A )%1'-3"$"3 -1 LPPO5 Q+'"$0" .!(. &%$ (16 0 ≤ j ≤ k
-1 "()! 2"0"2 -1."$0(2 (bj, bj+1] C=!"$" b0 := −∞ (13 bk+1 := ∞G .!" #$%)"'' Uk "0%20"' (' Xj :=
{X(t)−

∑j

i=1 δit : t ≥ 0}A =!-)! -' ( '#").$(226 1"7(.-0" 8@06 #$%)"'' .!(. -' 1%. .!" 1"7(.-0" %& (
'*+%$3-1(.%$A +")(*'" =" (''*/"3 .!(. .!(. φk(x) ≤ p &%$ (22 x ∈ R5  !" 8(#2()" ">#%1"1. %& Xj

-' 7-0"1 +6

ψj(θ) := ψ(θ)− (δ1 + ...+ δj)θ &%$ θ ≥ 0

=-.! $-7!.,-10"$'"

ϕj(q) = sup{θ ≥ 0 | ψj(θ) = q}.
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 !"#$"% &'  !"#$%#& ' () *+,-.(  !" k ≥ 1# φ(x) = φk(x) =
∑k

j=1 δj1{x≥bj}# 0 < δ1, . . . , δk# $%&
−∞ < b1 < ... < bk <∞' ()!% ")!*! !+,-"- $ -"*.%/ -.01",.% Uk ". ")! 234  //.'

01 2%31 4# 5%$6(7# 8 581"4(3# 3$9:1($) 1$  //. 4"#) 1"# 7%(6(); <=6> 5%$?#33 X (3 $@ A$:)7#7
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(&5$%18)1 1"81 5%$?#33 Uk ;$#3 :548%7 ?$)1():$:39> 8)7 7$4) $)9> 4(1" L:&53  "#%# 4# :3# 1"#

833:&51($) 1"81 φk(x) ≤ p = γ +
∫
(−1,0)

xΠ(dx) > 0 @$% 899 x ∈ R.B

!"# ?83# 4"#) 1"# 5%$?#33 X 8)7 "#)?# 4"#) 1"# 5%$?#33 Uk "83 :)A$:)7#7 68%(81($) (3 5%$6#7
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G Un

k "86# A$:)7#7 68%(81($)

581"3B !"(3 (3 7:# 1$ 1"# @8?1 1"81 8)> 35#?1%899> )#;81(6# <=6> 5%$?#33G 4"(?" "83 :)A$:)7#7
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K$%#$6#%G () O#?1($) / $@ *+,- P:?1:81($) (7#)1(1(#3 8)7 %#3$96#)13 4#%# $A18()#7 @$% 5%$?#33 UkB

 !"#$#%#&$ )( 5.* $%6 0 ≤ k# −∞ =: b0 < b1 < · · · < bk < bk+1 := ∞# $%& y ∈ R# &!7%!

Ξφk(y) := 1−W (q)(0)φk(y).

5.* ")! 1%8.1%&!& 9$*,$",.% :$-!# ;! %."! ")$" ")! <$:" ")$" W (q)(0) = 0 ,=>0,!- ")$" Ξφk(y) = 1
<.* $00 y ∈ R' ?% ")! .")!* )$%&# ,% ")! 8.1%&!& 9$*,$",.% :$-! ;,") y ∈ (bi, bi+1] $%& i ≤ k − 1#
;! )$9! ")$"

Ξφk(y) = 1−W (q)(0)
i∑

j=1

δj =
i∏

j=1

(
1− δjW

(q)
j−1(0)

)
,

$%& -,=,0$*06 <.* y > bk# ;! .8"$,% Ξφk(y) =
∏k

j=1

(
1− δjW

(q)
j−1(0)

)
'

F$% a ∈ R 8)7 k ≥ 1G 7#2)# 1"# @$99$4(); 2%31Q58338;# 31$55(); 1(&#3

κa,−k := inf{t > 0: Uk(t) < a} $%8R κa,+k := inf{t > 0: Uk(t) ≥ a},

4(1" 1"# ?$)6#)1($) 1"81 inf ∅ = ∞B
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$A18()#7 @$% 1"#3# 3?89# @:)?1($)3 9(31#7 A#9$4  3## T%$5$3(1($) 'H () *+,-.B

 !"#$"% &&  !"#$%#& U () *+,-.( 5,+ k ≥ 1 $%& q ≥ 0'

@,A 5.* r < b1 < · · · < bk ≤ a $%& r ≤ x ≤ a# ;! )$9!

Ex

[
e−qκ

a,+
k 1{κa,+

k
<κ

r,−
k

}

]
=
w

(q)
k (x; r)

w
(q)
k (a; r)

,  /H.
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 !"#" w
(q)
k $% &"'("& )* +!" #",-#%$.(

w
(q)
k (x; r) := w

(q)
k−1(x; r) + δk

∫ x

bk

W
(q)
k (x− y)w

(q)′
k−1(y; r)dy.  !"#

 $+! $($+$/0 1-(,+$.( w
(q)
0 (x; r) = W (q)(x − r)2 3!" 1-(,+$.( w

(q)
k (x; r) $% +!" %,/0" 1-(,+$.(

/%%.,$/+"&  $+! +!" 4#.,"%% Uk2

5$$6 7.# 0 < b1 < · · · < bk ≤ a /(& 0 ≤ x ≤ a8

Ex

[
e−qκ

0,−
k 1{κ0,−

k
<κ

a,+
k

}

]
= z

(q)
k (x)−

z
(q)
k (a)

w
(q)
k (a)

w
(q)
k (x),  !$#

 !"#" z
(q)
k $% &"'("& )* +!" #",-#%$.(

z
(q)
k (x) := z

(q)
k−1(x) + δk

∫ x

bk

W
(q)
k (x− y)z

(q)′
k−1(y)dy.

 $+! $($+$/0 1-(,+$.( z
(q)
0 (x) = Z(q)(x)2 3!" 1-(,+$.( z

(q)
k (x) $% +!" %,/0" 1-(,+$.( /%%.,$/+"&
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1-3' ,&' ()*1'33 X &-3 .*:2='= /-)4-,4*2 (-,&36 >, 1-2 .' 3&*5'= .? :342@ ,&' 3,)*2@ A-)B*/

()*('),?9 -2= ,&'2 =',')042'  !<# 5&'2 x = bk6 C:1& )'-3*242@ 43 -(()*()4-,' *2;? +*) .*:2='=
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5$6 7.# x ≥ 08 b1 > 0 /(& q > 08  " !/:"

Ex

[
e−qκ

0,−
k 1{κ0,−

k
<∞}

]
= z

(q)
k (x)−

∫∞

bk
e−ϕk(q)zz

(q)′
k−1(z)dz∫∞

bk
e−ϕk(q)zw

(q)′
k−1(z)dz

w
(q)
k (x).  !K#

5$$6 7.# b1 < · · · < bk ≤ a8 x ≤ a /(& q ≥ 08
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e−qκ

a,+
k 1{κa,+

k
<∞}

]
=
u
(q)
k (x)

u
(q)
k (a)
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 !"!# u
(q)
k $% &!'(!& )* +,! "!-."%$/(

u
(q)
k (x) := u

(q)
k−1(x) + δk

∫ x

bk

W
(q)
k (x− y)u

(q)′
k−1(y)dy.

0$+, $($+$12 3.(-+$/( u
(q)
0 (x) = eΦ(q)x

4 5,! 3.(-+$/( u
(q)
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:$; 7/" r < b1 < · · · < bk ≤ a# r ≤ x ≤ a 1(& q ≥ 0#

Ex

[∫ κ
a,+
k

∧κr,−
k

0

e−qt1{Uk(t)∈B}dt
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=

∫

B∩(r,a)

w
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k

(x;r)

w
(q)
k

(a;r)
w

(q)
k (a; y)− w

(q)
k (x; y)

Ξφk(y)
dy, =HID
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(q)
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Ex

[∫ κ
0,−
k

0

e−qt1{Uk(t)∈B}dt

]
=

∫

B∩(0,∞)

w
(q)
k

(x)

v
(q)
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(0)
v
(q)
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k

0
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w
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(q)
k (x; y) 1(& u

(q)
k (x) 1"! &!'(!& $( 5,!/"!<% == 1(& ># "!%6!-+$?!2*4

:$?; 7/" x ∈ R 1(& q > 0#

Ex

[∫ ∞

0

e−qt1{Uk(t)∈B}dt
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=

∫

B

u
(q)
k

(x)
∫
∞

bk
e−ϕk(q)zw

(q)′
k−1(z;y)dz

∫
∞
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(q)
k (x) -(2 u
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 !"#"$%&%"' ( @F%&$)"( A5I )( GHIJC)  !""#$% &'(& φk(x) =
∑k

i=1 δi1{x>bi} ()* q ≥ 0+ k ≥ 1, -'%)+

.#/ x, r ∈ R+ z < b1 .!)0&1#)$ w
(q)
k (x; r)+ z

(q)
k (x) ()* u

(q)
k (x) (/% !)12!% $#3!&1#)$ &# &'% .#33#41)5
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w
(q)
k (x; r) = W (q)(x− r) +

∫ x

d

W (q)(x− y)φk(y)w
(q)′
k (y; r) dy,

z
(q)
k (x) = Z(q)(x) +

∫ x

0

W (q)(x− y)φk(y)z
(q)′
k (y)dy,

u
(q)
k (x) = eΦ(q)x +

∫ x

0
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@-C limn→∞ φn = φ +()#"!10; "( &"1>-&$ ,%$,5

@.C O"! x ∈ R7

φ1(x) ≤ φ2(x) ≤ . . . ≤ φ(x).

@&C O"! %-&' n ≥ 1 -(2 x ∈ R7 8% '-/% $'-$ φn(x) =
∑mn

j=1 δ
n
j 1{x>bnj }

7 #"! ,"1% mn ∈ N7

0 < bn1 < . . . < bnmn
7 -(2 δnj > 0 8)$' j = 1, . . . ,mn5

O"! %-&' n ≥ 1 8% 2%("$% $'% ,"0+$)"( "# @AAC 8)$' $'% !-$% #+(&$)"( φn .; Un5 P% ("8 ,'"8 '"8

$" &"(,$!+&$ - ,>%&)M& ,%*+%(&% (φn)n≥1 $'-$ ,-$),M%, $'% &"(2)$)"(, 1%($)"(%2 -."/%5 O"! %-&'

n ≥ 1 8% &'"",% - 9!)2 Πn = {bnl = l2−n : l = 1, . . . ,mn = n2n} -(2 ,%$ δnj = φ(bnj )− φ(bnj−1)7 8)$'
bn0 = 05 O+!$'%!1"!% 8% 2%M(% $'% (""/#718(&1)5 $%2!%)0% "# $'% !-$% #+(&$)"( φ -, #"00"8,?

φn(x) =
mn∑

j=1

δnj 1{x>bnj }
20- n ≥ 1 "!-K x ∈ R5

O"! -(; n ≥ 17 8% '-/% #!"1 3'%"!%1 4 )( GHIJ $'-$ $'%!% %N),$, - +()*+% ,"0+$)"( Un $" @AAC
8)$' $'% !-$% #+(&$)"( φn5 6"!%"/%!7 $'% #"00"8)(9 0%11- )1>0)%, $'-$ $'% ,%*+%(&% (Un(t))n≥1 ),

("(L2%&!%-,)(9 #"! -(; t ≥ 05

A4



 !""# $  !"##$ %& '( )*+,-%  !""#$% &'(& )#* %(+' n ≥ 1, φn(x) ≤ φn+1(x) )#* (-- x ∈ R. /'%0

Un+1(t) ≤ Un(t) )#* (-- t ≥ 0.

./"( 01'(2 3/" $456" #"(3'5("7 8"##$ '3 9$1 :;56"7 3/$3

&'()(*+,+(- .  <;5:51'3'5( %= '( )*+,-%  !""#$% &'(& &'% *(&% )!0+&1#0 φ $(&1$2%$ +#031&1#0  !".

/'%0, &'%*% %41$&$ ( !015!% $#-!&1#0 U &# &'%  67  %%- 81&' *(&% )!0+&1#0 φ. 9!*&'%*:#*%, &'%

$%5!%0+% (Un)n≥1 +#0;%*<%$ !01)#*:-= &# U (.$. #0 +#:"(+& &1:% 10&%*;(-$.

./" (">3 13": 9$1 35 1/59 3/$3 3/" 1?$8" @0(?3'5( w(q)
$115?'$3"7 9'3/ 3/" 2"(";$8 :;5?"11 U

1$3'1A"1 3/" @58859'(2 '(3"2;$8 "B0$3'5(C

w(q)(x) = W (q)(x) +

∫ x

0

W (q)(x− y)φ(y)w(q)′(y)dy,  D%-

9/";" W (q)
'1 3/" 1?$8" @0(?3'5( 5@ 3/" 7;'6'(2 !E6F :;5?"11 XG

<;55@ 3"?/('B0"1 01"7 '( 3/'1 :$;3 5@ )*+, $;" ;"8$3"7 35 3/" 2"(";$8 3/"5;F 5@ H583";;$ '(3"2;$8

"B0$3'5(1C

u(x) = g(x) +

∫ x

0

K(x, y)u(y) dy,  DD-

9/";" 3/" ?5(3'(0'3F 5@ g $(7 K '1 (53 ;"B0';"7 $(7 3/" :;"1"(3"7 3/"5;F '1 '( 3/" 1:';'3 5@ L1

I";("81 $1 '( J/$:3"; KG% 5@ )%L,G M3 9$1 1/59"7 '( !"##$ %% 5@ )*+, 3/$3 '@ 9" $110#" 3/$3 $

#"$10;$48" @0(?3'5( u '1 7'N";"(3'$48" $8#513 "6";F9/";"O 3/"( u '1 3/" 15803'5( 35

u(x; r) = W (q)(x− r) +

∫ x

r

W (q)(x− y)φ(y)u′(y; r) dy

'@ $(7 5(8F '@ u′ '1 3/" 15803'5( 35 3/" @58859'(2 H583";;$ '(3"2;$8 "B0$3'5(

u′(x; r) = Ξφ(x)
−1W (q)′((x− r)+) +

∫ x

r

Ξφ(x)
−1φ(y)W (q)′(x− y)u′(y; r) dy,  D+-

9'3/ 450(7$;F ?5(7'3'5( u(r; r) = W (q)(0)G P">3O 01'(2 <'?$;7Q1 '3";$3'5(1 9" ?5(13;0?3 3/" 15803'5(

35  D+- $(7 3/"( 9" 7"3";#'(" $ #$R5;$(3 @5; 3/" P"0#$(( 1";'"1O 9/'?/ '( 50; ?$1" '1 $( '(A('3"

1";'"1 5@ ?5(65803'5( 5@ 3/" I";("81

K(x, y) = Ξφ(x)
−1φ(y)W (q)′(x− y).

./" (">3 13": 9$1 35 1/59 3/$3 3/" 1?$8" @0(?3'5(1 5@ 2"(";$8 8"6"8S7":"(7"(3 :;5?"11 ?$( 4"

$::;5>'#$3"7 4F 3/" 5("1 @5; 3/" #083'S;"@;$?3"7 ?$1"G ./"( ./"5;"# %T '( )*+, 2'6"1 3/$3 @5;

"$?/ x ≥ rO 9" /$6"

lim
n→∞

w(q)′
n (x; r) = w(q)′(x; r) $(7 lim

n→∞
z(q)′n (x) = z(q)′(x).

./$(I1 35 3/" $456" $::;5>'#$3'5( '( 3/" 8$13 1041"?3'5( 5@ )*+, 9" 543$'("7 U0?30$?3'5(

'7"(3'3'"1 @5; 3/" 2"(";$8 8"6"8S7":"(7"(3 :;5?"11G

!"3 a ∈ R $(7 7"A(" 3/" @58859'(2 A;13S:$11$2" 135::'(2 3'#"1 @5; 3/" 8"6"8S7":"(7"(3 :;5?"11C

κa,− := inf{t > 0: U(t) < a} $(7 κa,+ := inf{t > 0: U(t) ≥ a}.

M( 3/" @58859'(2 3/"5;"# 9" 7";'6" @5;#08$1 @5; ;"1586"(31G P53'?" 3/$3  DL- @5; φ = φk '1

?5(1'13"(3 9'3/  %K-O /59"6"; 9" 75 (53 /$6" $ #5;" ">:8'?'3 @5;#08$ @5; c(q)(y; r) '( $ 2"(";$8 ?$1"G

%%



 !"#$"% &'  !"#$%#& '( )* +,-./(  !" # $%&'( )'* B ⊆ R+ *,'-

.!/  %& q ≥ 0 #-0 r ≤ x ≤ a+

Ex

[∫ κa,+∧κr,−

0

e−qt1{U(t)∈B} dt

]
=

∫

B∩(r,a)

Ξφ(y)
−1

(
w(q)(x; r)

w(q)(a; r)
w(q)(a; y)− w(q)(x; y)

)
dy.

 '0/

.!!/  %& q > 0 #-0 x ≥ 0+ *,'&' '"!)*) c(q)(y; r) > 0 )12, *,#* w(q)(x; r)c(q)(y; r) − w(q)(x; y) ≥ 0
#-0

Ex

[∫ κr,−

0

e−qt1{U(t)∈B}dt

]
=

∫

B∩(0,∞)

Ξφ(y)
−1

(
c(q)(y; r)w(q)(x; r)− w(q)(x; y)

)
dy.  '1/

.!!!/  %& q ≥ 0 #-0 x ≤ a+

Ex

[∫ κa,+

0

e−qt1{U(t)∈B}dt

]
=

∫

B∩(−∞,a)

Ξφ(y)
−1

(
u(q)(x)

u(q)(a)
w(q)(a; y)− w(q)(x; y)

)
dy,  '2/

3,'&' u(q)(x) = eΦ(q)x +
∫ x
0
φ(y)W (q)(x− y)u(q)′(y) dy.

3* 455)6)$*7 )* +,-. 6"# 68$9:)5#5 #;)6 <%$=>#&: 8#%# ?$@*5 ?$% 6"# <%$A#:: U 8)6" 4 B#*#%4>

?@*A6)$* φ ?@>C>>)*B 6"# A$*5)6)$* )*+D !"# %)B"69"4*5 :)5#: $? 6"# ?$>>$8)*B )5#*6)6)#: 4%# %#<%#:#*6#5

=E :A4># ?@*A6)$*: 6"46 ?@>C> F$>6#%%4 6E<# )*6#B%4> #G@46)$*:D

 !"#$"% &,  !"#$%#& 'H )* +,-./( .!/  %& r ≤ x ≤ a #-0 q ≥ 0+

Ex

[
e−qκ

a,+

1{κa,+<κr,−}

]
=
w(q)(x; r)

w(q)(a; r)
.  'I/

.!!/  %& 0 ≤ x ≤ a #-0 q ≥ 0+

Ex

[
e−qκ

0,−

1{κ0,−<κa,+}

]
= z(q)(x)−

z(q)(a)

w(q)(a)
w(q)(x),  'J/

3,'&' z(q)(x) = Z(q)(x) +
∫ x
0
φ(y)W (q)(x− y)z(q)′(y) dy.

K)*4>>E7 6"# %@)* <%$=4=)>)6E ?$% 6"# B#*#%4> <%$A#:: U 84: 4>:$ A$&<@6#5 )* +,-.D L$6)A# 6"46

?%$& !"#$%#& M-  ))/ ?$% q = 07 8# B#6

ρ(x) := Px

(
κ0,− <∞

)
= 1− lim

a→∞

w(x)

w(a)
.

!"#* $*# A4* <%$N# 6"# ?$>>$8)*B >#&&4D

-"%%. ,  O%$<$:)6)$* '- )* +,-. /( 4))15' *,#* x ≥ 06

H'



 !" #$ E[X(1)] ≤ 0% &'() ρ(x) = 1 $*+ ,-- x ≥ 0.

 !!" #$ E[X(1)] > 0 ,)/

∫∞

0
φ(x)w′(x) dx (0!1&1% &'() &'( +2!) $2)3&!*)

ρ(x) = 1− A−1w(x),

4'(+(

A =
1 +

∫∞

0
φ(x)w′(x) dx

E[X(1)]

,)/ ρ 1,&!15(1 &'( $*--*4!)6 !)&(6+,- (72,&!*)8

ρ(x) = 1− A−1W (x) +

∫ x

0

W (x− y)φ(y)ρ′(y)dy.

9*+(*:(+% 4'()

∫∞

0
φ(x)w′(x) dx = ∞ !& $*--*41 &',& A = ∞% ,)/ '()3( ρ(x) = 1 $*+ ,--

x ≥ 0.

 !"#$ %$ &'$($)*$+ *,$ -"(* .-&"'*/)* '$(01*( "2 3456734869 *,/* 2"'- *,$ (:.$)*.;: /:,.$#$7

-$)*< =0--/'.>.)?9 *,$ -/.) '$(01*( "2 3456734@6 ?.#$ A0:*0/*.") .+$)*.*.$( 2"' BC#D &'":$(($( /)+

'$2'/:*$+ BC#D &'":$(($( :")(.+$'$+ %.*, E/'.(./) +$1/D9 *,$ &/&$' 3486 (,"%( *,$ $F.(*$):$ /)+

A0:*0/*.")( "2 *,$ 1$#$17+$&$)+$)* &'":$(($(9 .):10+.)? *,$ -01*.7'$2'/:*$+ :/($<

G8



 ! "#$%&'()'*+ *, *)-#& $%'#+)'.% /%-'#0#1#+)$

 !"#$!" %&! '()* +,+!*"- .&#/& /(0"%#%)%! 1(0(2%&!1,%#/ "!*#!" (' +)34#/,%#(0"- ,'%!* 5&676- 8

+)34#"&!$ "!9!0 ,*%#/4!"- (0! .," ,//!+%!$ ,0$ 0(. #" .,#%#0: '(* +)34#/,%#(0 "#0/! ;):)"% <=>?6

@&! %(%,4 0)13!* (' 1A +)34#/,%#(0" B%(:!%&!* .#%& %&! ,*%#/4!" 3!'(*! 5&7C #" 156 DA +,+!*" .!*!
+)34#"&!$ .#%& /(2,)%&(*" '*(1 9,*#()" *!"!,*/& /!0%*!" ,*()0$ %&! .(*4$6 @&! 0)13!* (' /#%,%#(0"-

,//(*$#0: %( %&! E!3 (' F/#!0/! $,%,3,"! BGF)1 (' %&! @#1!" H#%!$G (0 <=>I2=J2><C- #" >=K BIL

.#%&()% "!4'2/#%,%#(0"C- ,0$ %&! h2#0$!M BN#*"& #0$!MC #" 46 @(%,4  !"#$% &#$%'( (' %&! O()*0,4" '(*

P9! +)34#/,%#(0" #0/4)$!$ #0 %&! )$ *+% ,$ #$- *.*!*+%- ,//(*$#0: %( %&! Q()*0,4 H#%,%#(0 R!+(*%"-

#" 4,959S %(%,4  !"#$% &#$%'( (' %&! O()*0,4" '(* ,44 +)34#/,%#(0" #" 13,573- "!! @,34! >6

@,34! >T 81+,/% ',/%(* (' %&! O()*0,4" ,//(*$#0: %( Q()*0,4 H#%,%#(0 R!+(*% '*(1 %&! +)34#/,%#(0

A!,* B(* <=>? '(* +)34#/,%#(0 '*(1 <=>IC6

,*%#/4! O()*0,4 +)34#/,%#(0 A!,* #1+,/% ',/%(*

UN>V  !*0()44# <=>L >-<IW

UN<V F/,0$#0,9#,0 ;/%),*#,4 Q()*0,4 <=>W >-LJX

UNLV 80")*,0/!T D,%&!1,%#/" ,0$ Y/(0(1#/" <=>X >-<WK

UNJV F%(/&,"%#/ 5*(/!""!" ,0$ %&!#* ;++4#/,%#(0" <=>I >-=K> B<=>?C

U5>V Q()*0,4 (' Z+%#1#[,%#(0 @&!(*A ,0$ ;++4#/,%#(0" <=>J >-K=I

U5<V F%,%#"%#/" ,0$ 5*(3,3#4#%A \!%%!*" <=>W =-KJ=

U5LV F/,0$#0,9#,0 ;/%),*#,4 Q()*0,4 <=>X >-KK=

U5JV F%,%#"%#/" ,0$ 5*(3,3#4#%A \!%%!*" <=>X =-KLL

U5KV H(1+)%,%#(0,4 ,0$ ;++4#!$ D,%&!1,%#/" <=>X >-WL<

U5WV 5*(3,3#4#%A ,0$ D,%&!1,%#/,4 F%,%#"%#/" <=>?] =-<?W B<=>?C

U5XV 80")*,0/!T D,%&!1,%#/" ,0$ Y/(0(1#/"6 <=>? >-<WK

U7>V F%(/&,"%#/ D($!4" <=>> =-WWX

U7<V Q()*0,4 (' ;++4#!$ 5*(3,3#4#%A <=>> =-WL<

U7LV R!"!,*/& 5,+!*" (' E*(/^,. _0#9!*"#%A (' Y/(0(1#/" <=>> `

U7JV R!"!,*/& 5,+!*" (' E*(/^,. _0#9!*"#%A (' Y/(0(1#/" <=>> `

F)1T >L-KXL

] 2 ,*%#/4! U5WV .," ,//!+%!$ '(* +)34#/,%#(0 #0 ;):)"% <=>?6

U5>V 86 H[,*0,- a6 5,41(."b#- / . 0*+0 "('12*! 3 %- 4#( ) #+ 0*2#5 &'( # )"*$%(#225 +*6#% .* 78.5

( )9 "('$*))- Q()*0,4 (' Z+%#1#[,%#(0 @&!(*A ,0$ ;++4#/,%#(0"6 <=>J- 9(46 >W>- 0(6 >- +6 <LI`

<KW6

U5<V 86 H[,*0,- Q2c6 R!0,)$- : +'%* '+ 4#( ) #+ (; + 3 %- #+ ;2% !#%* 1#+9(;"%$5 2*.*2 &'( 78.5

 +);(#+$* ( )9 "('$*))*)< F%,%#"%#/" ,0$ 5*(3,3#4#%A \!%%!*"6 <=>W- 9(46 >>L- +6 KJ`W>6

U5LV 86 H[,*0,- a6 5,41(."b#- 56 d.#e%!b- / )$(*%* % !* (; + "('1#1 2 %5 3 %- 4#( ) #+ 0*2#5-

F/,0$#0,9#,0 ;/%),*#,4 Q()*0,46 <=>X- 9(46 <=>X- 0(6 >=- +6 ?KJ`?WI6

<K



 !"# $% &'()*(+ ,% !(-./0123+  !"#$#!% &'!$#($)!)#*%!"+ ,#$)"#-')#*%$ .*" !$+//0)"#1 234+ 5"*(

10$$0$+ 45(5315361 (*7 !)/8(83-359 :;55;)1% <=>?+ @/-% ><?+ A% ?BCD"%

 !B# $% &'()*(+ E% :3+ ,% !(-./0123+ &% ,F(/+ 670 8*#%) ,#$)"#-')#*% *. )70  !"#$#!% "'#% )#/0

!%, )70 %'/-0" *. 19!#/$ '%)#9  !"#$#!% "'#% #% )70 19!$$#1!9 "#$: /*,09 + &/.AG5(53/*(- (*7

HAA-3;7 I(5F;.(5361% <=>?+ @/-% J>J+ A% "KKLB>"%

 !M# $% &'()*(+ E% :3+ ,% !(-./0123+ &% ,F(/+ ;5)#/!9  !"#$#!%()+50 ,#4#,0%, 5!+/0%)$ 50%!9#<0,

-+ )70 %'/-0" *. 19!#/$ .*" )70 19!$$#1!9 !%, 50")'"-0, 19!$$#1!9 "#$: 5"*10$$= + !)/8(83-359 (*7

I(5F;.(536(- 45(5315361% <=>D%

 !?# $% &'()*(+ N%L:% !O);'+ P% E(.('(23+ ;5)#/!9#)+ *. /'9)#("0."!1)#*% ,#4#,0%, $)"!)0>#0$ #% )70

,'!9 /*,09+ $*1G)(*6;Q I(5F;.(5361 (*7 R6/*/.361% <=>D+ @/-% DJ+ A% >"DC>M=%

S;T/); !FU $ AG8-31F;7 5F; T/--/03*V T/G) A(A;)1+ 0F36F 03-- */5 8; 7316G11;7 F;);%

 U># $% &'()*(+ ,% !(-./0123+ ?'#% 5"*-!-#9#)+ @#)7  !"#$#!% ,09!+ .*" ! $501)"!99+ %0>!)#40 234+

"#$: 5"*10$$+ N/G)*(- /T HAA-3;7 !)/8(83-359% <=>>+ @/-% "D+ */% "+ A% KD"C>==<%

 U<# $% &'()*(+ ,% !(-./0123+ A0 B#%0))#C$ ,#4#,0%, 5"*-90/ !%, #/5'9$0 1*%)"*9 .*" ! )@*(

,#/0%$#*%!9 #%$'"!%10 "#$: 5"*10$$+ 45/6F(1536 I/7;-1% <=>>+ @/-% <?+ */% <+ A% <<=C<B=%

 UJ# $% &'()*(+ ,% !(-./0123+  *"D@%!%#0 5"!@,*5*,*-#0E$)@ 5!"+$:#08 # :9!$+1<%08 "'#%+ ,9!

5"*10$' "+<+:! )+5' 234+C0>*+ W;1;()6F !(A;)1 /T X)/6Y(0 Z*3@;)1359 /T R6/*/.361% <=>>+

*) <=?+ 1% KC<>%

 U"# $% &'()*(+ ,% !(-./0123+  "*-90/ @+-*"' *5)+/!9%08 5!"+$:#08 ,+@#,0%,+ ,9! 5"*10$' "+<+:!

)+5' 234+C0>* F %'/0"+1<%! !%!9#<!+ W;1;()6F !(A;)1 /T X)/6Y(0 Z*3@;)1359 /T R6/*/.361%

<=>>+ *) <=?+ 1% <<CJ?%

$ 03-- */0 7316G11 5F; );1G-51 /85(3*;7 3* 5F; A(A;)1  !>#L !?#% !(A;)1  !>#L !M# 6/*6;)* 5/A361

);-(5;7 5/ 5F; !()313(* 7;-(9 G1;7 3* @()3/G1 ./7;-1% XF3-; 5F; A(A;)  !?# 1F/01 5F(5 5F; /'9)#(

"0."!1)0, A)/6;11 [T/) k = 2\ 31 5F; 1/-G53/* 5/ 5F; /A53.(- 73@37;*7 A)/8-;. (11G.3*V 5F(5 73@37;*7

15)(5;V3;1 3* 5F31 ./7;- (); (81/-G5;-9 6/*53*G/G1 035F );1A;65 5/ 5F; :;8;1VG; .;(1G);% ]/) 6-()359+

5F; 7;16)3A53/* 31 73@37;7 3*5/ 5F);; 1;653/*1 );-(53*V 5/ .9 .(3* );1;()6F 3*5;);151%

 !" #$%&'&$( )&*&)+()' [!(A;)1  !>#+  !M#\

S/5F A(A;)1 (); (8/G5 /A53.(- 73@37;*71 0F36F (); A(37 G*53- !()313(* )G3*% H77353/*(--9+ 3*  !M#

5F;1; 73@37;*71 (); 7316/G*5;7 89 ( *;0 T(65/) r ∈ (0; 1] );-(5;7 5/ 5F; 5/5(- *G.8;) /T 6-(3.1

0F36F ())3@;7 3* ( 6/.A/G*7 !/311/* A)/6;11 GA 5/ 5F; !()313(* )G3* ./.;*5 τπ,d [3%;% rNτπ,d
\%

XF3-; 3*  !># 0; 6/*137;);7 5F; 6(1;+ 0F;* r = 1% ]/).(--9+ 5F; );1G-51 /85(3*;7 3*  !># (*7  !M#

6/*1315 3* .(^3.3'3*V 5F; T/--/03*V 3*5;V)(- TG*653/*(-

sup
π∈Π

Ex

[
rNτπ,d

∫ τπ,d

0

e−qtdLπt

]
,

<M



 !"#" q > 0 $%& Π #"'#"("%)( $ (") *+ $,, $&-.((./," ()#$)"0."( (12! )!$) π = {Lπt : t ≥ 0} .( $ %*%3
&"2#"$(.%0 ,"+)32*%).%1*1( $&$')"& '#*2"((  !.2! ()$#)( $) 4"#*5 6!1( Lπt #"'#"("%)( )!" 21-1,$).7"
&.7.&"%&( '$.& *1) /8 )!" 2*-'$%8 1' ).,, ).-" t5 9*#-$,,8:  " 2*%(.&"# )!" #.(; '#*2"(( 2*%)#*,,"&
/8 )!" &.7.&"%& '*,.28 π 0.7"%

Uπ
t = Xt − Lπt <=>?

@% ABCD: )!" '#*2"(( X .( $%8 ('"2)#$,,8 %"0$).7" EF78 '#*2"((: /1) .% ABGD )!" H#$-F#IE1%&/"#0

'#*2"(( '"#)1#/"& /8 $ J#* %.$% -*).*% {Bt}t≥0 .( 2*%(.&"#"&5 9*# KL"& d ≥ 0: +*# '#*2"(( Uπ

&"K%" )!" B$#.(.$% #1.% -*-"%)M

τπ,d := inf{t > 0 : t− sup{s < t : Uπ
s ≥ 0} > d,Uπ

t < 0}.

@% /*)! '$'"#( )!" &.7.&"%&(  "#" '$.& $22*#&.%0 )* )!" /$##."# ()#$)"08 )!$) 2*##"('*%&( )*

#"&12.%0 )!" #.(; '#*2"(( Uπa,a

)* )!" ,"7", a .+ Uπa,d

(0) = x > a: /8 '$8.%0 *1) )!" $-*1%) x− a:
$%& (1/("N1"%),8 '$8.%0 *1) )!" -.%.-$, $-*1%) *+ &.7.&"%&( )* ;""' )!" #.(; '#*2"(( /",* )!"

,"7", a <("" 9.05 O?5 @) .(  ",, ;%* % <("" APD? )!$) +*# 0 < x ≤ a )!" 2*##"('*%&.%0 2*%)#*,,"& #.(;
'#*2"(( Uπa,d

1%&"# Px .( "N1$, .% ,$ )* )!" '#*2"(( {a− Yt : t ≥ 0} 1%&"# Px +*#

Yt = max(a,X t)−Xt

/".%0 )!" EF78 '#*2"(( X #"Q"2)"& $) .)( '$() (1'#"-1-M X t = sup0≤s≤tXs. @% ABCD  " 2*%(.&"#"&
)!" 2$(":  !"% r = 1: (* .% )!.( 2$(" +*# $,, x ≥ 0:

va,d(x) := vπ
a,d

(x) = Ex

(∫ τπ
a,d

0

e−qtdLπ
a,d

t

)

$%& Lπ
a,d

t = max(a,X t)− a5

Uπa,d

t

0

x
a

d d

τ dτ

9.05 O5 R ($-'," '$)! *+ $ #"01,$)"& (1#',1( '#*2"(( Uπa,d

5

OS



 !"#$ %# &'() %* +,- ./01"2 *!,*

va,d(x) =





V (q)(x)

V (q)′(a)
, x ≤ a,

x− a+ V (q)(a)

V (q)′(a)
, x > a,

34(5

+!"/" V (q)(x) =
∫∞

0
W (q)(x+ z)zP(Xd ∈ dz). 6# .,/*%789,/$

(va,d)′(a) = 1.

:"#7" +" ;"* *!" <0990+%#; *!"0/"=>

 !"#$"% &' 3 !"0/"= 4>( %# &'()5(  !" #$%&" '&()*+,( va,d ),--"./,(0+(1 *, *!" 2$--+"- .*-$*"13
πa,d +. 1+#"( 23 45678  !"( '-,9 4567 +* ',%%,:. *!$* *!" ,/*+9$% 2$--+"- a∗ .$*+.;".<

a∗ = inf{a > 0 : V (q)′(a) ≤ V (q)′(y) ',- $%% y ≥ 0}.

=( /$-*+)&%$-> +' V (q) ∈ C2(R) $(0 *!"-" "?+.*. &(+@&" .,%&*+,( *, *!" "@&$*+,(<

V (q)′′(a∗) = 0,

*!"( a∗ +. *!" ,/*+9$% 2$--+"-8

?"@* -*". +,- *0 ./01" *!,* *!" A,//%"/ -*/,*";B πa
∗,d
%- 0.*%=,9 ,7/0-- ,99 ,2=%--%A9" -*/,*";%"- Π

70#-%2"/"2 8. *%99 ',/%-%,# /8%# =0="#* τπ,d 3 !"0/"= C>D %# &'()5>  0 ./01" %*$ +" 8-"2 #"-+;)$*+,(

%"99$ 3-""$ &4($ 4D$ 4E)5$ +!%7! ,--8=.*%0#- /"F8%/" 7!"7G%#; *!,* *!" 1,98" <8#7*%0# va
∗,d
;%1"#

AB 34(5 %- qH-8."/!,/=0#%7 ,#2 %*- I/-* 2"/%1,*%1" %- ;/",*"/ *!,# 0#"$ %>"> %* <89I9- *!" <0990+%#;
70#2%*%0#-J

(Γ− q)va
∗,d(x) ≤ 0, %< x ∈ R,

(va
∗,d)′(x) ≥ 1, %< x ∈ R,

+!"/" Γ %- *!" %#I#%*"-%=,9 ;"#"/,*0/ 0< ./07"-- X> K0/"01"/$ 0#" 7,# ;%1" ,#0*!"/ #"7"--,/B
70#2%*%0# <0/ *!" A,//%"/ -*/,*";B *0 A" 0.*%=,9>

 !"!##$"% &) 3L0/099,/B C>( %# &'() 5( A&//,."

V (q)′(a) ≤ V (q)′(b), ',- $%% a∗ ≤ a ≤ b8

 !"( *!" 2$--+"- .*-$*"13 $* a∗ +. $( ,/*+9$% .*-$*"138

6# &'M)$ -%=%9,/9B 9%G" %# &'()$ %* +,- ./01"2 *!,* *!" 2%1%2"#2 -*/,*";B πa
∗,d
%- 0.*%=,9>  !"

=,%# 2%N"/"#7" %- *!,*$ %# &'M) *!" 70#-%2"/"2 ./07"-- %- 0< *!" <0/=

Xt = x+ pt−
Nt∑

i=1

Ci + σBt,

DO



 !" #$ % &'%'($ )*$ +,--,#'!. '!)$./ - +0!1)',! -2 +,/ 0 < r < 1  !" q > 03

va,d,r(x) := vπ
a,d

(x) = Ex

[
rNτπ,d

∫ τπ
a,d

0

e−qtdLπ
a,d

t

]
. 4567

8! )*'9 1 9$2 )*$ +,/%0- +,/ )*$ : -0$ +0!1)',! va,d,r # 9  -9, "$/':$"3

va,d,r(x) =

{
hd(x)va,d(a) +,/ x ≤ a,
x− a+ va,d(a) +,/ x > a,

45;7

#*$/$ hd(x) := Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ d

]
'9 )*$ $&<$1)$" : -0$ ,+ )*$ =/9) %,%$!) ,+ /$ 1*'!. -$:$-

a >$+,/$ )*$ ? /'9' ! /0'!2 "'91,0!)$" '! )'%$  !"  ""')',! --@ >@ )*$ !0%>$/ ,+ A0%<9 ,+ )*$

</,1$99 N B

C$ 09$" )#, "'D$/$!) %$)*,"9 ), ,>) '!  ! $&</$99',! +,/ )*$ +0!1)',! hdB E*$ =/9) ,!$ 09$9

)*$ F'1G9,!HI'<< ,<$/ ),/ 4Tρf72 #*'1* '9  .$!$/ -'( )',! ,+ )*$ J <- 1$ )/ !9+,/% 49$$ KLMN7B

E*$! #$ ,>) '! )*$ +,--,#'!. )*$,/$%B

 !"#$"% &' 4E*$,/$% ;BO '! K?PN7(  !" f #! "$! %!&'(") *+ "$! ,-&%*. /-,(-#0! Ci +*, -00
i = 1, 2, ...1 2$!& "$! +3&4"(*& hd 4-& #! !56,!''!% -' +*00*7'

81 9*, σ = d = 0 -&% 0 ≤ x ≤ a:

hd(x) = h(x) =

∑∞
n=0(

λr
p
)n(Tρf)

∗n ∗ ζ(x)
∑∞

n=0(
λr
p
)n(Tρf)∗n ∗ ζ(a)

. 4557

;1 9*, σ > 0: d = 0 -&% 0 < x ≤ a:

hd(x) = h(x) =

∑∞
n=0(

2λr
σ2 )

n(β ∗ Tρf)
∗n ∗ ζ ∗ β(x)∑∞

n=0(
2λr
σ2 )n(β ∗ Tρf)∗n ∗ ζ ∗ β(a)

. 45Q7

<1 9*, σ = 0: d > 0 -&% −pd ≤ x ≤ a:

hd(x) =

∑∞
n=0(

2λr
p
)n(Tρf)

∗n ∗ ϕ(x)
∑∞

n=0(
2λr
p
)n(Tρf)∗n ∗ ϕ(a)

. 45P7

=1 9*, σ, d > 0 -&% x ≤ a:

hd(x) =

∑∞
n=0(

2λr
σ2 )

n(β ∗ Tρf)
∗n ∗ ϕ1(x)∑∞

n=0(
2λr
σ2 )n(β ∗ Tρf)∗n ∗ ϕ1(a)

, 45R7

7$!,!

β(x) := e−(ρ+
2p

σ2 )x, ζ(x) := eρx, ϕ(x) := ζ(x)−
λr

p
ζ ∗ wd(x),

6M



ρ  ! "#$ %& '%$ &(&)&$*+" ,$ -((" (. "#$ /%&01$-* .%&0+2$&"+3 $'%+" (&4

σ2

2
s2 + ps− (λ+ q) + λr

∫ ∞

0

e−sxf(x)dx = 0

+&0

ϕ1(x) :=

(
ρ+

2p

σ2

)
ζ ∗ β(x) + β(x)−

2λr

σ2
ζ ∗ β ∗ wd(x).

wd(x) :=

∫ ∞

0

∫ d

0

e−qt
∞∑

k=0

rkvy(k, t)f(y + x)dtdy.

5(- k ∈ N6 y > 06 t ≥ 0

vy(k, t) =
d

dt
P(Nτ+y

= k, τ+y ≤ t|X0 = 0).

 !" #"$%&' (")!%' *# +,#"' %& )!" -.$).,)*%& )!"%/0 1%/ #2"$)/,330 &"4,)*5" 6750 2/%$"##"#

,&' ,& ,&,3%4." %1 )!" "82%&"&)*,3 $!,&4" %1 (",#./" 9:;< =">&"

dPα,r

dP

∣∣∣∣
Ft

= rNt exp (αXt − ψr(α)t) = exp (Zα
t − ψr(α)t) , 9?@;

A!"/" Zα
t := αXt+log(r)Nt = αx+αpt−

∑Nt

i=1(αCi− log(r))+ασBt.  !"& )!" 1%33%A*&4 )!"%/"(
A,# 2/%5"' *& BCDE<

 !"#$"% &' 9 !"%/"( F<G *& BCDE;( 5(- +&7 σ ≥ 0 +&0 0 ≤ x ≤ a6 "#$ .%&8" (& hd(x) 8+& 1$

$9:-$!!$0 +! .(33(;!4

hd(x) = Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ d

]
=

∫∞

0
W

(q)
r (x+ z)zP(Xd ∈ dz)

∫∞

0
W

(q)
r (a+ z)zP(Xd ∈ dz)

+&0

h(x) = h0(x) = Ex

[
r
N

τ
+
a e−qτ

+
a , τ+a < τ 0

]
=
W

(q)
r (x)

W
(q)
r (a)

.

5(- W
(q)
r : [0,∞) → [0,∞)  " #(30! "#+"

∫ ∞

0

e−θyW (q)
r (y)dy =

1

ψr(θ)− q
, θ > Φr(q),

;#$-$ ψr(θ) :=
1
t
logE

[
eθXt+log(r)Nt

]
= 1

t
logE

[
rNteθXt

]
+&0 Φr(q)  ! !%8# "#+" ψr(Φr(q)) = q<

H*&,330I 3*J" *& BCKEI A" 2/%5"' )!" %2)*(,3*)0 %1 )!" +,//*"/ #)/,)"40 πa
∗,d
A*)! )!" 5,3." 1.&$)*%&

,''*)*%&,330 '*#$%.&)"' +0 )!" &.(+"/ %1 L.(2# %1 )!" $%(2%.&' C%*##%& 2/%$"##<

)(* +,$-.-,/ $0-/ 9C,2"/# BC:EMBCNE;

 !*# *# , #"/*"# %1 2,2"/# $%&#*'"/*&4 C,/*#*,& /.*& *& 5,/*%.# (%'"3#< O& BC:E A" %+),*&"' -.$).,)*%&

*'"&)*)*"# 1%/ #2"$)/,330 &"4,)*5" 6750 2/%$"## $%&#*'"/"' .&)*3 C,/*#*,& /.*& A*)! , 3%A"/ .3)*(,)"

FP



 !"#$%&'  !$$()$ −a < 0* +,$ )-!.&/)0 1%23 !1 )-(' (4)"'('()1 5$,. ! 6(7)" ("')$7!/ ,$ ! 3!/58

/(")* 93) , '!(")4 $)1%/'1 :)$) )-&$)11)4  ; 12!/) 5%"2'(,"1 ,5 '3) &$,2)11 X !"4 '3)($ <!&/!2)

'$!"15,$.1*

=" >?@A '3) 5,//,:("6 4(12$)') .,4)/ :!1 2,"1(4)$)4B

Rn = u+ n− Sn, CDEF

:3)$) u > 0 !"4

Sn =
n∑

i=1

Ci, n = 1, 2, 3, . . .

G) !11%.) '3!' $!"4,. 7!$(! /)1 Ci Ci = 1, 2, . . . F !$) (*(*4* !"4 :) !/1, !11%.) '3!' '3) &$,2)11

4$(5' )H%!/1 ', 1* G) 4)",') P(C1 = k) = pk 5,$ k = 0, 1, 2, . . .0 !"4 :) !11%.) '3!' µ = E(C1) < 10
3)"2) Rn → +∞ !*1* I)J") '3) ?!$(1(!" $%(" .,.)"'

τ d = inf{n ∈ N : n− sup{s < n : Rs > 0} > d,Rn ≤ 0},

5,$ ! J-)4 '(.) &)$(,4 d ∈ {1, 2, . . .}* 93) .!(" $)1%/'1 ,5 '3(1 &!&)$ !$) )-&$)11(,"1 5,$ '3) ?!$(1(!"

$%(" &$, ! (/('()1 Pu(τ
d < t) !"4 Pu(τ

d <∞)* =" >?@A '3)1) !$) '3) 5,//,:("6 '3),$).1*

 !"#$"% &' C93),$). K (" >?@AF(  !" u ≥ 1# $%& "&'(")*+& "&,"&)&-$.$*!- !/ $%& 0."*)*.- -!-1"(*-
,"!2.2*3*$4 (-$*3 5-*$&1$*6& $ *) .) /!33!7)8

 !" t ≤ d+ 1 7& %.+& Pu(τ
d ≥ t) = 1.

 !" t ≥ d+ 29

Pu(τ
d ≥ t) = Pu(τ

0 ≥ t− d) +
t−d−1∑

s=1

d∑

ω=1

ω−1∑

z=0

Pu(τ
0 = s,−Rτ0 = z)P(τz+1 = ω)P1(τ

d ≥ t− ω − s),

7%&"&

P(τx = ω) =
x

ω
P(Rω = x) =

x

ω
p∗ωω−x

.-: {p∗tn , n ∈ N} :&-!$&) $%& t1$% '!-+!3($*!- !/ $%& 3.7 !/ C18

93) &$, ! (/('()1 Pu(τ
0 ≥ t)0 Pu(τ

0 = s,−Rτ0 = z) !$) 6(7)" (" '3) 5,//,:("6 /)..!1*

)"%%* + C<)..! K (" >?@AF( ;& %.+& Pu(τ
0 = 1) = P(Y1 ≥ u+ 1) .-: /!" t ≥ 19

Pu(τ
0 ≥ t+ 1) =

u+t−1∑

j=0

p∗tj −
u+t−1∑

j=u+1

p
∗(j−u)
j

(
u+t−1∑

k=j

t+ u− k

t+ u− j
p
∗(t+u−j)
k−j

)
,

)"%%* , C<)..! L (" >?@AF(  !" s ≥ 1 7& %.+&9

Pu(τ
0 = s,−Rτ0 = z) =

u+s−2∑

k=0

Pu(τ
0 > s− 1, Ss−1 = k)pu+s−k+z

=
u+s−2∑

k=0

p
∗(s−1)
k pu+s−k+z −

u+s−2∑

k=u+1

k∑

j=u+1

s− 1 + u− k

s− 1 + u− j
p
∗(s−1+u−j)
k−j p

∗(j−u)
j pu+s−k+z.

@K



 !" #"$#"%"&'(')*& *+ ,-').('" /(#)%)(& #,)& $#*0(0)-)'1 )% 2)3"& 014

 !"#$"% &' 5 !"*#". 6 )& 7/89:(  !" u ≥ 1 #$ %&'$

Pu(τ
d <∞) = (1− µ)

∞∑

j=u+1

p
∗(j−u)
j −

(
1− P1(τ

d <∞)
) d−1∑

z=0

Pu(τ
0 <∞,−Rτ0 = z)P(τz+1 ≤ d),

#%$"$

Pu(τ
0 <∞) = (1− µ)

∞∑

j=u+1

p
∗(j−u)
j

&()

P1(τ
d <∞) =

P1(τ
0 <∞)−

d−1∑
z=0

P1(τ
0 <∞,−Rτ0 = z)P(τz+1 ≤ d)

1−
d−1∑
z=0

P1(τ 0 <∞,−Rτ0 = z)P(τz+1 ≤ d)

.

 !" (0*3" +*#.,-(% (#" #";,#%)3" %* 01 ;!**%)&2 %$";)<; $#*;"%% $(#(."'"#% *&" ;(& .(=" (

$#";)%" &,."#);(- (&(-1%)% (% )& >!($'"# ? *+ 7/89@ A!"#" !"(31B'()-"C D,.$% +*# '!" $#*;"%% R A"#"

(-%* ;*&%)C"#"CE

FCC)')*&(--1@ )& 7/89 0*'! (%1.$'*');% !"(31B (&C -)2!'B'()-"C A"#" "%').('"C +*# '!" /(#)%)(&

#,)& $#*0(0)-)'1 )& '!" ;(%" *+ u→ ∞E
 !" $($"# 7/G9 ;*&;"#&% '!" %*B;(--"C -).)')&2 H,(%)B%'(')*&(#1 C)%'#)0,')*& ;*&C)')*&"C A)'!

#"%$";' '* '!" /(#)%)(& %'*$$)&2 ')."E  !)% ."(&% '!(' '!" .()& 2*(- *+ 7/G9 A(% '* C"'"#.)&" '!"

+*--*A)&2 -).)' 5(-%* =&*A& )& -)'"#(',#" (% ( I(2-*.J% -).)':4

lim
t↑∞

Px(Xt ∈ B|τ θ > t) = µθx(B), B ∈ B([0,∞)), 5KL:

A!"#" τ θ )% ( /(#)%)(& %'*$$)&2 ')."@ C"<&"C 01

τ θ = inf{t > 0 : t− sup{s < t : Xs ≥ 0} ≥ eθ, Xt < 0},

A!"#" eθ )% (& "M$*&"&')(- #(&C*. 3(#)(0-" )&C"$"&C"&' *+ X A)'! )&'"&%)'1 θ > 0E
 !" #,)& ')." τ θ !($$"&% A!"& $#*;"%% X %'(1% &"2(')3" -*&2"# '!(& eθ@ A!);! A" A)-- #"+"#

(% ).$-"."&'(')*& ;-*;=E N" A(&' '* ".$!(%)O" '!(' )& '!" C"<&)')*& *+ τ θ '!"#" )% &*' ( %)&2-"
,&C"#-1)&2 #(&C*. 3(#)(0-" 0,' ( A!*-" %"H,"&;" *+ )&C"$"&C"&' ;*$)"% *+ ( 2"&"#); "M$*&"&')(-

#(&C*. 3(#)(0-" eθ "(;! *&" *+ '!". (''(;!"C '* ( %"$(#('" "M;,#%)*& 0"-*A O"#*E  !" .*C"- A)'!

"M$*&"&')(--1 C)%'#)0,'"C C"-(1 !(% 0""& (-%* %',C)"C 01 7?@ 8P9E Q& 7/G9 A" +*;,% *& (%1.."'#);

RS31 $#*;"%%"%@ A!);! (#" ")'!"# %$";'#(--1 &"2(')3" 5)E"E '!" RS31 ."(%,#" )% %,$$*#'"C *& (−∞, 0):
*# %$";'#(--1 $*%)')3" 5)E"E '!" RS31 ."(%,#" )% %,$$*#'"C *& (0,∞):E T*# 0*'! (%1.."'#); RS31
$#*;"%%"% '!" -).)' 5KL: A(% *0'()&"CE  !" )C"( *+ '!" $#**+ *+ '!" .()& #"%,-'% )% 0(%"C *& <&C)&2

'!" C*,0-" R($-(;" '#(&%+*#. *+ Px(Xt ∈ dy, τ θ > t) A)'! #"%$";' '* %$(;" (&C ')."E  !"& +*#
%*." %$";)<; +*#. *+ '!" RS31 ."(%,#" ,%)&2 '(,0"#)(& '!"*#".% (&C JU"(31%)C"J *$"#(')*& A"

)C"&')<"C '!" (%1.$'*');% *+ '!)% $#*0(0)-)'1 (% t→ ∞ 5 !"*#".% V (&C WW )& 7/G9:E

86



 ! "#$% &'( )*+,-*./0!12(*3 4*56(77 89: ;7 65!7;1(*(1< =5* &';7 ,51(> &'( ?5;!& 1;7&*;20&;5! 5@

&'( #+*;7;+! *0;! &;,( +!1 &'( !0,2(* 5@ 6>+;,7 0!&;> #+*;7;+! *0;! ;7 52&+;!(1< A( 65!7;1(* 25&'

B!;&( +!1 ;!B!;&( &;,( '5*;C5!< D';7 +44*5+6' E;&' &'( 6>+77;6+> *0;! ,5,(!& '+7 +>*(+1F 2((!

65!7;1(*(1 ;! "GHI GGI JKI $G%< =5*,+>>FI @5* &'( #+*;7;+! *0;! ,5,(!& τ d 1(B!(

wdx(k, t) :=
d

dt
ψdx(k, t), k ∈ N, t ≥ 0,

E'(*(

ψdx(k, t) = P(Nτd = k, τ d ≤ t|X(0) = x), k ∈ N, t ≥ d.

=0*&'(*I >(& pdx(k) 1(!5&(7 &'( 4*52+2;>;&F &'+& &'(*( '+L( 2((! (M+6&>F k 6>+;,7 04 &5 #+*;7;+! *0;!I

75 &'+&

pdx(k) = P(Nτd = k, τ d ≤ ∞|X(0) = x) =

∫ ∞

d

wdx(k, t)dt.

D'( ,+;! *(70>& 5@ "#$% +*( *(60*7;L( (M4*(77;5!7 @5* &'( 1(!7;&F wdx(k, t) +!1 &'( 4*52+2;>;&F pdx(k)
8D'(5*(,7 G<J +!1 G<K ;! "#$%:< D5 52&+;! &'( @5*,0>+7 E( 07(1 &'( 7&*5!3 N+*O5L 4*54(*&F

+!1 +>75 &'( @5*, 5@ &'( ;!B!;&(7;,+> 3(!(*+&5* @5* &'( )*+,-*./0!12(*3 4*56(77< P(M& E( 35&

&'( ;!&(3*5.1;Q(*(!&;+> (R0+&;5! +!1 &'(! 2F 75>L;!3 ;& E( 35& &'( (M4*(77;5!7 @5* wdx(k, t) +!1

pdx(k)<  ! &'( >+7& 4+*& 5@ 4+4(*I ;& E+7 +770,(1 &'+& &'( ?0,47 5@ &'( 65!7;1(*(1 4*56(77 E(*(

S*>+!3 1;7&*;20&(1< D'(! 07;!3 + !(E ;&(*+&;L( +>35*;&', 4*5457(1 ;! "#$%I &'( +25L( 1(!7;&F +!1

4*52+2;>;&F E(*( @50!1 !0,(*;6+>>F @5* &'( 7(>(6&(1 4*56(77 4+*+,(&(*7<

 !" #$%&'()&%* +, '-)%&./0,/(1%&+2 3&4&3023 5%/(%06&05 8#+4(* "#K%:

#+4(* "#K% 65!6(*!7 &'( 1;L;1(!1 4+F,(!&7 ;! ,0>&;.*(@*+6&(1 ,51(> +!1 07(7 &'( T06&0+&;5! @5*.
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