‘% Politechnika Wroctawska

FIELD OF SCIENCE: Natural sciences

DISCIPLINE OF SCIENCE: Mathematics

DOCTORAL DISSERTATION

Properties of Lévy processes in smooth
domains

Mr. Tomasz Juszczyszyn, MSc.

Supervisor:
dr hab. inz. Mateusz Kwasnicki

Assistant supervisor:
dr hab. inz. Kamil Kaleta

Keywords: Hitting Times, Lévy Processes, Boundary Harnack Inequality, Harmonic
Functions

WROCLAW, MARCH 2024






Acknowledgements

First and foremost, I would like to express my deep gratitude to my supervisor, Ma-
teusz Kwagdnicki. It is hard to overstate his help in completing this doctoral thesis. I
would like to thank him for introducing me to the world of stochastic processes, the many
hours spent on talking about ideas and explaining difficulties, his patience and kindness
on both a professional and personal level.

I would like to thank my assistant supervisor Kamil Kaleta for his his help and im-
portant discussions, which were not always about technical aspects of mathematics.

I would like to thank Krzysztof Bogdan for his professionalism, kindness, and persis-
tence, without whom this doctoral thesis would not have been completed.

I would like to thank my parents for their patience, love, and support.
Lastly, I would like to thank my wife, Asia, who was a constant support during my

ups and downs and a main motivation for me to be a better person, including completing
this doctoral thesis.






Introduction

The doctoral thesis is a collection of three publications written with or under super-
vision of Mateusz Kwasnicki, PhD, DSc:

[1] T. Juszczyszyn, M. Kwasnicki, Hitting times of points for symmetric Lévy processes
with completely monotone jumps. Electronic Journal of Probability 20 (2015).

[2] T. Juszezyszyn, M. Kwasnicki Martin kernels for Markov processes with jumps. Po-
tential Anal. 47(3) (2017): 313-335.

[3] T. Juszczyszyn, Decay rate of harmonic functions for non-symmetric strictly a-stable
Lévy processes. Studia Mathematica 260 (2021), 141-165
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with completely monotone jumps®

Tomasz Juszczyszyn' Mateusz Kwas$nicki?

Abstract

Small-space and large-time estimates and asymptotic expansion of the distribution
function and (the derivatives of) the density function of hitting times of points for
symmetric Lévy processes are studied. The Lévy measure is assumed to have com-
pletely monotone density function, and a scaling-type condition inf £¥” (¢) /¥’ (£) > 0
is imposed on the Lévy-Khintchine exponent W. Proofs are based on generalised
eigenfunction expansion for processes killed upon hitting the origin.
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1 Introduction and statement of the results

Let X be a one-dimensional Lévy process, that is, a real-valued stochastic process
with stationary and independent increments, cadlag paths, and initial value Xy = 0. The
process X is completely characterised by its Lévy-Khintchine exponent ¥, which is given
by the Lévy-Khintchine formula:

V(€)= — log(Be'X1) = ag” — ib¢ + / (1= € €21y 1y (2)(d2)
R\{0}
for £ € R, where a > 0 is the Gaussian component, b € R is the drift coefficient and v is
a non-negative measure such that fR\ (0} min(1, 2?)v(dz) < oo, called Lévy measure. The
first hitting time of a point x € R is defined by the formula

T, = inf{t > 0: X; = x}.

In this article estimates and asymptotic formulae, in terms of the Lévy-Khintchine
exponent W, for the tail and the density function of 7, are derived, under a number of
conditions on the process X.
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Hitting times of points for symmetric Lévy processes

The distribution of 7, plays an important role in various contexts: local times and
excursion theory ([2, 7, 18, 29]), potential theory ([3]), penalisation problems ([19, 28,
30, 31]). The estimates of 7, may also prove useful in the study of one-dimensional
unimodal Lévy processes, developed recently in [5, 6, 9]. More precisely, description
of 7, is the limiting case of a more general problem of finding the time and place the
process X first hits a (small) ball, see [6] and a recent preprint [10].

Surprisingly little is known about the properties of 7, for general Lévy processes.
By [23, Theorem 43.3 and Remark 43.6], if 1/|¥| is integrable at infinity, then

—1
i€ — ATy — A 3 — 71 1.1
/}Re Ee dz T with ¢, </]R)\+\Il(£)d§) . (1.1)

The inversion of the Laplace and Fourier transforms in (1.1) is often problematic. An
application of the inverse Fourier transform to both sides of (1.1) leads to an expression
for Ee~*"» in terms of an oscillatory integral. In fact,

uy(z) = ¢ 'Ee ™ (1.2)

is a well-studied object, the A-potential density of X. Nevertheless, a closed-form
expression for u) is known only in some special cases, e.g. when X is stable and A = 0,
or when X is relativistic with 8§ = 2 (with the notation of Example 1.4 below) and
A = 1. Therefore, in order to invert the Laplace transform in (1.2), one needs additional
regularity of U. This is the rough idea of the proof of the main result of [13], which is
recalled as Theorem 1.9 below, and which is the starting point for our development.

There are essentially two classes of Lévy processes for which the description of 7,
simplifies dramatically and has been studied. When X is an a-stable process, 7, is equal
in distribution to z“m (scaling), so the originally two-dimensional problem becomes
one-dimensional. Numerous results are available in this case. In particular, a complete
series expansion of the distribution function of 7,. is known (see [20] for processes with
one-sided jumps, [4, 7, 21, 30] for the symmetric case, and [11] for the general result).
Other closely related results for the stable case (unimodality, distributional identities,
applications) can be found in [16, 26, 31].

The distribution of 7, for 2 > 0 is rather well-studied also for Lévy processes with
negative jumps only (also known as spectrally negative processes). Then 7, is equal
to the first passage time through the level z, 7, = inf{t > 0 : X; > 2}, and fluctuation
theory for Lévy processes can be used to study the properties of 7,. We refer to [23,
Chapter 9] for more information.

For non-stable Lévy processes with two-sided jumps, we are aware of no estimates or
asymptotic formulae similar to the main results of this article.

Throughout the article, X is assumed to be symmetric, thatis, b = 0 and v(F) = v(—F)
for all Borel E C R. In this case ¥ is a real function with non-negative values. We impose
two additional restrictions: we require X to have completely monotone jumps and satisfy
a certain scaling-type condition. These notions are briefly discussed below.

Recall that a function f : (0,00) — R is said to be completely monotone if it is infinitely
differentiable and (—1)"f(™(¢) > 0 for all ¢ > 0 and n = 0,1,2,... By Bernstein’s
theorem, this is equivalent to f being the Laplace transform of a non-negative Radon
measure on [0, 00). Similarly, we say that a process X has completely monotone jumps
if its Lévy measure v is absolutely continuous with respect to the Lebesgue measure,
and its density is a completely monotone function on (0, o0). Note that due to symmetry,
the density of v on (—o0,0) is absolutely monotone: its derivatives of all orders are
non-negative.

Lévy processes with completely monotone jumps (without the symmetry condition)
were introduced by Rogers in [22], see also [14]. In the symmetric case, an equivalent
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Hitting times of points for symmetric Lévy processes

condition can be given in terms of U. Recall that ¢’ is a complete Bernstein function if
and only if

d
1&(6):014—0254—‘/(0 )Sigﬂ(ss)

for ¢ > 0, where ¢1,c2 > 0 and p is a non-negative measure for which the above integral
converges (see [24]). A symmetric Lévy process X has completely monotone jumps if
and only if ¥ (&) = (£2) for a complete Bernstein function v (see [12, 22]). The most
prominent examples of symmetric processes with completely monotone jumps are stable
processes, with ¥(§) = ¢[¢|* for some ¢ > 0 and « € (0,2]. This class includes also
mixtures of stable processes and relativistic Lévy processes (discussed later in this
section), as well as variance gamma process and geometric stable processes (which with
probability one do not hit single points and thus are not considered here; see [25] for
definitions and properties of these processes).
The aforementioned scaling-type condition of order « requires that

§v"(€)
>a—1 (1.3)
v'(g)
for all ¢ > 0. Here « is an arbitrary real number, although in our main theorems we

assume that a € (1, 2]. The scaling-type condition plays a crucial role in our development.
By integration, (1.3) implies that (and in fact, it is equivalent to)

vz ()

for all &, > & > 0. In Lemma 2.2 we will see that (1.3) also gives (but it is essentially

stronger than)
¥(&2) ( & ) “
V(&) = &1 (1-4)

for all & > & > 0. This explains why we call (1.3) a scaling-type condition.

We note that the scaling-type condition of order o > 1 implies that P(7, < oo) =1 for
all z € R. Indeed, by (1.4), 1/|¥| is not integrable near 0, so X is recurrent by Chung-
Fuchs criterion ([23, Theorem 37.5]). Furthermore, again by (1.4), 1/|¥]| is integrable
at infinity, so P(7, < oo) > 0 by [23, Remark 43.6]. Now P(7, < co) = 1 follows by [23,
Remark 43.12].

The scaling-type condition (1.3) with « € (1, 2] is satisfied by the typical examples of
symmetric Lévy processes with completely monotone jumps which hit single points with
probability 1: stable, mixed stable (see Example 1.5) and relativistic (see Example 1.4).
An equivalent form of (1.3), as well as a sufficient condition in terms of the Lévy measure,
are given in Remark 1.8. Nevertheless, (1.3) is rather restrictive, see Example 1.7.
We conjecture that the estimates of P(7, > t) hold in greater generality, for example,
with (1.3) replaced by ¥(&2)/T(&1) > C(&2/&1)* for some C > 0 and o > 1 (a more

general version of (1.4), see [5, 6, 9]). However, with the present methods, we were
unable to significantly relax the assumption that (1.3) holds with o > 1.

For symmetric processes with completely monotone jumps, ¥ is an increasing function
on (0,00). Let ¥~! denote the inverse function of the restriction of ¥ to (0, cc). Our first
main result provides large ¢ and small x estimates of P(r,, > ¢) and its time derivatives.
A corollary that follows extends the estimate of P(7, > t) (with no time derivative) to the
full range of t > 0 and = € R\ {0}. The constants in these estimates are given explicitly,
see Remark 5.5.

Below we state the main results of the paper.

EJP 20 (2015), paper 48. ejp.ejpecp.org
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Theorem 1.1. Suppose that X is a symmetric Lévy process with completely monotone
Jjumps, which satisfies the scaling-type condition (1.3) for some « € (1,2]. Then there
are positive constants Cy(a,n), Co(a,n), C5(c,n) such that

Cl(a’n) _d\n T CQ(OZ,’H)
P (1) o1 (17 <~ ) P > D S G e (1

foralln >0,t>0andx € R\ {0} such that t¥(1/|z|) > Cs(a,n).

Corollary 1.2. Forn =0, thg conc]usiqn of Theorem 1.1 can be rewritten as follows:
there are positive constants C}(«) and Cs(«) such that

Ci(a) Cy(a)
T A2 w (et = 7 DS T ) e (1)

forallt >0 andz € R\ {0}.

Under an additional regularity condition, the above two-sided estimates can be
turned into asymptotic formulae for (7, > t) as t — oo or  — 0. Recall that a function
¥ : (0,00) — R is regularly varying at infinity with index « if limg_, o ¥(k)/¢(§) = k*
for all k¥ > 0. If the same equation holds with the limit as ¢ — 07 instead of £ — oo,
1) is said to be regularly varying at zero with index a. Observe that if ¥ satisfies the
scaling-type condition (1.3) and it is regularly varying with index y at infinity or at zero,
then, by (1.4), we have v > a.

(1.5)

(1.6)

Theorem 1.3. Suppose that X is a symmetric Lévy process with completely monotone
Jjumps, which satisfies the scaling-type condition (1.3) for some « € (1, 2].

(a) IfV is regularly varying at infinity with index v € (1, 2], then the limit
lim (|2 ¥(i) (— )" P(r, > 1))
exists and belongs to (0,00) for alln > 0 and ¢ > 0.
(b) If ¥ is regularly varying at zero with index ¢ € (1,2], then the limit
Jim (7 (1) (- )P, > 1)
exists and belongs to (0,00) for alln > 0 and z € R\ {0}.

The limits in the above theorem are given explicitly by rather complicated expressions,
see Remark 5.6. In the following examples, application of Theorems 1.1 and 1.3 to three
types of symmetric Lévy processes with completely monotone jumps is given. Technical
details, such as verification of (1.3), are left to the reader.

Note that our main results for symmetric stable processes follow immediately from
the full series expansion given in [11]: Theorem 1.3 gives the first term, and two-sided
estimates of Theorem 1.1 follow easily by a scaling argument. On the other hand,
Theorems 1.1 and 1.3 seem to be completely new for non-stable processes.

Example 1.4. Suppose that 1 < o < § < 2 and let X be the Lévy process with Lévy-
Khintchine exponent ¥(¢) = (1 + |¢]%)*/# — 1 (sometimes X is called the relativistic Lévy
process). Then

alamfe* (L2 _ [ d
tn—i—l—l/a(l + t)l/a—l/ﬁ - dt

ca(a, )|t (1 + |=)7 e
t71,+1—1/(x(1 + t)l/(x—l/ﬁ

)nIP(TJc >t) <

foralln > 0,¢ > 0and z € R\ {0} such that ¢/ min(|z|%, |2|®) > ¢3(a, n). Furthermore,
finite and positive limits

lim (Jo]' (= )" P(r, > 1), Jim (£ ()R, > 1))
EJP 20 (2015), paper 48. ejp.ejpecp.org
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exist foralln >0, ¢ > 0and z € R\ {0}. Note that the restriction « > 1 is required by
the scaling-type condition (1.3). Otherwise, if & < 1, we have that P(7, < o0) = 0.
Example 1.5. Suppose that 1 < a < 8 < 2, and let X be the Lévy process with Lévy-
Khintchine exponent ¥(¢) = |¢|* + |¢|? (that is, X is the sum of independent stable Lévy
processes). Then

c1(a,n)|z|P~1(1 4 )/ a1/ < d n]P
tnF1=1/8(1 + |2|) o =\ at (

ca(a,n)|zP~1(1 + t)l/“_l/ﬁ
tn+171/ﬂ(1 + ‘xDﬁfa

foralln >0, > 0and x € R\ {0} such that ¢/ max(|x|, |z|?) > c3(a,n). Furthermore,
finite and positive limits

lim (|x|17ﬁ(—%)nﬂ)(7x > t)) , lim (t"Jrl*l/o‘(f%)nIP(Tx > t))

z—0 t—o0

exist foralln >0, ¢ > 0and z € R\ {0}. As in the previous example, the restriction a > 1
is required by the scaling-type condition (1.3). If « <1 < 3, then 0 < P(7,, < o0) < 1 and
the estimates of P(7, < t) are unknown. When § < 1, then P(7, < c0) = 0.

Example 1.6. Let X be the pure-jump Lévy process with Lévy-Khintchine exponent
U(€) = &2 (log(1 + €)=t — 1 (see [17]). Since V¥ is regularly varying with index 2 both at
0 and at infinity, it can be checked that both large-time and small-time scaling limits:

(kY2 Xy, ot >0) as k — oo,
((2k) ™2 X 10g(1 0y + > 0) ask — 0%,
are standard Wiener processes (cf. [8]). Let ¢(t) = 1 for t > L and ¢(t) = (te="W-1(=1))1/2
when 0 <t < % (where W_; is the lower branch of the Lambert W function). We have
c1(n)|z|log(2 + ﬁ) . d\" B ) ca(n)|z|log(2 + ﬁ)
t”+1/2g0(t) dt Tx tn+1/2§0(t)

foralln >0,¢t>0and z € R\ {0} such that t/(|z|* log(2 + \TII)) > c¢3(n). Furthermore,
finite and positive limits

; li (t”“/Q — A\ P(r, > t)
250 |z|log(2 + ﬁ) oo (=&)"P(7= > 1)

exist foralln >0, ¢ > 0and z € R\ {0}.

Example 1.7. Let X be the sum of a standard Wiener process and a compound Poisson
process with Lévy measure ce|?/dz. Then X is symmetric, has completely monotone
jumps and ¥(¢) = 2£2 + c€2/(1 + £€2). By a direct calculation,

§9(6) 8c€”

vE) ()2 +20)(1+8%)

The right-hand side decreases with ¢ > 0, and for ¢ = 2 we have

O o )
o { ey €< 0090} = Ty =0

It follows that X satisfies the scaling-type condition (1.3) with « € (1, 2] if and only if
¢ € [0,2). We remark that the restriction ¢ < 2 is apparently the limitation of our method,
there is no reason to believe that for ¢ > 2 the conclusions of Theorems 1.1 and 1.3 no
longer hold.

EJP 20 (2015), paper 48. ejp.ejpecp.org
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Remark 1.8. The scaling-type condition (1.3) with « € (1,2] is easily shown to be
equivalent to concavity of ¥(£17¢) for some ¢ € (0, %] (with o — 1 = $%2). A sufficient
condition for (1.3) with a € (1,2] in terms of the Lévy measure of X is described below.

Let X be a symmetric Lévy process with completely monotone jumps, and denote the

density function of the Lévy measure v of X by the same symbol v. Then

U(€) = at® + 2/000(1 —cos(€2))v(2)dz = at? + 2/000(1 — cos s)%u(é)ds

Assuming that d—‘é(%u(%)) >0 and %(%1/(%)) > 0, differentiation in £ under the integral

sign is permitted. It follows that
20" () — (a = 1)V (€) = 2a(2 — a)¢?
+ 2/0 (1 — cos s)%((f)zu”(g) +B+a)(3) + (1 +a)(s))ds.

The right-hand side is non-negative if 220" (2) + (3 + a)zv/(2) + (1 + a)v(z) > 0 for all
z > 0, which is equivalent to j—;(z*l/au(zfl/a)) > 0. This condition alone implies that
dd—;(%u(g)) >0, and if z~"/*v(>~1/*) is increasing, then also f&(zv($)) > 0.

The above argument shows that if o € (1,2] and z~'/“(2~'/) is convex and nonde-
creasing in z > 0, then (1.3) holds.

Since the proofs of main theorems are rather technical, below we outline the main
idea and briefly discuss the structure of the article. Our starting point is the following
generalised eigenfunction expansion, proved in [13]. Note that in the original statement
the condition {U”(§) < U/(¢) was erroneously given as 2§0”(§) < ¥/(£) (the proof,
however, used the correct condition). In the statement, as well as in the remaining
part of the article, by Ff(¢) = [~ f(s)e ***ds we denote the Fourier transform of
an integrable function f. Occasionally, the distributional Fourier transform is used:
if f is a Schwartz distribution, then Ff is again a Schwartz distribution, defined by
(Ff,p) = (f, Fo) for all ¢ in the Schwartz class.

Theorem 1.9 ([13, Theorem 1.1 and Remark 1.2]). Suppose that X is a symmetric Lévy
process. If 1/V is integrable at infinity and

/ §v"(§)
(&) >0, <1 1.7
forall ¢ > 0 (cf. (1.3)), then
(=Pt < 7 < 00) = %/ cos Ure YW (N (T(N)"LE, (2)dA (1.8)
0

foralln > 0 andt > 0, and almost all x € R. Here F) is a bounded, continuous function,
defined by

Fy(z) = sin(A|z] + 9)) — Ga(z)

for all x € R, where

o =anctan (2 [ Gy —ve ~ o) %) (-2

and G, is an L*>(R) N Cy(R) function with (integrable) Fourier transform

T'(\) 2\
U(E)-v(N) - A?)

FGA(&) = cos Iy (

EJP 20 (2015), paper 48. ejp.ejpecp.org
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for all £ € R\ {—\, A\}. The distributional Fourier transform of F is given by

(FFx, ) =cos?y pv/:>o m

for ¢ in the Schwartz class (here pvf stands for the Cauchy principal value integral).

dé + wsindy (@A) + @(—N))

As it is explained right after formula (1.11) below, symmetric Lévy processes with
completely monotone jumps automatically satisfy (1.7), so Theorem 1.9 can be applied
whenever 1/¥ is integrable at infinity. The latter condition holds, for example, if the
scaling-type condition (1.3) is satisfied with a € (1, 2].

The main idea of the proof of Theorems 1.1 and 1.3 is taken from [15], where a similar
problem for first passage times was studied. The generalised eigenfunctions F(z) are
oscillatory due to the sin(A|z| 4+ 9,) term, but F)(xz) > 0 when A|z| is small enough, and
two-sided estimates for F)(x) can be given in this case. Thanks to the exponential term
e~t¥(M) in (1.8), the main contribution to the integral comes from X € (0, ﬁ), provided
that ¢ is large enough, or |z| is small enough. This essentially gives Theorem 1.1. The
proof of Theorem 1.3 requires in addition an asymptotic expression for F\(x) as z — 0
or A — 0.

We collect some simple technical results in Section 2, so that they do not distract
attention of the reader at a later point. In Section 3 the properties of 1, are studied. In
Lemma 3.1 it is proved that the scaling-type condition (1.3) implies ¥, < - — 7 for all
A > 0. The asymptotic behaviour of ¥, as A — 0T or A — occ is given in Lemma 3.2.

The estimates and asymptotic properties of F'\ are given in Section 4. Lemma 4.3
contains a rather general estimate, which is then simplified in Lemma 4.4 for processes
satisfying the scaling-type condition (1.3). Asymptotic expansions of F) are given in
Lemmas 4.5 and 4.6.

The final Section 5 contains proofs of main theorems, preceded by two propositions
of more general nature and two technical lemmas. Proposition 5.2 extends (1.8) to all
z € R\ {0}. Lemmas 5.4 and 5.3 contain estimates of the main part (A < rs7) and the
remainder part (A > I%\) of the integral in (1.8).

Instead of using the Lévy-Khintchine exponent ¥, it is convenient to work with
P(€) = ¥(1/€). Recall that when X has completely monotone jumps, then ¢ is a complete
Bernstein function. In the remaining part of the article ¥ is virtually dropped from the
notation. For reader’s convenience, we note that

§V'(§) A S (3] £29"(€2)
(&) = (&2 =2 =1+2>"2>2 1.10
=V N e v T e (10
so that the scaling-type condition (1.3) translates to

—€(§) _2-a

) T2

To facilitate extensions, all intermediate results are stated for rather general functions .
For this reason, statements of the results often contain assumptions, such as differen-
tiability or monotonicity of v, which are automatically satisfied when ¢ corresponds to
a symmetric Lévy process with completely monotone jumps (that is, ¢ is a complete
Bernstein function). In particular, in this more general setting, a two-sided scaling-type
condition

2-p < 51//1 (€ < 2—a
2 V(&) 2
is often imposed. When v is a complete Bernstein function, the lower bound in (1.11)
always holds with 5 = 2 (see [12, Proposition 2.21]).

(1.11)

EJP 20 (2015), paper 48. ejp.ejpecp.org
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It should be pointed out that although we follow closely the approach of [15], there
are essential differences between the present problem and the one considered therein.
The overall form of the generalised eigenfunctions is similar (sine term plus completely
monotone correction ), but the expressions for ¥, and G are different, and thus
require different methods. For example, the estimates of (), in [15] follow easily from
the expression for the Laplace transform of G,. We were unable to follow the same
approach and needed to use Fourier transform instead. Also the technical details of the
arguments are different, so virtually no part of [15] can be re-used in our setting.

2 Preliminaries

Throughout the article, by ¢, ¢;, c3, etc. we denote positive constants. Dependence
on a parameter « is always indicated by writing ¢(«), etc.

Following [15], for A > 0 and a continuous function ¢ : (0,00) — (0,00) such that
P(€) #1(A?) when € # A2, we define

for ¢ > 0, & # \2. This definition is extended continuously at ¢ = A% by ) (A\?) =
¥(A?)/(A%9’(\?)) whenever ¢ is differentiable at A\* and ¢’ (A?) > 0. In this case we say
that v, is well-defined.

If for some \ > 0 the function v, is well-defined and ) (£) # ¥A(A?) for £ # A2, then
(1) can be defined, and

1 _ )\2w/()\2) B /\2 (2 1)
(Ua)a(€?)  ¥(E) —p(A?) &£ -N ’

for £ > 0, £ # A2, Note that if ¢ : (0,00) — (0, 00) is twice differentiable and v’(£) > 0,
P"”(€) < 0 for all £ > 0, then v, is strictly increasing for every A > 0, and hence
(¥a) is well-defined and positive. Furthermore, if ¢ is a complete Bernstein function
(equivalently, if U(¢) = (£?) is the Lévy-Khintchine exponent of a symmetric Lévy
process with completely monotone jumps), then also ¥, and (1), are complete Bernstein
functions (see [13, 24]).

Below we list some rather elementary results used in the proofs of main results.

Lemma 2.1. If ¥, 1 (0,00) — (0,00) are twice differentiable, v/'(£),¢'(€) > 0 and
"(€),¢"(§) <0 forall ¢ > 0, and furthermore

") _ () 2.9
Y'(§) Y'(§)
for all ¢ > 0, then
(@A) = (Da)a(€?) (2.3)

for all A, > 0.

Proof. Integration of (2.2) in ¢ gives

v'(¢) zﬁ (©)
(&) 1/; (&1)
when 0 < & < (. By another integration in ¢,
V(&) —¥(&) | P(&) — P(&)
V' (&1) - ' (&)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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when 0 < & < &. Substituting ¢, = A2 and & = £2, one gets

)\2w/(}\2> A2 - )\21;/(/\2) A2

Y(E) = (W) 2N T () —g(n) &2 -\
that is, (2.3), provided that 0 < A < £. A similar argument can be given when 0 < £ < .
The case A = £ > 0 follows by continuity. O

Lemma 2.2. Ify : (0,00) — (0, 00) is twice differentiable, 1)'(¢) > 0 for all ¢ > 0, and the
scaling-type condition (1.11) holds for some «, 8 > 0 and all £ > 0, then

§U' () ﬁ

(0%
— < <= 2.4
5 < (2.4)

P& —¥(0F)
for all ¢ > 0, and

@) 9@ (@) (@) e

whenever 0 < &; < &s.

m
o

Proof. By (1.11),if 0 < & < &,
&Y 7 [l “ —¢"(Q) V(&)
1 = — =1
% (a) [ [ g =
proving the lower bound in the first part of (2.5). Hence,
& _ [® (52)1 e s [TV Y(E) w07
=) (&) e G-

which shows the lower bound in (2.4). Furthermore,

& & g & ' (€) 1o P(&) —P(0T)
1°g<51> = TS e U0 = e0m) C T ) e

proving the other lower bound in (2.5). The upper bounds are proved in the same way. O

2

When (£2) is the Lévy-Khintchine exponent of a Lévy process, then (07) = 0.
Hence, the latter part of (2.5) takes the simpler form

(6 =5f=(8)

(h)ﬁ _ M) (t) (2.6)
t1 ~Y(t) T\t

for all t1,t5 > 0 such that ¢; < t5.

Note that in this case

Lemma 2.3. If g : (0,00) — (0,00) is integrable and decreasing, then

lim (£9(¢)) = 0.

£—o0

Proof. As an integrable and decreasing function, ¢(£) converges to 0 as £ — co. Since
9(€)10,6)(¢) < g(¢) forall £, ¢ > 0, by the Dominated Convergence Theorem,

oo

Jim (€9(9) = Jim [ g(©)1L./(Q)dC = 0. 0

§—o00 Jo
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Lemma 2.4. If g : R — (0,00) is integrable and decreasing on (0, c0), and g(§) = g(—¢)
for £ > 0, then

3 i@ g€ < Fo0) - Fole) < [ min@atagode @)
for all x € R. Furthermore,
|Fg(z1) — Fg(zo)| < /0 min(§|z1 — x2[, 2) min(§|z1 + 2, 2)g(£)d¢ (2.8)

for all x1,x2 € R.

Proof. Fix z > 0. By symmetry of g,
Fol0) = Fa(w) =2 [ (1 = costemae)ac.

Clearly, 1 — cos(éx) < 2 and 1 — cos(éz) = 2sin(5)? < 1¢222. Therefore,

1
2
e’}

Fg0) — Folx) < /0 “2a2g(e)de + / 4g(€)d.

2
z

For the lower bound, integration by parts gives

Fo(0) - Fole) =2 Jim (6 ~ Lsin€a)g(©) +2 [ (€~ Lsin(en))(~dg(c)

where the integral in the right-hand side is a Lebesgue-Stieltjes one (if g is differen-
tiable, then (—dg(§)) = (—¢'(£))d¢). By Lemma 2.3, the limit in the right-hand side is 0.
Furthermore, (—dg(&)) is a non-negative measure on (0, c0), and one easily verifies that
&€ — Lsin(éx) > §&3% for £ € (0,2) and € — Lsin(éx) > & — L for & € (2,00). Hence,

2 63,2
Fg(0) - Fg(z) > / ¢

[ e+ [ 206 D)

The function 383271 (92/4)(&) + 2(§ — L)1j2/4,00)(€) is continuous at & = 2. Therefore,

another integration by parts gives

E1S

o0

3e2a%g(6)de + / 2g(€)de.

2
z

Fg(0) - Folz) > /

0

It follows that

o0

Fo(0) ~ Folx) > < | e+ |

2
z

4g(£)d€> ;

as desired. The estimates (2.7) for z < 0 follow by symmetry.
In a similar manner, for x1,z2 € R,

|Fg(x1) — Fg(xz)| < Q/OOOICOS(EM) — cos(§x2)|g(£)dE

oo
= 4/ |sin &15&2 [|sin &“erf‘m lg(§)dE,
0

and (2.8) follows from [sin s| < min(s, 1) for s > 0. O
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Lemma 2.5. If ¢ : (0,00) — (0,00) and &/ (&) is increasing in £ > 0, then
13 <2 ) o) 1
d —d 2.9
[o@e=e] wm® @9

Proof. When 0 < ¢ < &, then ¢?/9(¢?) < €2/4(£2), and so

£ 42 13 52 53
d .
/0 P Rl AR (Rl =

When 0 < € < ¢, then ¢/v(¢?) > €2/1(£%), so that

© e
/,E 1/2(4%0142/5 @ “ =y

Formula (2.9) follows. O

forall ¢ > 0.

Lemma 2.6. If g : R — R is integrable and regularly varying at infinity with index —y
for~ € (1,3), and g(z) = g(—=x) for z > 0, then

Lm( (757 P90 =700 =

Proof. Clearly, Fg(z) =2 [, g(£) cos(éx)d. By [27, Theorem 5],

2, (m 5 (Fala) = F(0)) =201 = )sin %,

where for v = 2 it is understood that the right-hand side is equal to n. Furthermore,
I'(1=~)l(y) = n/sin(ym). O
3 Estimates of 9,

Recall that

1 [ 2 1
¥, = arctan (77/0 X 0o (52) d§> (3.1)

for A > 0.

Lemma 3.1. If ¢)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
Y'(€) > 0 for all £ > 0 and the scaling-type condition (1.11) holds for some «, 3 € [1,2]
and all £ > 0, then

<y <

sam
w\=1

T
2

mm

forall A > 0.

Proof. If 1;(5) = £%/2, then —51&”({)/1/;’(5) =1- 5. Hence, by Lemma 2.1,

(a)A(E2) > (ha)a(€?)

for all A, & > 0. By (3.1), it follows t}}at ¥y < 15» where 1§>\ is defined as 1), but using 7];
instead of ¢. By [15, Example 5.1], 9\ = Z — 7. This proves the upper bound. The lower
one is obtained in a similar manner. O
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Lemma 3.2. Suppose that 1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy
process, ' (§) > 0 for all £ > 0, and the scaling-type condition (1.11) holds for some
a,f € [1,2) and all £ > 0. If ¢’ is regularly varying at zero with index g — 1 for some
0 €[1,2], then

Proof. Suppose that 1)’ is regularly varying at zero with index g — 1 and let 12(5) =

£€2/2, so that —51@”(5)/1/;’(5) = 1 - §. By Karamata’s theorem [1, Theorem 1.5.11],
limy 0+ (A2 (A2)/4(A?)) = £ and ¥ is regularly varying at zero with index 2.
By a substitution £ = As,

. 1. i 2
AEE}#» 19)\ = arctan <7‘r )\lig)l+ ) W d5>

= ( 2P ()P 2 > ds)
0 PY(A2s?2)/p(N2) -1 2 -1 '
As A — 0%, the integrand converges pointwise to §/ (s — 1) —2/(s> — 1). Furthermore, it
is positive and bounded above by 2/(1x)A(A\2s?) = a/(s* — 1) — 2/(s* — 1) by Lemma 2.1.
Note that this upper bound does not depend on A > 0 and it is integrable in s € (0, c0).
Hence, by the Dominated Convergence Theorem and [13, Example 5.1],

lim 9s — arct 1/°° ) 2 )T
Ao A T AR o 0 $-1 2-1)%)75 2

The other statement is proved in an analogous way. O

1 .
—arctan | — lim
T A—0+

4 Estimates of F)(7)
Recall that
_ 2cos?y 1 , 1 AN B A2
FOO="700n@E "™ @ v -0 @

for A >0, € R, and

Fi(z) =sin(A|z| +Yx) — Gia(x)

for A >0,z €R.

Lemma 4.1. If ¢)(£?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1 + v (&?)) is integrable, X > 0 and ())x(€) is well-defined and increasing in ¢ > 0,

then
1 > . 2 2 1 o . 2 2
= [ min(€a?, 9)FGA(€)dE < Gr(0) ~ Ca(a) < o / min(£222, 4) F G (€)de
v[8 0 ™ 0

for all x € R. Furthermore,
1 [ . .
|Gx(z1) — Ga(z2)| < %/ min(§|z1 — z2[, 2) min(§|z1 + z2|, 2) FGA(§)dE
0

for all x1,x2 € R.
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Proof. Due to symmetry of G, F(FG)) = 2nG,. Furthermore, 7G, is differentiable
and decreasing on (0, 00). Hence, the result follows by Lemma 2.4. O

Lemma 4.2. If ¢)(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1+9(&?)) is integrable, A > 0, () (€) is well-defined and (¥x)x(§) and &/ (1x)A(€)
are increasing in ¢ > 0, then

L)L Foez a0 —aw s [ Foeue

lz]

forall x € R.

Proof. Since £/(1x)x(€) is increasing in £ > 0, by Lemma 2.5,

/' T2 FG (6)de < /OO AFG(€)de.
0 5

The result follows now from Lemma 4.1. O
Lemma 4.3. If 1)(£?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1 4 +(£2)) is integrable, A > 0, (1) (€) is well-defined and (1)) (€) and &/ (1\)x(€)

are increasing in ¢ > 0, then
2>\¢ )\2
dé < Fi( / d¢
A 2 (&) —9(N?)

cos 19,\ / 2/\’(/J )\2
¥(€
for \,x > 0 satisfying Ax < 5§ — . The upper bound holds when \r < 2.

2 A?)

Proof. Suppose that A,z > 0 and write
Fy(z) = (sin(Ax + 9y) —sin(dy)) + (GA(0) — Ga(x)). 4.1)
By Lemma 4.2, G»(0) — Gx(z) is bounded below and above by a constant times (see (2.1))

/:O]:G,\(f)dfzcosﬂA/QM (WQ @

- %A (N?) 2\
_Cosm/g <w<52> TR A?) “

Observe that - (log(1 + s) — log(1 — s)) > 2 for s € (0, 1). Therefore, if Az < 2, then

/2 522—7)\)\2% =log(1 4+ &%) —log(1 — &%) > Az > sin(Az + ¥)) — sin(¥,).

4cosz9,\ 2
/2 52 e / m) @ *

.
/352 v“/zw e /;iwwvﬁ

The lower bound is found in a similar manner. Observe that log(1 + s) — log(1 — s) is
convex on (0, 1) Hence, 1f - < 7, then

Hence,

< (log(1+F) —log(1 — §))2 4 = 2(log 25 Aa.
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Furthermore, by concavity, sin(s +9) —sind\ > s(1 —sindy) /(5 —9\) for s € (0, 5 — ).
It follows that if Az < § — 9, then

< 2) o 3 Ux :
L mdf (log 447 ) 12_ST19>\ (Sln()\x + 7.9)) - Sln(ﬂ)\))
< —T (sin(Az + ¥y) — sin(9)));

the last inequality follows from the 1nequahty 1—coss > 75 sins for s € (0, ) (which is

easily proved by differentiation) with s = T — J,. This gives the desired lower bound,
T cosdy cosﬁ,\ /°° 2
F d
Me) 2 4log 1 [, 52 )\2 = o oo ®

cos ¥y cos ¥y 0o 2
d d
o /2 52—/\2 e /2 A(ha)a(62) :

cos 19,\ / 2)\w /\2
2 Y€ A?)
Lemma 4.4. If1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process, A > 0,

(Va)a(€) and &£/(¥x)A(€) are increasing in £ > 0, and the scaling-type condition (1.11)
holds for some «, 5 € (1,2] and all £ > 0, then

a—1 M/(A2) i 0 W02
P V) Ik e o e )

for \,x > 0 satisfying Ax < m — Z. The upper bound holds when \x < 2. Furthermore,

de. O

(4.2)

2\ (A2) % min(€|xy — 2|, 2) min(€é|zy + 12, 2)
™ 2\ ¢(§2)

‘F)\(.Tl)—F)\(l‘gﬂ §3>\|1‘1—1‘2|+ d§
(4.3)

for A\ >0 andxl,arg € R.

Note that the scaling-type condition (1.11) implies that 1/(1 +(£2)) is integrable (by
Lemma 2.2) and that (¢))x(€) is well-defined.

Proof. By Lemma 3.1, ¥, < 1 — 3. Hence, by Lemma 4.3,

mp (A2) 2mp (A2)
d d
é bEe -y © = L wEn) — o0 ©

for A,z > 0 such that Az < 7 — Z. In this case { > 2 implies { > 2(7 — Z)~!A > 2, and
hence, by Lemma 2.2, ¢(A\?) < (5)*4(&?). Therefore,

% I\ (A2) © 9 (A2) 1 % o\ (A2)
/ e < w(@)—w(v)d“l—(z)a/ we) ©

Finally, again by Lemma 2.2,

E1M]
E1M]

o

1 1 > 1 1
/ b s ¢(1/x2)/§ € © T a2 Tau(i/ay)

and a similar lower bound is valid with « replaced by 8. By combining the above
estimates, one obtains

\in T 1()\2 1(\2
sin = 21" (\%) < Fi(z) < 4 1 20" (A%) 7
T (B—1)2°"1ay(1/2?) 1= (3)* (a—1)20"1zy(1/a?)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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and (4.2) follows by elementary estimates: sin
1—(5)*>1-%>1.

Formula (4.3) is proved in a similar way. By Lemma 4.1 and (4.1), for A > 0 and
1,22 € R,

> (a—1), (B-1)2°1 <2207 >1,

s
«@

A(a)a(€2)

where for brevity @ = |z1 — z2| and y = |1 + z2]. Since (¥a)r(€) > (¥a)r(0) = 1 for
€ €(0,2)), and 1/(¥a)a(§) < N2/(¥(€?) — (N?)) for £ > 2],

2 251, 1 00 )\w/()\2)
™ et /Qk HE) — 907

[Fa(w1) — Fa(z2)| < Az + i/ min({z, 2) min(£y, 2)d¢
0

2

|Fy\(z1) — Fa(z2)| < A& —|—/ min(¢x, 2) min(&y, 2)d¢
0

<34t )\w’(l)\2) /°° min(¢z, 2) r;lin(&y, 2) dc
(1= (3)*)m Jax P(&?)
here the last inequality follows by Lemma 2.2. O

Lemma 4.5. If ¢)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process,
A >0, (¥a)r(§) is well-defined, and v is regularly varying at infinity with index 3 for
some v € (1,2], then

(A% cos Uy

xli%a(m/)(l/x VM=) L(7y)|cos B[

Note that 1/(1 + 1(&?)) is integrable, because it is regularly varying at infinity with
index —v.
Proof. Recall that

_ 2cos Uy 1 20" (A?) cos )y ~ 2XAcosy
OO G@ T @ e e ow

and that G = ;- F(FG,). Let a = lime o0 (¥(£2)/£2); necessarily a € [0,00). Then

lim (1 (§%)FGA(€)) = 2M(¥'(\*) — a) cos .

£—o0

Therefore, FG (&) is regularly varying at infinity with index —v, and by Lemma 2.6,

Tim (@0(1/2%)(GA(0) = (@) = 21 (%) — @) cos v, lim. x(G}(g)@ /G;)(x»

_A@W'(A?) — a) cos U
~ T(y)[eos |

Furthermore,

lim (z¢p(1/2%)(sin(Az +9,) — sindy)) = Aacos ¥y,

z—0*t

and F)(z) = (sin(Azx + ¥)) —sindy) + (GA(0) — Gi(x)). The result clearly follows when
a = 0. If a > 0, then necessarily v = 2, and hence I'()|cos 37| = 1. O

Recall that the compensated potential kernel v of X is defined by

v(z) = / " (pr(0) - pila)),
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where p;(z) is the density function of the distribution of X;. Since Fp.(£) = et the
distributional Fourier transform of v satisfies

(Fu, ) = /OOO /,Oo e~V (p(0) — (€))dedt

= /000 /ODO e—tw(€2)(2(p(0) (€)= p(—&))dedt

_/°° 20(0) = (&) = o(=¢)
0 $(€?)

for ¢ in the Schwartz class (the Fubini theorem is used in the last equality).

3

Lemma 4.6. If1)(¢?) is the Lévy-Khintchine exponent of a symmetric Lévy process, A > 0,
(Va)a(€) and £/(¥x)A(€) are increasing in £ > 0, and the scaling-type condition (1.11)
holds for some «, 5 € (1,2] and all £ > 0, then

lim —FA(m) =v(x)
A—=0+ 2X)7(A2) cos Iy

locally uniformly in « € R, where v(z) is the compensated potential kernel of X .

Noteworthy, convergence in the space of tempered distributions holds in full gen-
erality, that is, with the hypotheses of Theorem 1.9. Under the assumptions of the
lemma, one also has ¥, — % —Fas\A— 0" by Lemma 3.2. As before, the scaling-type
condition (1.11) implies that 1/(1 +(£?2)) is integrable (by Lemma 2.2) and that (1)) (&)
is well-defined.

Proof. By Theorem 1.9, for ¢ in the Schwartz class,

i — 92y >~ (&) mtan 9y B
(o ®) =2 e+ s ) + o)

P B (9 B S a2 O 2l GV
wf o a2, fow e
_y /°° p(€) = e(A) + o(=£) = v(=A)
0 V(A?) = P(€2)
As A\ — 07, the integrand converges pointwise to (2¢(0) — p(£) — o(—£€))/1(£?). We claim
that the Dominated Convergence Theorem applies to the above limit. Indeed,

de.

(&) = p(A) + o(=&) — p(=A)| < € = Alsup{|¢’(s) = ¢'(=5)[ : 0 < s <&+ N}
<[E=AE+Ne" lso = 1% = A[l1¢" [l oo,

for all \,¢ > 0, and since 1’ is decreasing,
(%) = (€] > [€2 = N[9'(2)
forall A € (0,1) and ¢ € (0,2). Hence,

’90(6) — PN +o(=8) — (=) ‘ < 1€"lo0

P(A?) —(€?) Y2
forall A € (0,1) and £ € (0,2). On the other hand,
‘w(é) —p(N) +9(=§) w(M‘ < Alelle
P(A?) —¥(€) ~Y(€) —¥(1)
EJP 20 (2015), paper 48. ejp.ejpecp.org
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forall A € (0,1) and ¢ > 2. The upper bound found above is integrable in £ € (0, c0), and
the claim is proved. It follows that

FFy
lim (22 oV —2
A0+ <)\z//()\2)cos19,\’<p> (Fv.e)

for every ¢ in the Schwartz class. This proves the desired result, but with locally uniform
convergence replaced by convergence in the space of tempered distributions.
By Lemmas 4.4 and 3.1, forall A > 0 and x1,22 € R,

|[F\ (1) — Fx(x2)] < 3|z — 2 2 * min(&|xy — 22|, 2) min(§|zy + 22/, 2)

A (A2)cosdy  — /(N)sinZ  owsin T,y (&) d€.

Hence, if A € (0, o) and x1, 25 € [—z0, xo), then

|Fy(z1) — F)(x2)] < 3|1 — 22| / min(|z; — x2|,2) min(2€xg, )df
msin T

AY'(A2)cosdy T /(Ao)sin X ¥(£2)

The right-hand side is finite and converges to 0 as |r2 — 21| — 07 by the Dominated
Convergence Theorem. Hence, the functions Fy(x)/(\)'(A?) cos ¥, ) are equicontinuous
inz € [—xo,zo] for A € (0, A\g). It remains to note that on a bounded interval, distributional
convergence and equicontinuity imply uniform convergence. O

5 Estimates of hitting times

We begin with two technical results.

Proposition 5.1. If X is a symmetric Lévy process with Lévy-Khintchine exponent ¥,
and 1/(1 + ¥ (&)) is integrable, then P(t < 7, < o0) is jointly continuous in ¢t > 0 and
x € R.

Proof. By [23, Theorem 43.5 and Remark 43.6], Ee~*™= is a continuous function of z € R
for every A > 0. Therefore, the distributions of 7, are continuous in = with respect to
vague convergence of measures. It follows that the function P(¢ < 7, < c0) is continuous
in x at every point (¢, z) at which it is continuous in .

Since P(r, = t) < P(X; = z) = 0, the function P(¢t < 7, < c0) is continuous and
non-increasing in ¢ > 0 for every x € R. This implies that it is in fact jointly continuous
int>0andzx € R. O

Proposition 5.2. If(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
1/(1+(&?)) is integrable, (1), is well-defined and (1)) (&) and £/(15) (&) are increas-
ing in £ > 0 for all A > 0, then equation (1.8) in Theorem 1.9 holds for all x € R (and not
just for almost all x € R).

Proof. It suffices to consider n = 0, the result for n > 0 follows then by differentiation,
see [13, Remark 1.2]. Let ¢t > 0. By Proposition 5.1, the left-hand side of (1.8) is a
continuous function of z € R\ {0}. For each ¢ > 0, the integrand in the right-hand side
of (1.8) is continuous in « € R\ {0}. Therefore, it remains to show that the Dominated
Convergence Theorem can be applied to prove continuity of the right-hand side of (1.8)
in z > 0 (equality for = = 0 is trivial, and the result for < 0 follows by symmetry).

Fix [a,b] C (0,00). By Lemma 4.3, for z € [a,b] and A € (0, ),

dg,

B B 4 ( 2)«/) )\2
cosae” DAY (W) (0(N%) T A (2)| < = /i (€)= o(1/b%)
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while for z € [a,b] and A > 1,

2 / 2 2
’COSW‘“"“ 200 (0)(B(N) " ()| < %e%(A "

because |Fy(z)| < Fy(z)| <14 |Ga(z)]; (§) > 0forall £ € R, one
has |G (z)] < GA(0); finally, G,\( ) =sinv) < 1; see [13, Theorem 1.9(a)]). Clearly,

o 4 1(\2 2 o0 2 —ts
/ L(;\)e_w’(’\ Jd\ = / € ds < .
(N2 p(a/p?) 8

Furthermore, A\?9'(\2)/1(\?) = 1/ (A\?) < 1/9,(0) = 1, and therefore

/0 (W (22 ( A2 / E R g) dA

b

</¢)\2d)\/% o= 1/b2)d§<oo,

which completes the proof. O

By Proposition 5.2, under appropriate assumptions, forn > 0, ¢ > 0 and = € R\ {0},

<_;t) ]P(t < Ty < OO) = %/{; CcOs 19)\6_“’[’()‘2)/\,(/)’()\2)(w()\2))n—1F>\(x)d)\.

Throughout this section we denote

I(t,x,a) = % / s Ine PO NG (A2) (1h(A2)" LRy (2)dA,
a (5.1)
Jult,w,0) = 2 / cos Dre~ DN (A2) ((A2))" L Fi () dA.
0

In the remaining part of the article, v(k; z) and I'(k; z) denote the lower and the upper
incomplete gamma functions, respectively.

Lemma 5.3. If ¢(¢2) is the Lévy-Khintchine exponent of a symmetric Lévy process,

1/(1 + +(&2)) is integrable, (1x)(€) is well-defined and () (&) and &/(a)A(€) are
increasing in £ > 0 for all A > 0, and the scaling-type condition (1.11) holds for some
a,B € (1,2] and all € > 0, then

[T, (t,z,a)| < %t‘"F(n; (a — 1)Bt1/)(1/1:2))
foralln >0,t,z >0anda > (7 — T)/x.

Proof. Fix t,z > 0 and let ag = (7 — Z)/z and by = t¢(ad). Using |F)(z)| < 2 (see the
proof of Proposition 5.2) and a substitution s = t1)(\?), one finds that

oo 2 2 o0 20'(n: b
e <2 [T et enta - 2 o5 s = 2LMibo).
™ ag bO

Tt" Al

Furthermore, by = ti(a3) > t1p(1/2%) if @ > =, and by = t¥(ad) > (7 — Z)Ptp(1/a?)
otherwise (by Lemma 2.2). In either case, by > (a — 1)5t(1/2?). O

Lemma 5.4. If 1)(£2) is the Lévy-Khintchine exponent of a symmetric Lévy process,
(Wxa)x(€) and &/(Ya)aA(§) are increasing in & > 0 for all A > 0, and the scaling-type
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condition (1.11) holds for some «, € (1,2] and all £ > 0, then there are constants
c1(a, B,m), ca(a, B,n) > 0 such that

c1(a, B,m)
ey (1/22) /1 (1/1)

forn > 0 and t,x > 0 such that t1)(1/z%) > 1. Here

CQ(aa 57 n)
trHlag(1/22) /P~ (1/t)

<tz (m— ) /x) <

(a—1)%y(n+1— (a—l))

ci(a, B,n) = o2 )
1 1 (5.2)
O(y(n+1-3:1)+T(n+1-51))
62(04567”): 7_‘_2(04_1> .

As before, the scaling-type condition (1.11) implies that 1/(1 + 1(£?)) is integrable
(by Lemma 2.2) and that (¢))x(€) is well-defined.

Proof. Fix t,z > 0 and let a = (7 — Z)/z and b = ty(a*). Denote J = J,,(t,x,a). Observe
that when A < q, then Az <7 — 7 and Lemma 4.4 applies. Hence,

% /OacomeW*)Aw’(AQ)(w(V))" 12;/21(?;2))

Using cos ¥\ > cos(Z—%) > (a—1), A2¢'(A?) > $4(A?) (by Lemma 2.2) and a substitution
s = th(A\?),
ala - 1) ¢ —tp(A2), 11\ 2 2\\n afa—1)° /b e *s"
> —
> vt [, OO = s | = rn

By Lemma 2.2 and (2.6),

J 2> dA.

I ala—1)?2 e 9s" ds
- 27T2tn+1$’l/1 1/"E2 \/ma,X s2/B 32/a) *1(]_/t)
ala—1)2%y(n+1— B,mm(b, 1))

om2tn+lpyh(1/22) /= 1(1/t)

Finally, as in the proof of Lemma 5.3, b > (a — 1)?t(1/2?). This proves the desired lower
bound. The upper bound is shown in a similar manner,

0 [T ot a0R)
T% oot 1)/0 cos a0 (2)(w(02)" ! D i
4053 b w0, n
i L w0 ay
408 /b e %s™
72 (a — D)tntlay(1/22) Jo 2/4 s/t
208 e=sgn N

: 72 (o — Dt lay(1/2?) \/mln s2/P s2/a)h=1(1/t)
- 208(y(n+1—-%;1) +F(n+ 1- ;1))
m(a = it lap(1/22)\ /= (1/t)

O

As observed in the introduction, with the hypotheses of Theorems 1.1 and 1.3,
(&) = ¥(\/€) is a complete Bernstein function (see [24]), and hence v, and (¢)), are
complete Bernstein functions (see [13]). In particular, (¢)), is well-defined and (5 ) (€)
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and &/(1x)x(§) are increasing in £ > 0 for all A > 0. Furthermore, if ¢ is regularly
varying at zero or at infinity with index £, then ¢’ is regularly varying at the same point
with index % — 1. The scaling-type condition (1.3) implies the upper bound of (1.11), and
the lower bound is automatically satisfied with § = 2. Finally, ¥~ (t) = (1x~'(¢))'/2, and
the relation between the derivatives of ¢ and V is given in (1.10).

Observe that the distributions of 7, and 7_, are equal, and F) are even functions.
Hence, only « > 0 needs to be considered in the proofs of main theorems.

Proof of Theorem 1.1. Let 8 = 2. Choose ¢ > 1 large enough, so that for s > ¢,
%s I'(n; (o — 1)/33) < %cl(a,ﬁ,n),

where ¢ (a, 3,n) is defined in (5.2) in Lemma 5.4 (this is possible, because I'(n; (a —1)”s)
decays exponentially fast with s at infinity). Fix ¢,z > 0 such that t(1/2?) > ¢, and let
a = (m — Z)/x. Observe that

TN VD)
Y (p(L/22)) — A He/t)
Hence, by Lemmas 5.3 and 5.4, if ty)(1/2%) > ¢, then

22yl () = L.

IN

Cl(avﬁvn)
= 20(1/a)
thn<t x Cl) > Cl(aaﬁvn) > Cl(a767n)

T tay(1/22) /011t - tp(1/a?)

so that |1,,(t, x,a)| < 3J,(t,2,a). It follows that

(Lt 2, 0)] < 2T(ns (o — 1)°t(1/2%))

(SIS

d n
Jn(t,x,a) < (_dt) Pt <7, <o0)< %Jn(t,x,a),
and the theorem follows now directly from Lemma 5.4, with C;(a,n) = %cl(a,ﬁ,n),
Cs(a,n) = 3ea(e, B, n) (see (5.2) in Lemma 5.4) and C3(a, n) = c. O

Proof of Corollary 1.2. For brevity, denote the constants of Theorem 1.1 by C; = C;(«, 0)
for j = 1,2, 3; recall that C5 > 1. Suppose first that t¢(1/2?) > C3. By (2.6),

LD (/%) o iefa
W1/ = e e = O

Hence, estimate (1.6) follows from (1.5) with arbitrary C’l(a) < (Cj and C‘Q(a) > 2Cs.
Consider now the case t1(1/2?) < Cs. Again by (2.6),

teyp(1/2%) /=1 (1/t) = ty(1/2?)

> 1.

>

SN 2y [ ¥ (Cs/t) tp(1/2?)
VT S O\ o a ) = o /e e =
Hence,
2C5
Y e I N
Finally, by (1.5),
2 Ch
P(r, > t) > P(r, > C3/¢(1/27)) > C3x\/¢—1(1/)(1/x2)/03)
o[ vy ol I
Cs \| =1 ((1/22)/C3) = O3 = C3 1 4 tap(1/22) /=1 (1]t)
Therefore, (1.5) holds with arbitrary C,(a) < C;/Cs and Cy(a) > 2Cs. O
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Remark 5.5. From the proof of Theorem 1.1 it follows that the constants in this result
are given by

Cl(a,n) _ (O{ - 1)2»-)/(TL =+ %7 (O( _ 1)2) |

472
60(y(n+1—21;1)+T(n+3;1))
Calenn) = Pla-1

and Cs(a,n) > 11is large enough, so that for s > Cs(a, n),
25T(n; (a — 1)%s) < Ci(a, ).
In a similar way, in Corollary 1.2,

éﬂa%zé&iﬁ; Cy(a) = 205 (e, 0) + 2C5(ex, 0).

Proof of Theorem 1.3. Part (a). As before, let § = 2. We claim that by the Dominated
Convergence Theorem,

(@(1/2®) Jn(t, 2, 2))

lim
z—0t

2 /C>O 2 —tp(A2) 2/ (1 21\ 2 2\\n—1
= cos¥y)7e NN (YN PY(A)) T A
e J, (€50 (WO
forallm > 0 and t > 0. Indeed, the left-hand side is the limit of integrals (see (5.1)), with
integrands convergent pointwise to the integrand in the right-hand side by Lemma 4.5.
Furthermore, by Lemma 4.4, the integrands in the left-hand side are bounded by

80 2
9 —tp (A )AQ / )\2 2 )\2 n—1
s conte OO (PO
which is easily shown to be integrable in A € (0, 00), because A?y’(\?) < 54(\?). The
claim is proved.
On the other hand, by Lemma 5.3, for z € (0,1),

ap(1/2?)|L,(t,z, 2)| < 2x¢(1/x2)F(n;7(§n— 1)Ptap(1/x2)) .

(a, By n,t)x.
Part (b). Againlet § = 2. Fixx > 0and a = % Observe that

t" /=1 (1/t) T (t, 2, a)

= 2T [ e O 000" D osan)? S ay

foralln > 0 and ¢t > 0. By Lemmas 4.6 and 3.2, and Karamata’s theorem [1, Theo-
rem 1.5.11],

. Fy(x) . T T A (NS
lim ——2 2 — 1 = —— lim =222 =~
N ) cosdy C@ =50 lim e =3

We claim that

. 4 —tp(N%) 7 (12 2 2P(n+1-3)
Jim (= ¢TI/ O () () L 0,0 (A | = 5= 5y (dN),
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with the vague limit of measures in the left-hand side. Indeed, the density function
converges to 0 uniformly on [e,a) for every ¢ > 0. Furthermore, by a substitution

s = thp(\?),
lim <;4T thrl\/W/oa etw(AQ)qp/()\Z)(w(AQ))nd)\)

t—o0
9 [té(a®) —1(1/¢ 9 [ oT 11
— lim 7/ l/f ( /)efssnds :7/ efssnfl/éd!s: (’I’L+ 5);
t—oo \ T Jo Yv=1(s/t) T Jo us

the second equality follows by the Dominated Convergence Theorem, because 1! is
regularly varying at zero with index Z, and ¢~ !(1/t)/¢~!(s/t) < max(s~%*,s=2/) for
s,t > 0 by Lemma 2.2 and (2.6). The claim is proved.

It follows that

lim (¢ VT (/0 u(t2,0) ) = 200+ 1= Hu(@)(cos(3 — 3))°

t—o00

N[,

Finally, by Lemma 5.3,
N1/ L (8, 2, a)| < 260/ (1/0) T(n; (o — 1)t (1/27)),
and the right-hand side converges to 0 as ¢t — co. O
Remark 5.6. From the proof Theorem 1.3 it follows that in part (a),
: 1 d\n
tim (¥ () () "B (7 > 1))

1

27T (3)Jeos /ooo(COS19026‘“””(w’(A))Q(\D(M)”‘ldx,

with ¢, given by (1.9). Also, in part (b),

lim, (#7707 (1) )P (r, > ) = St L))

t—o0 ™

v(x),

foralln > 0 and x € R\ {0}, where v(z) is the compensated potential kernel of X.

Remark 5.7. The proofs clearly indicate that the hypotheses of Theorem 1.1 can be
slightly relaxed to the following: 1(£?) is the Lévy-Khintchine exponent of a symmetric
Lévy process; 1/(1 + 9(£2)) is integrable; ())r(€) is well-defined and (), (£) and
&/(x)x(€) are increasing in £ > 0 for all A > 0; scaling-type condition (1.3) holds for
some « € (1,2] and all £ > 0, and a similar upper bound {U”(£)/%'(§) < 8 — 1 holds
for some § € (1,2] and all £ > 0 (the upper bound is now non-trivial also for § = 2).
Apparently, these conditions can be further weakened at the price of more technical
arguments. Since many important examples already belong to the class considered in
this article, we decided to focus on simplicity rather than complete generality.
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Abstract We prove the existence of boundary limits of ratios of positive harmonic functions
for a wide class of Markov processes with jumps and irregular (possibly disconnected)
domains of harmonicity, in the context of general metric measure spaces. As a corollary,
we prove the uniqueness of the Martin kernel at each boundary point, that is, we identify
the Martin boundary with the topological boundary. We also prove a Martin representation
theorem for harmonic functions. Examples covered by our results include: strictly stable
Lévy processes in R? with positive continuous density of the Lévy measure; stable-like
processes in R? and in domains; and stable-like subordinate diffusions in metric measure
spaces.

Keywords Markov process - Jump process - Killed process - Boundary Harnack
inequality - Boundary limit - Martin kernel - Martin boundary - Martin representation
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1 Introduction

The purpose of this article is to study boundary limits of ratios of positive functions which
are harmonic in an arbitrary open set with respect to a Markov process with jumps. The
proof of our main result, Theorem 2, relies on the boundary Harnack inequality for Markov
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processes with jumps, proved recently in [12], and the oscillation reduction argument,
developed in [6] and [11]. As an application, we obtain Martin representation of harmonic
functions in Theorem 3.

To explain the motivation for our research, we begin with a discussion of the classical
case, where harmonicity has its usual meaning: f is harmonic in an open set D if Af =0
in D. The boundary Harnack inequality is a statement about positive harmonic functions in
an open set, which are equal to zero on a part of the boundary. The result states that if D is
regular enough (for example, a Lipschitz domain), xp is a boundary point of D, f and g are
positive and harmonic in D N B(xo, R), and both f and g converge to 0 on 3D N B(xp, R),
then for every r € (0, R) the ratio f/g has bounded relative oscillation in D N B(xo, r):

S ) N C))

<c mn .
xeDNB(xp,r) &) xeDNB(xg,r) g(x)

ey

Here ¢ = ¢(D, xo, r, R)—1 is a constant that depends only on the local geometric properties
of D near xg, and B(xo, r) denotes the ball of radius r, centred at xp. The boundary Harnack
inequality was first proved independently by A. Ancona ([5]), B. Dahlberg ([17]) and J.-
M. Wu ([35]) for Lipschitz domains, and then extended by numerous authors to a wider
class of domains and elliptic operators. We refer to [1-4, 31] for further discussion and
references.

Under appropriate assumptions on the regularity of D, the estimate (1) turns out to be
self-improving as r — O, in the sense that the constant ¢ in Eq. 1 converges to 1 as
r — 0. Equivalently, the boundary limit

i Jf @)
im

iy 800

@)

exists. When D is a Lipschitz domain, then in fact ¢(D, xq, r, R) is of order rPasr — 0t
for some B8 > 0, which means that f/g extends to a Holder continuous function at x.

A closely related concept of Martin representation of positive harmonic functions was
introduced by R. S. Martin in his beautiful article [32], more than three decades before
the boundary Harnack inequality became available. Given the existence of limits (2) (for
example, if D is a Lipschitz domain), Martin’s result asserts that there is a one-to-one cor-
respondence between positive harmonic functions f in D and finite positive measures @ on
the boundary of D. The two objects are linked by the formula

fx) = / Mp(x, 2)p(dz),
aD
where the Martin kernel is defined as the boundary limit of the ratio of Green functions:

Mp(x,z) = lim M'
=2 Gp(x,y)
xeD

3

Here X € D is an arbitrarily fixed reference point.

One of numerous equivalent definitions of harmonicity links harmonic functions with
the Brownian motion: f is harmonic in D if and only if f has the mean-value property with
respect to the distributions of the Brownian motion X, at first exit times:

f @) =Ex f(X(t)) “

@ Springer



Martin Kernels for Markov Processes with Jumps 315

for all bounded open sets U such that the closure of U is contained in D. Here E, denotes
the expectation (and P, will denote the probability) corresponding to the Brownian motion
process X; that starts at x, and 7y is the time of first exit from U:

w=inf{t >0: X; ¢ U}.

This probabilistic definition has a number of advantages: it extends immediately to general
Markov processes X;, and it captures easily boundary conditions imposed on harmonic
functions. More precisely, in the general statement of the boundary Harnack inequality one
requires that positive harmonic functions f and g converge to zero at each boundary point in
dDNB(xg, R) thatis regular for the Dirichlet problem. This condition translates to requiring
that Eq. 4 holds for all bounded open sets U such that U € DU (3D N B(xg, R)), with no
reference to the notion of regular boundary points. Here we understand that f = ¢ = 0O in
dD N B(xp, R).

In this article we are interested in Markov processes with jumps, and from now on by
saying that a function is harmonic we understand that it has the mean-value property (4)
with respect to a Markov process X; with jumps. In this case in order to evaluate f (X (ty))
in Eq. 4 the function f needs to be defined everywhere, not just in D. For this reason one
needs to replace the boundary condition f = g = 0in D N B(xp, R) in the statement of
the boundary Harnack inequality with the exterior condition f = g = 0in D¢ N B(xg, R).

The history of the boundary Harnack inequality for Markov processes with jumps starts
with the article by K. Bogdan ([6]), where he proved the result for the isotropic stable
Lévy process (equivalently: for the fractional Laplace operator —(—A)*/?) and Lipschitz
domains. Later this was extended to more general sets ([11, 34]) and processes ([8, 13, 21—
26]). Recently, a rather general result for Markov processes with jumps was proved in [12],
and this is our starting point in the study of boundary limits (2).

The existence of the boundary limit (2) in this context was first proved independently
by K. Bogdan ([7]) and by Z.-Q. Chen and R. Song ([14]) for the isotropic stable Lévy
process and Lipschitz domains. This required an appropriate modification of the classical
reasoning due to the presence of jumps. Since then essentially every time the boundary
Harnack inequality was established for a given Markov process with jumps in a given class
of domains, the existence of boundary limits (2) followed; see [27] for the most recent result
of this kind. With two exceptions, however, the class of open sets under consideration was
always limited to certain disconnected analogues of non-tangentially accessible domains,
typically called fat sets. The first more general result is proved in [11] for the isotropic
stable Lévy process, where completely arbitrary open sets are allowed. An extension to
more general Markov processes with jumps, which in fact further extends the results of the
present article, was obtained independently by P. Kim, R. Song and Z. Vondracek ([28-30])
soon after the present article has been submitted.

For the existence of boundary limits, we follow the approach of [11] using the boundary
Harnack inequality of [12], and prove in our main results, Theorems 2 and 3, the exis-
tence of boundary limits of ratios of harmonic functions for arbitrary open sets and rather
general Markov processes with jumps, as well as Martin representation of such functions.
The application of the method developed in [11] in the present setting requires significant
modifications. Further changes are introduced in order to make the description of the proof
more accessible; for example, we first give a simpler argument which does not assert uni-
form convergence with respect to the domain of harmonicity, and only then explain how one
improves it to get a domain-uniform version.

The proof of the Martin representation theorem for the isotropic stable Lévy processes
in [11] is self-contained. It is possible to extend the method of [11] to our general setting, but
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that would require rather lengthy and technical arguments. For this reason, unlike in [11],
we refer to the general theory of Martin boundary. Our argument still requires extension of
some elements of [11] for more general Markov processes, but the most involved part of the
proof is avoided. For an excellent exposition of the general theory of Martin boundary, we
refer to Chapter 14 of [16].

We conclude the introduction with a description of the structure of this article. The
assumptions for the boundary Harnack inequality of [12] are briefly recalled in Section 2.
We omit a detailed discussion of these conditions and refer the interested reader to the origi-
nal paper. Instead, we present a number of examples right after the statement of Theorems 2
and 3 in Section 3. We also provide a counter-example, which shows that the boundary
limits (2) typically fail to exist in irregular domains when the process X; has a non-trivial
diffusion part. Finally, in Section 4 we prove Theorems 2 and 3.

2 Fundamental Assumptions for the Boundary Harnack Inequality

The formal statement of the assumptions for Theorem 2 requires some effort. We assume
that (X, d, m) is a locally compact metric measure space in which all bounded closed sets
are compact and m has full support, and that Ry > 0 (possibly Ryp = 00) is a localisation
radius such that X \ B(x,r) # @ifx € Xand 0 < r < 2Ry.

In [12] the following four conditions are introduced. A detailed discussion of these
assumptions is beyond the scope of the present article, we refer the reader to [12] for more
information. Here we only state the conditions, without explaining in a formal way the
notions of semi-polar and polar sets, processes in duality X; and X ¢, their generators A
and Ql densmes v(x, y) and D(x, y) (with respect to the measure m) of the Lévy kernels of
X; and X +, as well as their Green functions Gp(x, y) = G p(y, x). We note that v(x, y)
describes the intensity of jumps from x to y and it is commonly used throughout the article.
The Green function G p(x, y) is required for Theorem 3 only; informally, G p(x, y) is the
average amount of time spent near y by the process X;, started at x, until 7p.

Assumption 1 The Hunt processes X and X, are dual with respect to the measure m. The
transition semigroups of X; and X; are both Feller and strong Feller. Every semi-polar set
of X; is polar.

Assumption 2 There is a linear subspace ® of D) N CD(QAL) satisfying the following
condition. If K is compact, D is open, and K € D C X, then there is f € ® such that
fx)y=1forx e K, f(x) =0forx e X\ D,0 < f(x) <1 forx € X, and the boundary
of the set {x : f(x) > 0} has measure m zero.

Assumption 3 We have v(x,y) = D(y,x) > O forall x,y € X, x # y. If xo € X,
O0<r <R< Ry x €B(xg,r)and y € X\ B(xg, R), then

v(x0, ) < v(x,¥) < Creyyv(x0, ¥), Cp 4, D (x0, ¥) < D(x, y) < Creyyd(x0, y), (5)

Levy Levy

with CLévy = CLévy(XOa r, R).
Assumption4 Ifxge X,0<r <s < R < Rypand B = B(xg, R), then

Careen = CGreen(x0, 7,5, R) = sup sup max(Gp(x,y), (A;B(xv y)) < oo. (6)
x€B(xg,r) yeX\B(xq,s)
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We denote

p(K, D) = inf sup max(2Lf (x), 9 £ (x)), %)
' oxex

where the infimum is taken over all functions f described by the Assumption 2. If xg € X
and 0 < r < R < Ry, then we denote

CLévy—inf(XOa r,R)y= _ inf min(v(xo, y), V(x0, ¥)),
YEB(x0, R)\B(x0,r)
and
Cexit(x0,7) = sup  max(Extp(y.r), ExfB(XoJ‘))'
xe€B(xq,r)

Note that by Proposition 2.1 in [12], under Assumptions 1 through 3, Cexit(x0, 1) is finite.
Following [6], we say that f is a regular harmonic function in an open set D if the mean-
value property (4) holds with U = D. By the strong Markov property, this implies that Eq. 4
holds for arbitrary open U C D, so in particular f is harmonic in D.
We use the short-hand notation f = cg for the two inequalities clg < f < cg, where
¢ > 0 is a positive constant. The following theorem is a reformulation of the main result
of [12].

Theorem 1 (Lemma 3.2 and Theorems 3.4 and 3.5 in [12]) Suppose that xy € X, 0 <
ry < rp <r3 <re < Roand a non-negative function f is a regular harmonic function in
D N B(xo, re), which is equal to zero in B(xg, r¢) \ D. Then

f(x) ~ CeriEx TN B(xp,m) / FOvxe, y)m(dy)
X\B(x0.73)

for x € DN B(xg, r1), where Cgu1 = Cpui(xo, r1, 12, 13, 'e) is defined as

Cer1 = Crévy(x0, 12, 73) 4+ 2p(B(x0, r3) \ B(x0,r2), B(x0, r8) \ B(x0,71))

Cexit (%0, 76) (CLévy (X0, 74, 7'5))*
m(B(xo, 1))

X <CGreen(x07 r3,r4,76) +

" (p(B(xo, rs), B(xo,76))

+ Crévy (x0, 76, r7)m(B(x0, r6))
ClLévy-inf (X0, 7’5, 17)

for some ra, rs, r7,rg suchthat 0 <ry <rpy <r3 <rq4 <rs <rg <rj; <rs.

Note that it is important that f is non-negative everywhere, not just in D. Theorem 1
implies the more classical statement of the boundary Harnack inequality (Theorem 3.5
in [12]): if f and g satisfy the assumptions of Theorem 1, then

R 00

sup n N
BHI xeDNB(xo,r1) g(x)

xeDNB(xg,r) 8X)

®)

as in Eq. 1. We remark that although the original statement allows for an arbitrary sequence
of radii, it will be sufficient for us to consider r; = r, rp = 2r, r3 = 3r and r¢ = 4r, and
we will commonly write Cggr = Cgui(xo, r) = Cui(xo, 1, 2r, 3r, 4r) in this case.
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3 Main Results and Examples

For the existence of limits, we introduce one more definition. If xo € X and0 <r < R <

R, we let
f}C\B(xo,r) v(xg, y)m(dy)

Jx\BGo. Ry V0, YIm(dy) -

(€))

CLévy—int = CLévy-int(xO» r,R) =

Theorem 2 Let D C X be open, xo € 3D and R > 0. Suppose that:

(1) X satisfies Assumptions I through 4;

(i) lim Crevy(x0, 1, R) = 1;
r—0t
(iii) the constant CLéVy(X(), r,2r) is boundedinr, 0 < 2r < Ry,

(iv)  the constant Cygyy.ini(x0, T, 2r) is bounded inr, 0 < 2r < Ro;
(v) the constant Cgui(xg, r, 2r, 3r, 4r) is bounded inr, 0 < 4r < Ry.

Suppose furthermore that non-negative functions f and g are regular harmonic functions
in D N B(xo, R) and are equal to zero in B(xg, R) \ D. Then either one of f and g is
zero everywhere in D, or the finite, positive boundary limit of f(x)/g(x) exists as x — xo,
x € D. Furthermore,

[ _ S\ Bl V05 ) f (Dm(dy)

im = . (10)
xngo g(x)  r—o0+ fX\B(xo,r) v(xo, y)g(y)m(dy)

Remark 1 Condition (ii) is required only for inaccessible boundary points xg, characterised
by the property [}, Bxo.R) EyTDNB(xo,HyM(dy) < o0. The result for accessible boundary
points xo, for which the integral is infinite, holds under conditions (i) and (iii) through (v).

Remark 2 Theorem 2 also holds with g(x) = ExTpnp(x,r)- This is formally shown in
Section 4.4, but the informal explanation is rather straightforward: g is essentially a regular
harmonic function in D N B(xg, R) (in sharp contrast with the case of continuous Markov
processes).

Indeed, suppose that X is unbounded, D is a bounded open set and that Cy ¢,y (xo, 7, R)
converges to 1 as R — oo. By Dynkin’s formula (see Lemma 2 and estimate (14) below),

. Py(X(zp) € X\ B(xo, R))
E,tp = lim
R=00 [ pag, ) Y (¥05 YIm(dy)

is the limit of regular harmonic functions in D. Since the estimates in Theorem 2 are uniform
in f and g, we obtain the desired result. (Note that the formal argument is completely
different and requires no further assumptions on X and X;.)

Remark 3 As remarked in the introduction, the limit in Eq. 10 exists if and only if the
relative oscillation of f and g converges to one, that is,

i SUP e pNB(xy.r) (S (X)/8(X))
r—0t infyepnB(x,r (f (x)/8(x))

By inspecting the proof of Theorem 2, one immediately sees that, given D and xq, the
boundary limits exist uniformly in f and g, in the sense that
) SUP e DB (xp,r) (F (X)/8(x))

lim sup - =
r=0% g infxepnpeg,n (f(x)/8(x))

)
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with the supremum taken over all f and g satisfying the assumptions of the theorem. We
remark that in fact one can prove uniformity also in D, just as in [11], by appropriately
modifying the final part of the proof. More formally,

. SUPxeDNB(xy,r) (f (X)/8(X))
lim sup =

; = (11)
r—0% p, £ ¢ 0fxepnB(xy.r) (f (X)/8(x))

where the supremum is taken over all open sets D and f and g satisfying the assumptions
of the theorem (here we let the ratio sup / inf be equal to 1 if D N B(xg, r) is empty). The
proof of this result is sketched in Section 4.4.

Remark 4 Tt is not necessary to assume that xo € 3D in Theorem 2. For xo ¢ D the state-
ment is void, but for xg € D we obtain relative continuity of positive harmonic functions: if
f and g are positive harmonic functions in D, then f/g is continuous in D. By Remark 3,
the family of functions f/g is in fact relatively equicontinuous at xop, in the sense that the
functions log(f/g) are equicontinuous at xg.

If the process is conservative, then the constant g(x) = 1 is harmonic. In the general case,
P*(X (tp) = 9) is continuous (this is proved as in [15]; with the notation of that article,
P*(X(tp) = 0) = P*(Tx\p = 00)), and so the harmonic function g(x) = P*(X(zp) €
X) =1 —P*(X(zp) = ) is positive, continuous and harmonic in D.

Consequently, positive harmonic functions are relatively equicontinuous at xg. If in addi-
tion the characteristics of the process (that is, the constants in conditions (ii) through (v))
do not depend on xq, then positive functions harmonic in D are in fact uniformly relatively
equicontinuous in every compact subset of D.

Before we discuss examples, we provide one application. Recall that the Green function
G p(x, y) is the density of the mean occupation measure of X; up to tp, that is,

™D
/AGD(x,y)m(dy)zEx/O 14(X5)ds.

Under Assumptions 1 and 4, there is a version of G p(x, y) which is a harmonic function
of x € D\ {y}, and a co-harmonic (that is, harmonic for the dual process) function of y €
D\ {x}. Hence, Theorem 2 (or, more precisely, its version for the dual process) immediately
implies the existence of the Martin kernel

G
Mp(e,2) = Jim 220
e p(¥,y)

for z = xg (this is exactly the same as the classical definition (3)). Informally, the Martin
boundary dy D of a set D is the set of all possible ways a point y € D approaches the
boundary in such a way that the ratio Gp(x, y)/Gp(x, y) converges for every x € D
(with arbitrarily fixed X € D). More formally, D U dy D is the Constantinescu—Cornea
compactification of D with respect to the family of functions {Gp(x, -)/Gp(X, ) : x € D}:
the smallest compact space which contains D and on which these functions have continuous
extensions.

Theorem 3 Let D C X be bounded and open, and if X is compact, then assume in addition
that Eytp and ExTp are finite and bounded in x € D. Suppose that the assumptions of
Theorem 2 are satisfied uniformly for all xy € D. Then the following assertions hold.

(a) The Martin boundary 9y D coincides with the topological boundary 0 D.
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(b) The Martin kernel Mp(x, z) is a harmonic function in D with respect to x if and only
if z is an accessible boundary point: fDﬂB(xo,R) EytpnBxg, Rym(dy) =

(c) Ifzisan accessible boundary point, then Mp(x, ) is a minimal harmonic function: if
[ is a harmonic function in D and 0 < f(x) < Mp(x, z) forall x € X, then f(x) is
a multiple of Mp (x, ).

(d) Every non-negative function f which is a harmonic function in D has a unique
representation

Fo) = / ( f Gn(x,y>u<y,z>m<dy)) F@mdz)
X\(DU3y, D) D

+ Mp(x, 2)p(dz), (12)
oD

where  is a measure on 0y, D, the set of accessible boundary points of D.
(e) Conversely, given any non-negative function f and any measure (. on 0,, D, the right-
hand side of Eq. 12 is either a harmonic function in D or infinity everywhere in D.

Remark 5 The terms accessible and inaccessible correspond to the probabilistic theory of
Martin boundary. To be specific, the process X; killed at the time of first exit from D and
conditioned in the sense of Doob by the Martin kernel Mp (-, z) converges at its lifetime to
z when z is accessible, and dies out in D when z is inaccessible. We refer to [16] for more
information.

Remark 6 Unlike in the case of isotropic stable Lévy processes in [11], description of the
infinite part of the Martin boundary of D for unbounded open sets is a completely different
problem. This issue is addressed in a recent work of P. Kim, R. Song and Z. Vondracek ([28,
30]).

Remark 7 In order to apply the results of [16] about general theory of Martin representation,
one requires the dual of the Green operator G p to map bounded functions into bounded
continuous ones (a strong Feller property for the Green operator, Hypothesis 13.42 in [16]).
In particular, E tp =G pl(x) needs to be bounded in D. If X is unbounded, then E D
is bounded (this follows, for example, by the argument used in the proof of Proposition 2.1
in [12]). If, however, X is bounded (and hence compact), then one needs to assume bounded-
ness of «Tp explicitly (indeed, when X; is conservative and D = X, then clearly Tp = oo
with probability one).

Boundedness of E, tp is assumed in order to keep perfect symmetry between X; and X,
(which makes the proof easier to follow). Note, however, that this is a rather mild assump-
tion. Indeed, it is rather easy to see that if X is compact and X \ D is not a polar set, then
there is ¢ > O such that P, (tp < 1) > ¢ and f’x (zp < 1) > ¢ forall x € X, and therefore
E,tp and I:IX 7p are bounded.

The boundary Harnack inequality stated in Theorem 1 was applied to a variety of Markov
processes in Section 5 of [12]. The scale-invariant version of Theorem 1 under a-stable-like
scaling discussed therein already asserts conditions (i), (iii) and (v) in Theorem 2. Verifi-
cation of the remaining conditions (ii) and (iv) is typically straightforward, and we obtain
several classes of processes for which Theorems 2 and 3 apply.

In our first example, we use the result of Example 5.5 in [12], where the boundary Har-
nack inequality for Lévy processes is considered. In the asymmetric case, equality of the
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notions of semi-polar and polar sets (in Assumption 1) is not trivial, and this was appar-
ently overlooked in [12]. Fortunately, for all asymmetric Lévy processes listed therein, this
condition is satisfied by Theorem 2 in [33].

Example 1 (Strictly stable Lévy processes) Let m be the Lebesgue measure in R, Ry = oo.
Suppose that X, is a strictly a-stable Lévy process in R?, where d > 1 and 0 < o < 2.
Suppose, furthermore, that the Lévy measure of X, has a density function of the form v(z) =
o(z/ lzD|z|~4~, with ¢ continuous and positive on the unit sphere (for Lévy processes,
v(x,y) = v(y —x)). Itis easy to see that C ¢y (x0, r, R) convergesto 1 asr — 0T and that
ClLévy-int(x0, 7, R) = (R/r)*. By Example 5.5 in [12], X; satisfies the other assumptions of
Theorem 2, and so we may use Theorems 2 and 3.

We remark that the above example can be extended to more general Lévy processes,
including many subordinate Brownian motions and, more generally, unimodal isotropic
Lévy processes. This is based on estimates obtained recently in [9, 10, 18, 20] and will be
studied in detail in [19]. Other extensions can be obtained by allowing the Lévy kernel to
depend on x or restricting it to a domain, as described in the following two examples.

Example 2 (Stable-like processes) Let m be the Lebesgue measure in RY, Ry = oo.
Suppose that 0 < o < 2 and

v(x, y) = @, y)lx —y| 747,

where ¢ is symmetric (that is, ¢(x, y) = ¢(y, x)), bounded by positive constants, smooth,
and has bounded partial derivatives of all orders. As in Example 5.6 in [12], in this case
there is a pure-jump process X; with the Lévy kernel v(x, y)m(dy), and the assumptions of
Theorem 2 are satisfied.

Example 3 (Reflected stable processes) Let 0 < o < 2. Let X be the closure of either a
Lipschitz domain in R ifa < 1oraCh** domainin R? if & > 1 (with some ¢ > 0). Let
m be the Lebesgue measure on X, and v(x, y) = c|x — y|~¢~% for some ¢ > 0. Again as in
Example 5.6 in [12], there is a pure-jump process X; with the Lévy kernel v(x, y)m(dy),
and the assumptions of Theorem 2 are satisfied for some Ry > O.

The state space X need not be Euclidean.

Example 4 (Stable-like subordinate diffusions) Let X be a sufficiently regular metric mea-
sure space in which there exists a diffusion process. For a rigorous definition, we refer to
Example 5.7 in [12]; examples include Riemannian manifolds, Sierpiniski gaskets or the
Sierpiniski carpet. Suppose that 0 < o < dy,, where dy, is the walk dimension of X (that
is, an approximate scaling exponent for the diffusion process). Finally, let X, be a process
subordinate to the diffusion process, corresponding to the («/d)-stable subordinator. In
Example 5.7 in [12] it is shown that X, satisfies conditions (i), (iii) and (v) of Theorem 2,
and one easily proves that Cygyy.in¢(x0, 7, R) < ¢(R/r)* for some ¢ > 0. Verification of (ii)
requires some work, especially when X is unbounded. For this reason, we only sketch the
argument for compact X. For some ¢ > 0 we have

o0
v(x,y) = Cf g (x, y)dt,
0
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where ¢;(x, y) is the transition density of the diffusion process. Since for each t > 0, ¢;
is Holder continuous, it is easy to see that v(x, y) is positive and uniformly continuous
inx € B(xg,r), y € X\ B(xp, R), which clearly implies condition (ii). It follows that
Theorems 2 and 3 apply to stable-like subordinate diffusions in compact metric measure
spaces.

Surprisingly, Theorem 2 is not influenced by killing.

Example 5 (Processes with a multiplicative functional) Let M; be a strong continuous mul-
tiplicative functional such that My = 1 with probability one for all starting points x € X.
Such a functional describes gradual killing of the process X;, and is typically obtained as
the Feynman—Kac functional M; = exp(— f(; V(Xs)ds) for some non-negative function V.
A function f is said to be harmonic with respect to the pair (X;, M;) if it has the mean-value
property

F@) = Ex(f(X(z))M (1))

instead of Eq. 4. As in Theorem 5.10 in [12], if the assumptions of Theorem 2 are satisfied
by the process X, then the conclusion also holds for functions harmonic with respect to the
pair (X;, M;).

Our final example shows that when X; has non-vanishing diffusion part, one cannot
expect the existence of boundary limits (2) unless some geometric restrictions on D are
imposed. For corresponding positive results in smooth domains, see [24].

Example 6 (Mixture of Brownian motion and stable process) Let X = R and let m be the
Lebesgue measure. Let X; be a one-dimensional Lévy process which is the sum of two
independent Lévy processes: the Brownian motion and the symmetric «-stable Lévy process
for some o € (1, 2). That is, the characteristic exponent of X; is given by ¢1& 2 4 ¢r]€|® for
some cq, ¢c3 > 0. Denote D = (—1, 1) \ {0}. Let p;(y — x) be the continuous version of the
transition density of X;. Then the three functions

u(x) =x,v(x) = [0 (p1(0) — pi(x))dt, w(x) = Ex|X (p)|

are regular harmonic in D: for u this is just the martingale property of X;, for v (the com-
pensated potential kernel of X;) this is proved, for example, in [36], while for w it follows
directly from the definition. Furthermore, #(0) = v(0) = w(0) = 0 and v(x) = v(—x),
w(x) = w(—x). It is known that

v(x) & c3 min(|x], [x|*71)

for x € R, with ¢3 = ¢3(cy, 2, @) (see, for example, Lemma 2.14 in [20]). In particular,
v(x) = c3|x| for x € D. Finally, by the boundary Harnack inequality given in Theorem 1
(see Examples 5.5 and 5.13 in [12] for a detailed discussion), we have

w(x) & c4v(x) ~ cacqlx|
for x € (—% %), with ¢4 = c4(c1, ¢2, ). Let us define

fx) = wx) 4+ u(x) = 2E,(IX (tp)1[1,00) (X (D)),
gx) = wx) —u(x) = 2E:(I1X (7p)[1(—00,~11(X (D).
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Then f and g are non-negative, regular harmonic in D and equal to zero in (—1,1) \ D =
{0}, so that they satisfy the assumptions of Theorem 2. On the other hand,

f)  f(=0) _ wx)+x  wl) —x 4xw(x)

g)  g(=x)  w@ -—x wk)+x (wk))?—x2

for x € D. Since t/(t2 —x%)is decreasing in ¢ € (x, 00), and w(x) < c3cqx for x € (0, %),
we obtain

fx) _ f(=x) - 4dczey
gx)  g(—=x) T (c3e4)?—1

forx e (0, %) In particular, the limit of f(x)/g(x) as x — 0 does not exist.

4 Proofs of Main Results

In this section we prove Theorem 2. We will always assume that xo, R and D are fixed,
where xg € X,0 < 2R < Rg and D C B(xp, R) is an open set. It is also understood that
Xo € 9D, although, at least formally, the argument extends also to xo € D and xo ¢ D.
Recall that the notation f ~ cg stands for ¢ ~'g < f < cg with ¢ > 0.

We denote B, = B(xo,r), B,y = Bs \ B, D, = DN B, and D,y = Dg \ D, when
0 < r < s < R. We furthermore define D, o, = D, g U (X \ Br). For a non-negative
function f we let

Mo (f) :/ SO (xo, y)m(dy), My s(f) :/ SOv(xo, y)m(dy).
X\B, Brs

Finally, we let sp(x) = E, tp.

To simplify the notation, we drop D from the notation in subscripts whenever possible,
and we write T, = Tp,, Tr,y = Tp,,, S (X) = sp, (x), 1, 5(x) = 1p, (x) etc.

Our argument is based on the boundary Harnack inequality of [12], stated in Theorem 1.
Under the assumptions of Theorem 2, the constant Cgpi(xo, 7, 2r, 3r, 4r) can be chosen so
that it does not depend on r, as long as 0 < 4r < R, and it will be denoted simply by
CgH (recall that xo and R are fixed). In a similar way, we denote Cy¢yy = Crgyy (X0, 7, 2r)
(with 0 < 2r < Rp) and Crgyy.int = ClLévy-int(x0, 7, 2r) (with 0 < 2r < Rp), chosen
independently of r. With one exception, we will only use constants Cppr, Crgvy and Ci gyy-int
with these parameters.

We prove Theorem 2 by considering separately two types of boundary points, which
are called accessible and inaccessible in [11]. First, however, we introduce some further
notation and prove preliminary estimates.

4.1 Decomposition of Harmonic Functions

From now on f and g are functions satisfying the assumptions of Theorem 2, and we assume
that neither f nor g is equal to zero almost everywhere. Note that this implies that f and g
are strictly positive in D. Whenever 0 < r < s < R, we decompose f into the sum of two
functions, f; s and fm, which correspond to the process X; exiting D, near its boundary
(into D, ;) and away of its boundary (into Dy, o):

Jrs () = Ex((f1:5)(X (7)), Frs (@) = Ex ((f15,00) (X (3,))).

@ Springer



324 M. Kwasnicki, T. Juszczyszyn

Not unexpectedly, a similar notation is used for the function g. Clearly, f = f,; + fm, and

both f; s and ﬂ s are non-negative regular harmonic functions in D, which are equal to zero

in B, \ D,. Therefore, we can apply Theorem 1 to f4, s and f~4r, s Whenever 0 < 4r < s < R.
Note that by Theorem 1 (withr = g), we have

f(x) =~ CBHIM3R /4,00 (f)ExT2R/4
for x € Dpgy4. Therefore,
M, s (f) ~ CBHIM3R /4,00 (f )My 5(SR/2) (13)

whenever 0 <r <s < % The next result states, in particular, that there is little difference
whether we write sg /> or sg in the above estimate.

Lemma 1 If0 < 8r < R, then
Eity <Eytg, < (1+ CBHICLévy Lévy- 1nt)E T4r

for x € D,.

Proof The first inequality is clear. For the other one, we use the strong Markov property

and Theorem 1:
E,tgr — Extar E, s8r (X (747))

ComExty / E, 55 (X (t4))v(x0, y)m(dy)

X\ B3,

IA

IA

CBHIExT4r/ E, 18, v(x0, y)m(dy).
x\BZV

Furthermore, by Proposition 2.1 in [12] (combined with the last displayed formula in the
proof of this result),

IA

/ Eyt5,v(x0, y)m(dy) (sup ExTBm) / v(xp, y)ym(dy)
X\ By, xeX X\ B,

Jx\m,, V0, YIm(dy)
Jx\syg, V05 MIm(dy)”

= CLévy

It remains to use (9). O

For convenience, we denote

Cr=1+ CBHICLevyC

Lévy-int’

so that s4,(x) ~ C;s8-(x) if 0 < 8 < Rand x € D,.

Our next result compares fg, s with fgr s- For fg, s, we will use Theorem 1, which states
that in D, we have fg., ~ CBHIMGrOO( f3r.5)Ext4r. The same estimate can be writ-
ten down for fg, s. However, Mg, oo ( fg, s) involves an integral of fg, s over Dg, g, which
is often problematic. A much better estimate for fgns can be easily obtained from the
following corollary of Dynkin’s formula for X;.
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Lemma 2 (formula (2.12) in [12]) Let D < X be open and bounded, and let f be a
non-negative function equal to zero in D. Then

E. f(X(tp)) = E, / 0 / V(Xe, ) f Imdy)di (14)
o Jx\p
forx € D.

Using the definition of fgm and Eq. 5 to substitute v(xg, y) for v(X;, y) in Eq. 14, we
have

S35 () & Ciayy (x0, 87, ) My, 00 (f)Ex Ty (15)

Note that not only we have M; oo(f) instead of Meroo(fsrs), but also the constant
Cévy(x0, 8, 5) tends to 1 as r — 0.

Lemma3 If0 <8 <s < & then

f) oo Moslrp)
]ESr,s(x) - e 1"_1‘/[5,R/4(SR/2)

R then

forx € Dy If0 < 16r <s < 7>

frs®) s oot s Munslon)
Jors(r) = PHUTLEWTT 0 M Rya(srp)

forx € D,.

Proof By Theorem 1,
f8r,s(x) = CBHIMGr,oo(fSr,s)ExMr,
fSr,s(x) = C];].IHM6r,oo(f8r,s)Exf4r-
Furthermore,
M6r,oo(f8r,s) = M6r,s(f8r,s) = M6r,s(f)»
M6r,oo(f8r,s) = Ms,oo(fSr,s) = Ms,oo(f) > M3R/4,oo(f) + Ms,R/4(f)-
Finally, by Eq. 13,
Mg s(f) < CBHIM3R/4,00(f)Mer,s(SR/2),
My ra(f) = CiiuMag/a.co(f)My.rja(sr)2)-

We conclude that
firs®) _ o MonsCor)
Fors @)~ PT+ M gya(srp)

which is the desired upper bound. The lower bound is proved in a somewhat more
complicated way. By Theorem 1 and estimate (15),

f8r,s(-x) > C];1}11M6r,oo(f8r,s)ExT4r,
For.s(x) < CLayy My, o0 (f)Ex s,
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(we can write Crgyy = Crgyy(x0, 87, 16r) in the second inequality because s > 16r). By
Lemma 1, E, 13, < C{E,14,. Furthermore, by Theorem 1 (as in Eq. 13, but with R replaced
by R/3) and again Lemma 1,

Mer.0o(f3r.s) = Mers(f8r.s) = Mgrs(f3rs) = Mgrs(f)
CarMR/4.00(f) Msy s (sr/6)
> CpiCr2MRya.o0(f)Msr s (s2R/3).

%

\

On the other hand, by Eq. 13,

M oo(f) = Mg ria(f) + Mrys.0o(f)
< CBHIM3R/4,00(f)Ms R/a(SR/2) + MR/4.00(f)
< MRa,00(f)(1 + CH1MS, R/4(SR/2))-

We conclude that

Sars(x) 3 _3 Mg, s(sgp2)
fars(x) — CBHICLe"yCT 1+ MA‘,R/4(/SR/2) '

as desired. O

4.2 Inaccessible Boundary Points
Throughout this part we assume that xq is inaccessible, that is,

My, (sR) = / E,tr v(xo, y)m(dy) < oo.
Dg

In this case f3.s and gg, turn out to be negligible compared to fgr,s and gg, for
sufficiently small r and s.
Clearly, Mo oo (sg/2) < Mo,00(sg) < 00. We remark that by Eq. 13,

Mo, 0o (f) = Mo, gja(f) + MRgya,00(f)
< CBHIM3R/4,00(f)Mo,R/a(SR/2) + MRy4,00(f) < 00,
and My ~(g) < oo by the same argument, and hence one can pass to the limit separately in
the numerator and the denominator of Eq. 10.

Let 0 < & < 1. By the upper bound in Lemma 3, there is s = s(¢) < &R such that if
0 < 8r < s, then

fors() S efars(@). g8rs () < e85 (x) (16)
for x € Dj,. Furthermore, estimate (15) and the assumption hm CLevy(xo, r,R)y=1
imply that there is r = r(e) < s/8 such that

f8r,s(x) ~ (1 +e)E ts My, 00(f), 8sr,s(x) ~ (1 4+ e)E 18, M 50(g) (7
for x € Dg,. It follows that

fx) < (1 'f:g)fSr,x(x) <a -|—8)3 M o (f)
g(x) g8r,s(x) Ms,oo(g)

for x € Dy,. The lower bound is proved in a similar manner, and we obtain

Ms,oo(f) fx) 3 s,oo(f)
e 18
Myoo(e) ~ g0 =0T 0 (o) (1%

1473
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for x € D»,. Since & was arbitrary and s converges to 0 as ¢ — 0", we have

lim F&x)y L M oeo(f)
im lim —=2~ 2|
X—é’m g(x) o0t M o (g)

and Theorem 2 for inaccessible boundary points is proved.
4.3 Accessible Boundary Points

In the second part of the proof we assume that xg is accessible, that is,
Mo, 0o (sR) = / Eytrv(xo, y)m(dy) = 00
Dg

In this case fg, s and gg, s dominate fgm and gg, s for all sufficiently small r.
We remark that by Eq. 13 and Lemma 1,

Mo oo (f) = Mo gja(f) = CapyMar/a.00(f) Mo, r/a(sr/2) = 00

and My, (g) = oo by the same argument. In other words, the numerator and the denom-

inator of the right-hand side of Eq. 10 diverge to infinity as » — OV. In particular, if the

limit of f(x)/g(x) in Eq. 10 exists, then it is automatically equal to the right-hand side.
Our argument is based on the following standard oscillation reduction lemma.

Lemma4 [f0 < 8r < s < Ry, then

f8r s()’) BHI -1 . f
sup — inf ) sup — inf | ——.
y€D2 )’GDzr gSVA (y) CBHI + ] .\' -VEDS g(y)

Proof For simplicity, we denote

A = sup @ B — sup f8r,s(y) ,
yeDy gy’ yeDy, 8sr,s ()
_ NS — inp BrsO)
= inf —— b= in
veD; g(y) >eDzr gsrs(¥)

Since
aglges < flgrs < Aglges,
we clearly have
agsrs < fsr,s < Agsr,s- 19)

In particular,a < b < B < A, and Theorem 1 applies to everywhere non-negative functions
Sf8r.s — agsr.s, Agsrs — fars and gg, s (note that f — ag and Ag — f typically fail to be
non-negative everywhere). By Eq. 8,

Sars(¥) —agsrs(y) 4 inf Sars(¥) — agsrs(y)

sup <C ,
yveDs, 8sr,s () BHI yeDy, 8sr,s ()

sup Agsrs(¥) — fars (V) < C]éHI £ Agsrs () — fars (V) )
yeDy, 8sr.s () yeDy, 8sr,s ()
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This translates to B — a < C]‘;HI (b—a)and A —b < CﬁHI(A — B), and adding the sides
of these inequalities leads to the desired inequality

(cgm + 1) (B—b) < (c;;m - 1) (A —a).
O

For continuous processes (in sufficiently regular domains), the above lemma easily yields
the assertion of Theorem 2. For processes with jumps one needs to incorporate the non-
local parts fgm and gg, s using Lemma 3. As it was remarked in the introduction, this
modification was developed in [7], and extended in [11].

Let0 <e < land0 < s < %. By the lower bound in Lemma 3, there is r = r (g, s) < %
such that

fSr,s (x) < 8f8r,s(x)a g’Sr,s (x) < eggrs(x) (20)
for x € D,. It follows that
o it ) L9 < s B L fe@)
xeD, *€D;) g(x) xeD, 88r.s(X) 1+ ¢& xeDr ggr5(x)

By Lemma 4 and the inequality 1 — (1 +¢)~! <,

4
(sup - inf) S _ CE‘HI1<sup - inf) f(x)) +8(SUP + inf>f8”(x)

xeD, X€Dr glx) — CéHI +1 \xep, x€Ds xeD, X€Dr 88r.s(x) .
ey
Denote by Q the upper limit of the expression in the left-hand side as r — 07. Using Eq. 19
and taking the upper limit of both sides as s — 0T leads to

ct.o—1
IZ»HI 0+2¢ sup f(x)’
CBHI +1 x€Dg4 g(x)

0=

that is,

4 fx)
Q<e (1 + CBHI) ey

Since ¢ is arbitrary, we conclude that Q = 0, and the proof of Theorem 2 is complete.
4.4 Extensions

We first prove the statement contained in Remark 2. Denote g(x) = E,tr. Then g is not a
regular harmonic function in Dp, but for every open U C Dg,

g(x) =Exty + Exg(X(wv)).

We interpret E, 7y as if it originated from a jump to a distant point (a point at infinity), and
we define

Myoo(g) = 1 + /x G0 @), () = Exty + Ex((g1s.00) (X (5,)):

By
the definitions of M, ;(g) and g, s(x) for finite s remain unaltered. One can then follow
carefully the proof of Theorem 2 and see that no changes are required. This shows validity
of Remark 2.
In the remaining part of this section we argue that an extension stated in Remark 3 is
true: the limit in Theorem 2 converges uniformly in f and g, and also in D, in the sense of
Eq. 11.
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We claim that if 0 < ¢ < Rp and n > 0, then there is p, which depends only on ¢,  and
the characteristics of the process X;, such that 0 < p < ¢ and

SUpyep, (f(x)/g(x)) 1<n+ Ch — | (Supngq(f(x)/g(x)) 1) (22)

infrep, (F(0)/g()  ~ ' Chy+1 \infrep, (fF(0)/g(x)

for all open sets D and all functions f and g as in Theorem 2 (this estimate is very similar
to Eq. 21). By considering the supremum of both sides of Eq. 22 over all f, g and D, and
then taking the upper limit as ¢ — 0, we obtain the desired result:

Supyep, (f(X)/g(x)) ) - 77(1+7C§HI)
infyep, (f(x)/g(x)) - 2

for arbitrary n > 0. Therefore, it remains to prove (22).

Let0 < g < 2]—4R0 and n > 0. We consider two additional parameters 6, N > 0; the
actual values of § (small real) and N (large integer) are to be specified at the end of the
argument. By the assumption lim,_, o+ Crgyy(x0, 7, R) = 1 one can construct a decreas-

limsup sup (
r—0t D,fg

ing sequence of radii ag, aj, ...,ay so that ag is the input radius ¢, éaN will be the
output radius p, and we have 16a,11 < a, and Crgyy(x0, 8an+1,a,) < 1+ & for all
n=0,1,...,N—1.

Following [11], we consider two scenarios. Suppose first that for some n we have

Ma, .1 .a,(SR/2) < 81 + Mgy, r/a(SR/2))- (23)

Then the argument is fairly simple: as in Section 4.2, by Lemma 3 we have the inequal-
ity (16) with r = ap4+1, s = a, and ¢ = Cémé. Since Cpgyy (X0, 8an+1,an) < 1+ 4, the
estimate (17) holds with r = a,4+1, s = a, and ¢ = §. This implies (18) (with s = a,,
x € Dag,,, and ¢ = C]‘;HIS), and in particular the left-hand side of Eq. 22 does not exceed
(1 +C]§H18)6 — 1. Estimate (22) follows with p = a, 41, provided that (1+ C§H18)6 —-1<n.
We choose § small enough, so that this inequality is satisfied.

In the other scenario, for each n the converse of Eq. 23 holds. Summing up these
inequalities forn =0, 1,..., N — 1 we obtain

May ay(Sry2) = NS(1 + Mgy r/a(SR/2)),

and we argue as in Section 4.3. Again by Lemma 3, we have Eq. 20 with r = %aN, s =
ap and ¢ = CéHICLéVny(NS)’I. Inequality (21) follows. Dividing both sides of it by
infyep, (f(x)/g(x)) and using monotonicity of this expression in r, we obtain (22) for p =
éaN, provided that e(Cgyr + 1) < . Since § is now fixed, we may choose N large enough,
so that this condition is satisfied. This completes the proof of the extension described in
Remark 3.

4.5 Martin Representation

In this section we prove Theorem 3. We assume that the assumptions of Theorem 2 are
satisfied in a uniform way for all xo € D.

We note one important property of the Green function: if U is an open subset of D and
y ¢ oU, then

Gp(x,y) =E:Gp(X(tv),y) + Gu(x,y) (24)

(where, as usual, we assume that Gy (x, y) = O whenever x ¢ U or y ¢ U). In particular,
Gp(x,y) is a regular harmonic function in D \ B(y,r) for every r > 0. By a duality
argument, G p(x, y) is a regular co-harmonic function in D \ B(x, r) for every r > 0.
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Furthermore, by the strong Markov property,
122]
| Gowonsoman=t. [ recods
D 0
Ip—Ty U
=Ex/ f(XTU+S)dS+EX/ f(Xy)ds
0 0

:Ex/DGD(X(tU)s Wf(y)m(dy)y +/U Gy (x, y) f(y)m(dy) (25)

for any nonnegative function f. Note that if m(0U) = 0, then Eq. 25 follows from Eq. 24
and Fubini.

Proof of Theorem 3(a) The assumptions are completely symmetric under duality, and hence
we may apply Theorem 2 to both harmonic and co-harmonic functions. In particular, as
already remarked before the statement of Theorem 3, the Martin kernel, defined as the
boundary limit of co-harmonic functions

Gplx,
Mp(x,2) = Jim S0,
xeD DX, y)
exists for all boundary points z € D (here and below X € D is a fixed reference point). In

other words, the Martin boundary coincides with the Euclidean boundary. O

The representation given in part (d) essentially follows now from the general theory
of Martin boundary, together with some ideas developed in [11]. For simplicity, in the
remaining part of the proof we simply write that a function is harmonic when we refer to
harmonicity in D.

Proof of Theorem 3(b) Following the proof of Theorem 2 in [11], we find that Mp(x, xo)
is a harmonic function with respect to x if and only if x¢ is accessible. Indeed, for an
inaccessible boundary point xg we have, by Eq. 10 in Theorem 2,

Mp(x. x0) = C /D b(y, 30)Gp (x, Yym(dy)

for C = (fD v(y, x0)Gp(X, y)m(dy))‘l > 0, and so the Martin kernel is not harmonic (to
see this, simply use (25)). On the other hand, if x¢ is accessible and R > 0, then

. GD(X(ID\E(XO R))v y)
ExMD(X(TD\E(xO,R))v x0) = Ex yhzl%) GpG, ) .
y

(26)

Recall that Gp(x, y) is a regular harmonic function of x € D \ B(xg, R) when y €
B(xo, R). By Fatou’s lemma,

E; Mp(X(tp\5(xy,r))» ¥0) = Mp(x, X0), 27)

and we claim that in fact equality holds, that is, we can exchange the limit with the expec-
tation in Eq. 26. By Vitali’s convergence theorem, it suffices to prove that that the ratio
in the right-hand side of Eq. 26 is a uniformly integrable family of random variables for
y € D N B(xp,r) for some r > 0. The argument is exactly the same as in the proof of
formula (77) in [11]; for the convenience of the reader, we repeat it below.
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Assume that 0 < 87 < R and that x, X ¢ D N B(xg, R). We will first prove that

sup Gp ) < 00. (28)

yeDNB(xq,r) Gp(x,y)
z€D\B(x,4r)

By the boundary Harnack inequality (Theorem 1) applied to Gp(z, -) and Gp (X, -), it suf-
fices to consider a fixed y € D N B(xop, r), that is, to show that Gp(:, y) is bounded in
D\ B(xg, 4r). This is relatively simple, but somewhat technical. Denote D; = DN B(xp, r),
Dy = D N B(xo,2r), Dy = DN B(xp,4r) and D' = D \ B(xg,4r). By Dynkin’s
formula (14),

E.(Gp(X (tp), »1p, (X (1p)))

< ( sup v(v, w)) / Gp(z, v)m(dv) / Gp(w, y)ym(dw).
veD’ D’ D
weDy
The supremum is finite by Assumption 3 and boundedness of D, and the integrals in the
right-hand side are bounded by sup,, ., E,tp and sup,.p E, Tp, respectively. Furthermore,

E.(Gp(X(tp), Wlppp,(X(tp))) < sup  Gp(v, w),
UED4\D2
weD)

and the right-hand side is finite by Assumption 4. By adding the sides of these two bounds
and using harmonicity of the Green function, we complete the proof of Eq. 28.

On the other hand, if we denote D” = D \ B(xg, 8¢) and D" = D \ B(xq, R), then,
again by Lemma 2,

E. (G o (X (tpm), W py (X (1))
< Cray (f v(xo,v>Gm(x,v>m<dv>> ([ GD<w,y>m(dw>),
D" Dy

and, in a similar way,

Gp(X,y) = Ex(Gp(X(tp), Y1p, (X (tpr)))
CL_élVy (/ v(xg, v)G pr (X, v)m(dv)) (/ Gp(w, y)m(dw)) .
D" Dy

(GD(X(ID\B(XO,R))’ y)
! Gp(x.y)

It follows that

1pnB(xg.4r) (X(TD\B(xg,R))))

-1
=<C (/ v(x0, V)G p\B(xg,8r) (X, v)m(dv)> ,
D\B(x0.8r)

where C does not depend on (sufficiently small) » > 0 and y € D N B(xg, r). Recall that
G p\B(xo,8r) (X, v) increases to Gp(X, v) (because the corresponding exit times Tp\ B(x,,8r)
increase to Tp). By monotone convergence, the right-hand side converges to zero as r —
07. Together with Eq. 28, this completes the proof of uniform integrability of the right-hand
side of Eq. 26.

Part (b) follows, and in addition we see that for accessible boundary points z, the Martin
kernel Mp(x, z) is a regular harmonic function in D \ B(z, r) for every r > 0. O

In order to apply the general theory of Martin boundary, we need to prove that the Green
operator, which maps a measurable function f(x) to Gp f(x) = fD Gp(x,y)f(y)ym(dy),
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takes bounded functions into continuous ones. Let f be a bounded function on D, xo € D
and ¢ > 0. Clearly, |Gp f(x)| < || fl|Extp for x € D, so that Gp f is bounded. Let r > 0
be small enough, so that Eytp(y, ) < & forx € B(xo, r). By Eq. 25,

Gpf(x) =ExGp f(X(tBxy,r))) + GB(xo,r) [ (X).

The first term is continuous in B(xg, r) by Theorem 2 (see Remark 4). The other one is
bounded by || f||, an arbitrarily small number. Therefore, G p f is continuous at xg.

The general theory of Martin boundary tells us now that if f satisfies the assumptions of
Theorem 3 and f is equal to zero in the complement of D, then

) :/ Mp(x, 2)p(dz) (29)
O D

for some measure p on the set of accessible boundary points d,, D, see Theorem 14.8 in [16].
Furthermore, if we show that for every z € 9, D, Mp(x, z) is a minimal harmonic function
with respect to x, then the measure p in the above representation is unique. Minimality of
Mp(x, z) is proved as in the final part of the proof of Lemma 14 in [11].

Proof of Theorem 3(c) Suppose that f is harmonic, 0 < f(x) < Mp(x,xo) forallx € X
(in particular, f(x) = 0 for x € X\ D) and that the measure p in representation (29) is zero
on d,, D N B(xg, 4r) for some r > 0. Our goal is to prove that f is identically zero. This
will imply that if f is harmonic and 0 < f(x) < Mp(x, xo) for all x € X, then the measure
W in representation (29) is concentrated in {x¢}, and thus M p(x, x¢) is a minimal harmonic
function.

For every z € 9,, D\ B(xo, 4r), Mp(x, z) is aregular harmonic function in DN B(xg, 3r).
Hence, by Fubini, f also has this property. Furthermore, by the boundary Harnack
inequality (Theorem 1), f is bounded on D N B(xp, 2r).

On the other hand, since f(x) < Mp(x, xo), one easily finds that f is also a regular har-
monic function in D\ B(xg, r). This is exactly the same argument as in Lemma 9 in [11]; for
the convenience of the reader, we provide the details at the end of this section. In particular,
since f is bounded in D N B(xg, 2r), it is bounded on D.

A sweeping argument, which is a simplified version of Lemma 10 in [11], proves then
that f is a regular harmonic function in D: Let o, be the sequence of consecutive exit times
from alternately D N B(xg, 4r) and D \ B(xo, r). Thatis, op = 0 and 6,1 = 0, + 1y 0¥y,
where V. = D N B(xp, 4r) whenn iseven and V = D \ B(xg, r) when n is odd (and v is
the shift operator).

Clearly, 0, < p < oc. Since oy, is increasing, by quasi-left continuity, X (o,,) has a
limit as n — oo. Therefore, it is impossible that 0,, < tp for infinitely many . It follows
that with probability one, eventually o,, = 7p.

Since f(x) = E,f(X(o,)) and f is bounded, by dominated convergence we have
f(x) =Es f(X(zp)) =0, as desired. O

We have thus proved the representation (29) for harmonic functions f which are zero in
the complement of D. The general case is handled as in Lemma 13 in [11].

Proof of Theorem 3(d) Let D, be an ascending sequence of open sets such that D, € D
and | J,2; D, = D. Then, by Lemma 2,

f(&x) =E,f(X(zp,)) = /3€\D (/ Gp, (x, y)v(y, Z)m(dy)> f(@)ym(dz).

@ Springer
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The integrand in the right-hand side increases as n — oo, and therefore by monotone
convergence,

fx) > / ([ GD(x,y)v(y,z)m(dy)> f()m(dz). 30)
x\D \/D

Let g(x) be equal to the right-hand side of Eq. 30 for x € D, and to f(x) forx € X\ D.From
Lemma 2 and the property (25) of the Green function it follows easily that g is harmonic: if
U isopen and U C D, then

E.g(X(t0)) = Ex(f1x\p)(X (1))

+E, / ( / GD<X<rU>,y>v(y,z>m<dy>> F@mdz)
20 \Jp

/ </ (GU(x, ) +ExGp(X(tv), y))v(y, z)m(dy)) f(@m(dz)
x\D \JUD

= gx).

Therefore, f — g is a non-negative harmonic function which is equal to zero in X \ D, and
so it has a unique representation (29).

Finally, the outer integral in Eq. 30 is finite, and so points at which the inner integral is
infinite cannot contribute to the integral. It follows that we can change the outer integral to
an integral over X \ (D U 9,, D). The proof of Eq. 12 is complete. O

Proof of Theorem 3(e) By the boundary Harnack inequality, if the right-hand side of Eq. 12
is finite at some x € D, it is finite everywhere in D. Indeed, let f be given by Eq. 12. If
f(x) = oo for some x € D, by Theorem 1 f is infinite at every point of a ball B(x, r)
contained in D. If y € D, then again using Theorem 1 (for a ball centred at y), f is infinite
aty.

Finally, harmonicity of the right-hand side of Eq. 12, whenever it is finite, follows from
property (25) of the Green function, harmonicity of the Martin kernel and Fubini. O

At the end of this section, we present the proof of Lemma 9 in [11], adapted to our
setting. This result was used in the proof of Theorem 3(c).

Lemma 5 (Lemma 9 in [11]) Let U and D be open subsets of X such that U < D. If
0 < f(x) < gx) forall x € X, f and g are harmonic in D, g is a regular harmonic
Sunction in U and g(x) = 0 for x € X \ D, then f is a regular harmonic function in U.

Proof Let D, be an ascending sequence of open sets such that D,, € D and U?,i] D, =D,
and let U, = U N D,. Then 1y, increases to ty, and, by quasi-left continuity, X (¢, )
converges to X (tyy) with probability one. It follows that if X (tyy) € D \ U, then eventually
7y, = ty for n large enough up to an event of probability zero. Hence,

Jim Ey (g1p\0) (X (t1,)) = Ex(glp\w) (X (7v)) = g(x).
Therefore,

E.(fly\v,)(X(tv,)) < Ex(gly\v,) X (ty,)) = g(x) — Ex(glp\v) X (1y,))

@ Springer
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converges to zero as n — oo. It follows that
f&) = lim E.f(X(zy,) = lim E(f1p\0)(X (10,))
= Ex(f1p\w)(X (tv)) = E; f(X (1)),

as desired. O
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Decay rate of harmonic functions for
non-symmetric strictly a-stable Lévy processes

by

Tomasz JuszczyszyN (Wroctaw)

Abstract. We investigate functions that are harmonic with respect to the non-
symmetric strictly a-stable Lévy processes on an open set D C R?. We obtain an explicit
formula for their boundary decay rate at parts of the boundary of D outside of which they
vanish.

1. Introduction. With rare exceptions, explicit boundary decay rates of
harmonic functions for jump Markov type processes, or non-local operators,
have been studied under the symmetry assumption. The only results for non-
symmetric processes or operators known to the author are [I3], 8, [I1]. Here
we provide the boundary decay rate for functions harmonic with respect to
general stable Lévy processes, an important class of Markov processes with
numerous applications. Our result requires relatively mild assumptions on
the jump kernel, and works for sufficiently smooth sets.

An important tool in investigating the behaviour of harmonic functions
near the boundary or existence of their limits is the boundary Harnack in-
equality. It is a statement about positive harmonic functions in an open
set D, which are equal to zero on a part of the boundary. It states that if D
is regular enough (for example, a Lipschitz domain), z is a boundary point
of D, f and g are positive and harmonic in D, and both f and g converge to 0
on 0D N B(z, R), then for every r € (0, R),

f(@)

(1.1) sup ——= <cpgr _inf
xeDNB(z,r) g(w) x€DNB(z,r)

~

()

x)

9

)
—~

where the constant cggr does not depend on f and
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BHI for harmonic functions of the Laplacian A in Lipschitz domains was
proved in 1977-78 by B. Dahlberg [9], A. Ancona [I] and J.-M. Wu [23]. In
1989, R. Bass and K. Burdzy [2] proposed an alternative probabilistic proof
based on elementary properties of the Brownian motion.

It is possible to define harmonicity in more probabilistic terms. Let X be
the Brownian motion and let P, be its transition semigroup defined by

P f(x) = E* f(Xy).

Then the generator of P is the Laplacian A. Moreover, every function f is
harmonic in an open set D if and only if for any x € B where B C D we
have

f(fL’) = Emf(XTBl{TB<OO}), T € D,
where 7g is first exit time of X from B.

It is possible to extend the definition of Laplacian and corresponding har-
monic functions to non-local operators by changing the underlying stochastic
process.

In 1997, K. Bogdan [4] proved BHI for the fractional Laplacian A®/2
(and isotropic a-stable Lévy processes) for 0 < a < 2 and Lipschitz sets.
In 1999, R. Song and J.-M. Wu [22] extended the result to all open sets
with cpgr depending on d, D, z,r, and in 2007, K. Bogdan, T. Kulczycki
and M. Kwasnicki [5] extended that result by showing that cpgs in fact
only depends on « and d. In 2008, P. Kim, R. Song and Z. Vondracek [15]
proved BHI for subordinate Brownian motions in “fat” sets and in 2011 they
extended it to a more general class of isotropic Lévy processes and arbitrary
domains [16]. In 2014, K. Bogdan, T. Kumagai and M. Kwasnicki [6] proved
BHI for a wide class of non-symmetric processes in duality. In 2016, a similar
result was obtained by Z.-Q. Chen, Y.-X. Ren and T. Yang [7] for x-fat sets
and some processes without dual process. Finally, in 2016, X. Ros-Oton and
J. Serra [21] proved BHI for arbitrary open sets and operators with kernels
which are comparable with stable kernels.

In most of the cases mentioned above the constant cgy in converges
to 1 as r — 0 giving the existence of boundary limits of ratios of harmonic
functions. Methods used in those proofs involve the so-called reduction of os-
cillation. For jump-type processes this requires additional assumptions (scale
invariance of BHI or uniformity of BHI). One of the results, which we will
refer to in this paper, was found independently by M. Kwasnicki and the
author [20], and by P. Kim, R. Song and Z. Vondracek [I8|, where the exis-
tence of the limits is proven for a wide class of non-symmetric processes and
arbitrary open sets.

A natural consequence of the existence of limits of ratios of harmonic
functions is the question about explicit decay rate of such functions near
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the boundary of D. The answer is known for a wide class of symmetric
processes. For example, P. Kim, R. Song and Z. Vondracek [17] proved in
2014 a result for subordinate Brownian motions where the Laplace exponent
¢ of the subordinator satisfies mild scaling conditions. It states that if X is a
subordinate Brownian motion then for every C1! set D, every r > 0, z € 0D,
and every non-negative function u in R? which is harmonic in D N B(z,7)
with respect to X and vanishing continuously on D¢ the limit

T C)

722 \/¢(dp(x)7?)
exists. Another result is the work of T. Grzywny, K.-Y. Kim and P. Kim [14]
from 2015, who obtained the decay rates for a large class of symmetric pure
jump Markov processes dominated by isotropic unimodal Lévy processes
with weak scaling conditions for sets of class C'1¢ for g € (a/2,1].

To our knowledge not much is known about decay rates in the non-
symmetric case. Here we would like to mention the work of X. Fernandez-
Real and X. Ros-Oton [13] for symmetric a-stable processes with drift, an
ongoing work of Z.-Q. Chen and L. Wang [8], and another work in progress
by S. Dipierro, X. Ros-Oton, J. Serra and E. Valdinoci [11].

The goal of this article is to obtain the explicit decay rate of harmonic
functions in sufficiently regular sets for non-symmetric, strictly a-stable pro-
cesses. The following is our main result.

THEOREM 1.1. Let X be a (possibly non-symmetric) R%-valued strictly
a-stable process with o € (0,2) and with the Lévy measure given by

1 T
v(A) = 19() dx,
Va7
where 9 is strictly positive and C¢ on the unit sphere for some € > 0. Let D be
a bounded, open C11 set if a < 1, and C**~1F€ if o > 1. Let z € OD. Then
for every non-negative function f, harmonic in D N B(z, Ry) with respect to
the process X and vanishing continuously on DN B(z, Ry), the limit
L)
vep |v — x|
exists, where xp € 0D is the boundary point nearest to x and the exponent 3
s given by
B(z) = aP’((Xs,z — zp) > 0).

2. Preliminaries

2.1. Notation, definitions and technical lemmas. Throughout this
paper, d > 2. We denote by (-,-) the usual dot product in R?. We denote
the Euclidean distance between z and y by |x — y| and the Euclidean dis-
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tance between x and D¢ by dp(z). Each constant, unless otherwise stated,
is positive. By ¢ and ¢;, ¢ € N, we denote constants that are less important,
and may vary even within one lemma or theorem. By c¢(a) we denote that
the constant ¢ depends on a.

We denote by B(z,r) the (open) ball of radius r with centre at = and
by S¢ the unit sphere in RY. We also define D, = DN B(0,r) and D} =
{zx € D:ép(x) <r}. For x = (z1,...,24) € R we write © = (%, z4), where
T = (xlv SRR xd—l)'

Let Cy denote the class of continuous functions on R? converging to 0 as
x — oo, and let C. be the class of compactly supported continuous functions.

By changing the coordinate system in R% we mean applying an isometrical
transformation of R?. Similarly, scaling means an application of a dilation
of R%. For example, by an appropriate change of the coordinate system, every
open half-space with a distinguished boundary point z can be transformed
into H = {x € R%: 25 > 0} in such a way that z is mapped to the origin 0.
Similarly, by an appropriate change of the coordinate system and scaling, ev-
ery open half-space with a distinguished interior point x can be transformed
into H in such a way that the image of z is (0,0,...,0,1).

DEFINITION 2.1. For a compact set K, we write f € C™7(K) if the nth
order partial derivatives of f are Holder continuous on K with exponent ~y
(0 <y <1). Such functions form a Banach space with norm

Il oo (i) + sup {M cz,ye K} ifn=0,
| fllama(ry =

ly—z[Y
2 i<nll D" fllcom ) if n# 0.

For simplicity we write C* := C™7 where n = |k|,v = k— | k], when k > 0

is not an integer.

DEFINITION 2.2. For an open set D, we write f € C"™7(D) if f € C™7(K)
for every compact subset K of D.

DEFINITION 2.3. An open set D in R? is of class C™7 if there exists a
radius r > 0 and a constant C' such that for every z € 0D there exist an
isometry ¢ : R — R% and a function f € C™7(R%"1) such that ¢(z) = 0,
1l i1y < C and 6(D) N B(0,7) = {z € R : 54 > f(3)} 0 B(O,r).

Recall that a random variable X has a strictly stable distribution if for
every a,b > 0 there exist ¢ > 0 such that aX; + X2 and cX have the same
distribution whenever X7, X5 are independent copies of X . In this case there
exists a € (0, 2] such that a®+b* = ¢*. We say that « is the index of stability
of X.

Recall also that X = {X;},c(0,00) IS @ Lévy process if it is an Re-valued
stochastic process with Xy = 0, stationary and independent increments and
cadlag paths.
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A Lévy process is described by the characteristic exponent ¥, which is
given by the Lévy—Khinchin formula:

(2.1) () = log(Be'&X)) = —(A£,€) +i(y.£)

- S (1— e (e, 2)1p0,1)(2)) v(dz)
R4\ {0}
for ¢ € R where A is the (non-negative definite) covariance matrix of the
Gaussian part, v € R? is the linear term related to the drift of X; and v
is a non-negative measure such that SRd\{O} min(1,|z]?) v(dz) < oo, called
the Lévy measure. We denote by E* the expectation corresponding to the
process X; with the condition Xy = 0 a.s. replaced by X¢ = z a.s. We denote
by 7p the first time the process X exits an open set D, that is,
mp =inf {t >0: X; ¢ D}.

We say that X = {Xi}e(0,00) I8 @ strictly a-stable Lévy process when it
is a Lévy process such that X; has a strictly a-stable distribution for every
t>0.

DEFINITION 2.4. We define the transition operator p; of the process X
by the formula

pef(x) = E°f(Xy)
and the generator L of the process X applied to a function f by the formula

_ pif(x) — f(z)
2.2 Lf(x) = lim —————~=
(22 (o) = Jim 2L
for every f € Cy such that the above limit exists uniformly on R
DEFINITION 2.5. We define the Dynkin generator Lp of the process X
applied to a function f at a point x by the formula

(2.3) Cof(e) = lim o Kroen) = 1)
r—0t ExTB(x,r)

for every f € Cy and x € R? such that the above limit exists.

It is known that if f is in the domain of the generator £, then Lp f(z)
is well-defined for every x and Lpf(x) = Lf(x). Conversely, if f € Cy and
Lpf(zx) is well-defined for every z, and Lpf € Cp, then f is in the domain
of L. We refer to [I2, Chapter V] for a proof and further discussion.

For every open set D there exists a Green function Gp(x,y) such that
Gp(z,y) >0 for z,y € D and Gp(z,y) =0 for z € D or y € D¢ such that
Gp(z,y) is a continuous map from D x D into [0, oc], and

™D
\ Go(a,y)f(y)dy =B | f(X0)dt
D 0
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for every non-negative function f. In particular,

S Gp(z,y)dy =E*7p
D
for every z,y € D.
We will use the Ikeda—Watanabe formula, which states that for every open
set D, x € D and a Lévy process X with Lévy measure v we have

E*(f(Xrp)) = | Gpl(@,y) | v(z—y)f(2)dzdy
D De
for every non-negative function f such that f =0 in D.

DEFINITION 2.6. We say that a function f is harmonic for X in an open
set D if for every bounded open set B such that B C D and x € B we have

E*f(Xrp) = f(a).
We say that a function is regular harmonic when the above equality holds
also for B = D. If a function is regular harmonic in an open set D, then it
is regular harmonic in any open subset of D.

REMARK 2.7. If a function f is harmonic in an open set D, then for
every = in D we have Lpf(z) = 0.

We need two elementary, technical results.

LEMMA 2.8. For p,q € (0,1), ,y > 0 and n € (0,1] there exists ¢ =
c(q,m) such that

(2.4) |27 — y?| < cmax(z,y)* "z —y|",
(2.5) 2" — 27| < [In(z)| max(z”, 29)|p — g
Proof. Without loss of generality we assume that x > y. We have
ot — g = 2=y
[z —y|"
1— q 1 g4
— | (y/$) |xq—n|$_y|n: | S |xq—77|l,_y‘n

1 —y/af [1— s

for s =y/x € [0,1). Since 0 < n < 1, by 'Hospital’s rule the limit

1—s4 . qsi!

lim ——— = lim ————————
S (T—s)1  soig(l— )it

is equal to 0 for n < 1 and ¢ for n = 1. Since the function (1 ) is continuous

on [0,1) and has a limit as s — 1, it is bounded on [0, 1] by some constant c.
It follows that

|29 = y?| < cmax(z, y)* e —y|".
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For the second inequality we write

07 — a7 = || (@)’ ] < fin(e)] max(@”, 2)p - . =

LEMMA 2.9. For any closed, convex set K and any f € CV(K) with 1 <
v < 2, we have

|f(x) = fy) = (= =y, VW)l < [ flleviole —yl”

for every xz,y € K.

Proof. By the mean value theorem,

f@) = fly) = (& =y, VIi(y) = (& -y, V(1)) — (x—y, VI(y))
=(z -y, Vf(21) = Vf(y))
for some z1 = (1 — s)x + sy, s € [0,1]. Thus we get
[f(x) = fy) = (& =y, VIO < [l —yller =y
< fllevylz =yl =
2.2. Assumptions and properties of the process X

AsSSUMPTION A. X is a strictly a-stable d-dimensional Lévy process with
d> 2 and a € (0,2). The Lévy measure of X is absolutely continuous with
respect to the Lebesgue measure and it is given by

) = | ()

where ¥ € C¢(S) for some € > 0 and ¥(z) > 0 for all z € S.

Assumption [A] implies that if o # 1 the Lévy—Khinchin exponent of the
process X has coefficients a and « equal to 0. If & = 1, the coefficient « is
0 and the function 9 is symmetric. Moreover, strictly a-stable processes are
scaling invariant.

DEFINITION 2.10. We define the pointwise generator A of a process X
at a point = by

(V(fv) = F@)v(y—2)dy if 0 < 1,
]Rd
(v, V@) + | (fw) - f(@)
(2.6) Af(z) = R

_<vf<m)7y_x>1B(:c,r)(y))V(y_x) dy ifa=1,
V(f) = f(@) = (Vf(@),y —2)v(y —2)dy if o> 1,

\ R4




148 T. Juszczyszyn

for every function f for which the integral is finite at x. In particular, this is
the case for any bounded function f which is C**¢ in some neighbourhood
of z for some € > 0; see [19]. Note that in case o = 1, since the Lévy measure
of the process is symmetric, the definition of A does not depend on r > 0.

DEFINITION 2.11. For any unit vector u € S% we define the one-
dimensional Lévy process X" = {(X,u) };er+ which is the orthogonal pro-
jection of X onto the line {zu : x € R}. We denote by v, its Lévy measure.
Also, for z € R? we denote by H, , the half-space {z : (xz — z,u) > 0}.

LEMMA 2.12. The process X" is a one-dimensional strictly a.-stable Lévy
process. Its Lévy measure v, is absolutely continuous with respect to the
Lebesgue measure and its density vy, (z) is given by

1 o .
(2.7) va(z) = { = §g, 9(w){u, w)™ dw i2>0,
V_y(—2) if 2 <0,

where S, = SN Hy,0 and dw is the surface measure on the unit sphere.

Proof. We begin by calculating the tail of the measure v,. Let € R?
and zg > 0. We have

00 e T
S vy (dz) = S || ¢ 19<‘$|> dz.
20 Hu,zou

We use spherical coordinates:

S vy (dz) = S S 1 (w) dr dw = 1 ia S I(z)(u, w)* dw.
20 Su 20/ (u,w) * 20 g,

By differentiation, we get (2.7). The case of zp < 0 is very similar. m

Since X" is a one-dimensional a-stable Lévy process, below we recall
some facts about harmonic functions for those processes.

THEOREM 2.13 (see [3, Lemma VIL.11|). Let Y be a one-dimensional
a-stable Lévy process. Let = oP(Y1 > 0). Then the function

h(w) = 2710 00) ()
is reqular harmonic for'Y in (0,a) for every a > 0.
Recall that for a one-dimensional strictly a-stable Lévy process, the Lévy
measure 4 is absolutely continuous with respect to the Lebesgue measure and
its density is given by

_ 1 1
(2.8) p(z) =C |Z|T_H1(700,0)(Z) + C+‘Z‘TH(Z>1(0,OO)7
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where C—,C* >0, C~ +CT > 0 and if @ = 1 then necessarily C~ = C*. In
that case the parameter 5 can be given explicitly by the formula (see [24])

a 1 Cct—-C~ am
2. = — 4+ = - - -
(2.9) B 2+7Tarctan<c++c_tan 2)
if a # 1, while for « = 1 we have C* = C~ > 0 and
Tl Cct 11
2.1 — P(X — {2 R -
(2.10) B=P(X1>0) §)7r(C+)2+(x—b)2 T = 5+ —arctan —,

where b is the the drift of the process.

In the remaining part of this article we use the objects defined in Theo-
rem for the projections X“. In this case we denote the dependence on u
by writing C*(u), C~(u) and S(u).

LEMMA 2.14. There are constants Bmin = Bmin(X) > max{0,a — 1} and
Brmax = Bmax(X) < min(a, 1) such that Bmin + Pmax = @ and
Bmin < /B(u) < Bmax fOT’ every u € Sd'
Proof. There exists a constant ¢ = ¢(X) € (0,1) such that
+ _ —
Ot - ()
T Ct(u) +C (u)
for any u € S. By (2.9) we have

-1+ <l-c

1 am a 1 am
— — —|arctan (tan — || < B(u) < = + —|arctan {tan —
2 9w 2 2 2

T
for @ € (0,2) \ {1}. Since

< 0477) am/2 ifa<1,
arctan|{tan — | =
2 (a=2)m/2 ifa>1,

and since f(u) is a continuous function on a compact set, we have

max(0,a — 1) < f(u) < min(q, 1)
for € (0,2) \ {1}. When a = 1, the desired result follows from (2.10)). =

Note that the constants By, and Bmax, even though depending on X, are
invariant under the orthogonal changes of the coordinate system and scaling.
We keep the notation Bnmin and Smax till the end of this article.

REMARK 2.15. By and (2.7), the function C*(u) is a spherical
convolution of a C®(S?) “zonal” function w +— max((u,w),0)* and a C¢(S%)
function 6. Thus, C*(u) and C~(u) = C*(—u) belong to C*+¢(5%). By
for o # 1, and by for a = 1, the function B(u) is in C*+¢(S%).
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LEMMA 2.16. Let X be a d-dimensional strictly a-stable Lévy process.
Let u € 8. Then the function

hua() = (6, . ()"

is a reqular harmonic function for X in D NH, . for every bounded open

set D.

Proof. By an appropriate change of the coordinate system and scaling,
we may assume that z = 0 and v = (0,...,0,1). Let D be a bounded

open set. Let h(zg) be defined as in Theorem for Y = X*. We define
Uy ={z€R?:0 < x4 <t} and we choose t such that D NH,. C U. We
have

(2.11) Ehuz(Xry,) = E*R(XY ) = h(2a) = hu,s(2),

T(0,t)
where E* and E%4 are the expectations for the d-dimensional process X and
its orthogonal projection X", respectively. By , the function h, . is
regular harmonic in U;. Since D NH,, . C Uy, hy, . is also regular harmonic
in DNH,,. =

COROLLARY 2.17. The function Ah, .(x) is well-defined for every x €H,, .
and
Ahy () =0  for x € H, ..

Proof. Let x € H,, . and let  be a radius such that B(z,r) C H, .. Then
hy,. € C°(B(z,r)). Since it is harmonic in H, ., by Remark it belongs
to the domain of the Dynkin generator Lp at the point = and Lph,, .(x) = 0.
We define

() = huz(y)  fory € B(z,r)
and extend it to a smooth and compactly supported function. The func-
tion hy, , also belongs to the domain of the Dynkin generator Lp, as well as
to the domain of the pointwise generator A, and

(2.12) Lphy, . (r) = Ahy, ,(z).
The difference hy, .(x) — hy, . () is equal to 0 on B(x,r), thus, by the Tkeda-
Watanabe formula, we have
Lp(hy,. — hZ,z)(w)
— lim SB(x,s) GB(va) ((E, y) SB(a:,r)C V(’U - y)(h‘U,Z - hz,z)(v) dv dy
s—0+ SB(.T,S) GB(J:,S) (33‘, y) dy

where Gp; ) (,2) is the Green function of B(z,s). Observe that if
y € B(z,7/2) and v € B(z,7)¢, then [v—y| > r/2, and so v(v—y)(hu,.—h;, )
is a continuous function of y € B(x,r/2) and v € B(z,7)¢, bounded by an
integrable function of v € B(z, )¢ uniformly in y € B(x,r/2). It follows that
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SB(%T)C v(z = y)(hu,> — hy, .)(2) dz is a continuous function of y € B(z,7/2).

GB(s.s)(T,y)d
As s — 0, the measures B(z.s)(2:Y) Y
SB(:c,s) GB(;L‘,S) (ac,y) dy

converge vaguely to the Dirac

measure at x, and thus
(2.13) Lp(huz— b, (@) = | viz—a)(he. — N ,)(2)dz
B(x,r)°
= Alhuz — 15 (@),
By combining (2.12)) with (2.13)) we get the desired result. m

2.3. Regularity of the domain D

AssuMPTION B. If @ € (0,1), then D is a bounded C!! open set. If
a € [1,2), then D is a bounded C?*+¢~! set for some € > 0.

REMARK 2.18. If D is a C'! open set, it satisfies the uniform exterior
and the uniform interior ball conditions: for some r(D) > 0, for every z € 9D
there are points z1,x2 such that B(zi,7) C D, B(xz,7) C D and 2z €
B(z1,7) N B(xa,T).

Recall that D} = {x € D : ép(z) < r}.

DEFINITION 2.19. Let r be as in Remark 2.18] For = € D}, we let z(z)
be the unique point on 0D such that 0p(z) = |z —z(z)|. If x € D we define
z(x) = x. We define n(z) to be the inward-pointing normal vector to the
boundary of D at z(x).

LEMMA 2.20. Let D satisfy Assumption[B] There exists R(D) > 0 such
that the functions z(z) and n(x) are Lipschitz continuous on D, for o < 1,
and are C*T¢(D3%,) functions for some € > 0 if o > 1.

Proof. By [10, Theorem 3.1] the distance function §p(z) is in C*'(D5)
for some R. Note that Vip(xz) = n(z), thus n(x) is a Lipschitz function
on D%, Since z(z) = x —dp(x)Vip(x), it is also a Lipschitz function on D%,.
If « > 1 and D is a C%~ %€ get for some € > 0 then, again by [10, Theo-
rem 3.1], 6p(z) is in C**~17¢(D%), thus Vép and z are in C*T¢(D%). =

REMARK 2.21. Since harmonic functions for the process X are scale-
invariant, the constants fBmax, Bmin and the function A, . that will be used
later in this article do not change if we scale the process X or (equivalently)
scale the coordinate system. To simplify the notation, till the end of the
article we choose a coordinate system, together with its scale, in such a way
that 0 € 9D,

eq :=n(0) = (0,...,0,1),

the radius r defined in Remark is not less than 2, and the radius R
defined in Lemma [2.20] is greater than or equal to 1.
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COROLLARY 2.22. Let D satisfy Assumption @ The function (n(x))
is in C*T¢(D7) for some € > 0 and H,B(n(~))||ca+e(DfT) < C(X, D) for some
C(X,D) > 0.

Proof. If a < 1, by Remark and Lemmawe have 3 € Cot¢(S%)
for some € > 0 and n(x) is a Lipschitz continuous function, thus the compo-
sition B(n(-)) belongs to C**¢(Dy) for some € > 0. If a > 1, by Remark-
and Lemma we have 3 € C*T¢(S9) and n € Ca+6(D*) thus the com-
position belongs to C*T¢(Dj). m

To simplify the notation, we write 3(z) instead of B(n(z)) if z € Dj.
Recall that D, = D N B(0,r).

LEMMA 2.23. Let D satisfy Assumption @ For every x = (%,24) € D1,
we have

(2.14) 0p(x) — 24| < 12|

Proof. Let f be a function such that 9D U B(0,2) is contained in the
graph of f (see Definition . By the uniform exterior ball condition with

radius 2, we have
7) > -2+ V4—|z)* > -3|7
for |Z| < 2. Thus, for x € Ds,
(215)  dp(2) < d(x, (3, f(7))) = |2a = f(7)| = w4 — f(&) < wa + 3|2

On the other hand, since for |z| < 1 we have 2—xq+1(F|? > V|Z[*+(2—24)?
(which follows by squaring both sides), and by the uniform interior ball
condition, it follows that

(2.16) 6D<>>5B(zed2 2) =2 VIEP + (2 —2g)® > 24— 33>

By combining ([2.15)) and ({ -, we get - "

3. Proof of the main theorem. The main goal of this section is to
provide explicit decay rates of harmonic functions at a boundary point z of
the set D. In the remainder of the article we will always assume that the
process X satisfies Assumption [A] and the set D satisfies Assumption
We choose the coordinate system (and scaling) as in Remark and we
fix xg = (0,0,...,204) = xogeq such that op(xg) < 1/2. Finally, we define
H(z) = He,0(x) and h(z) = he,yo(z).

DEFINITION 3.1. We define
9(x) = ()" 1pe(x),
where the function g is given in Corollary see Figure
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Fig. 1. The function g is of power type with different exponents for different directions.
REMARK 3.2. By Lemma and Corollary g € CT(Dy) for
some € > 0. Moreover, g is bounded by 1.

REMARK 3.3. By Lemma the interval (Bmax, min(a,1)) is non-
empty. In the remainder of this article we fix

(31) n e (,Bmaxy min(a7 1))7

so that, since Bnin + Bmax = «, we have

(3.2)

2n—a—2<—1, Ppmt+n—a>0, —1<Pnm—m<0, 2np—a—1>-1,

which we will use later.

DEFINITION 3.4. We define
file) = ((Gu(@)’™) = (du(x))?)1p,Au(=),
(3.3) fa(@) = ((6p())"™) = (8u(2))" ) 1p,em(),
fs(@) = (9(x) = h(2))L(®a\ (D, ) (2)-
Since for x € D1 NH we have
g(x) = h(z) = (5p(2))"™) — (dm(x))’ )
= (6p(2))"®) = (dm ()" + (dm ()" — (dm(x)) ),

by (3.3),
(3.4) g(z) = h(z) = fi(x) + fa(z) + f3(2).

LEMMA 3.5. There exist ¢ = ¢(X,D) > 0 and a constant ¢ = ¢(X, D)
such that

[fi(2)] < clw — 2| ifa <1,
[f1(z) = (Vfi(zo),2 — z0)| < o — 2o|*™ ifa > 1,
for x € Dy NH.
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Proof. Let x € Dy NH. When « < 1, by (3.3]) and (2.5) we have

|f1(@)] < (8 ()] max(dp ()", 5 () ) B(z) — Blxo)].

Since B(x), 5(z0) € [Pmin, Pmax], it follows that there exists ¢(X, D) such
that

|f1(2)]| < ¢|B(z) — B(zo)[1p,nm(z).
By Corollary B is in CT¢(Dj) for some € > 0. Thus,

|f1(2)] < elz — 20T 1p, rm(2)

for some € > 0, as desired.

We now consider « > 1. For the notational convenience, till the end of
this proof we write 5y = B(xg), B1 := B(x), do := dm(xo), 01 := om(x)
and v := Vf(zp). By Corollary B is in C*T¢(D5) for some £ > 0. In
particular, V3 exists and is bounded by a constant ¢(X, D). By a simple
calculation,

V f1(z0) = (Indo)85 .

For later use, we record that as a consequence, for every € > 0 there exists a
constant ¢ = ¢(X, D, €) such that

(3.5) IV f1(z0)| = [In(80)65°0| < 6507 = edp (o) *0) ¢,

We come back to the proof of the lemma. Observe that by the triangle and
Cauchy—Schwarz inequalities,

(3.6)
|f1(x) = (V fi(20), = — z0)| = 67" — 67° — (36" In(d0)v, = — zo)|
< (07 = 61" — 672 n(81) (81 — Bo)
+167° 1n(81) (B1 — Bo) — (07° (8 )v, 2 — o)
+ (870 In(8y)v, 2 — x0) — (85° In(do)v, & — 20)]
< (0] — 070 — 67 (1) (81 — Bo)l
+ 11— Bo — (v, x — 20)07°[In(8y)]
+ 6% (81) — 650 n(80)| [v] |z — o).

Recall that 81,80 € [Bmin, Pmax).- By Taylor expansion, there exist 5y €
(Bmin, Bmax) lying between [y and (31, and ¢(Bmin), such that

(07" = 67 = 07 In(81)(B1 — Bo)| = 3167% n*(81)(B1 — Bo)?| < ¢lBr — Bol”

Since f is a Lipschitz continuous function on Dj, there exists a constant
¢ = ¢(X, D) such that

(3.7) |67t = 07 — 81 In(81) (81 — fo)| < el — wol*.
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By Corollary B is in CT¢(Dj) for some € > 0. Thus, by Lemma
there exists a constant ¢ = ¢(X, D) such that for some € = ¢(X, D) > 0 we
have

(3.8) 181 = Bo = (v, = 20) 57" [n(81)] < el — ol **.
As By > o — 1, for some € = €(X,D) > 0 we have og(-)% In(du(-)) €

Co=1H<¢(D¥). Since |Vf| is bounded, there exists a constant ¢ = ¢(X, D)
such that

(3.9) \5150 In(d1) — (550 In(8o)| [v] |z — 0| < c|w — zo|*T€

for some ¢ > 0. By combining (3.6)—(3.9) we get the desired result for
a>1l. =

Recall that  was chosen in Remark so that it satisfies (3.2]).
LEMMA 3.6. There exists a constant ¢ = ¢(X, D) > 0 such that
| fa(@)] < emax(6p(x), 6 () ==& * "1 p, ().

Proof. Let x € D; N H. By Lemma (2.4) and (3.3) there exists a
constant ¢ = ¢(X, D) such that

|fo(@)| < emax(9p (), 6 ()" ~"|6p (x) — du(x)|"
< emax(0p(z), o (x)) @1z

Since max(dp(x), og(x)) <1 for z € Dy NH, we have

max(dp (), 0m(x))? @™ < max(ép(x), o () min 1.
Thus

|fo(@)] < emax(ép(z), d(x)) ™|z |*". u
REMARK 3.7. By Remark [3.3] and the fact that
Bmax > max(B(u), f(—u)) > 58(u) + 58(~u) = /2,

we have 21 > 20nax > «. Thus, in the case o > 1, V fa(xg) exists and it is
equal to 0.

REMARK 3.8. We have
5(2)] < 9215, oyray + H) iy, (2):
LEMMA 3.9. There exists a constant cgen = Cgen(X, D) > 0 such that for
T € D{/Q,
|Ag(z)] < cgen.

Proof. 1t is enough to show that [Ag(xg)| < cgen for some constant cgen =
Cgen(X, D) > 0. The result in the general case follows then by an appropriate
change of coordinates; see Remark To estimate Ag(xg), we will compare
the functions g and h. Recall that, by Lemma h is harmonic on H.
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By we have
[Alg = h)(xo)| < [Af1(x0)| + [Afa(o)| + [Af3(x0)]

We claim that each summand on the right-hand side is bounded by some
¢(X, D) > 0. Once this is proved, it follows that A(g — h)(x¢) is well-defined
and |A(g — h)(z0)| < ¢(X, D). By Lemma[2.16, we have Ah(zo) = 0, and so
Ag(zo) is well defined and |Ag(zo)| < ¢(X, D), as desired.

To estimate |Afi(xo)| we use Lemma and the fact that fi(xg) = 0.
If o < 1, there exists € = €(X, D) > 0 and constants ¢ = ¢(X, D) > 0 such
that

[Afi(wo)l < | [fi(@) = filwo) vz — o) do

<c S |z — 20|* V(2 — 10) dz < c.

If « > 1, we have

[AS1(z0)] < | [71(2) = fi(wo) — (Vfi(0), & — z0)|v(x — wo) da

R4
< S |z — 20| v(z — 20) d0
B(z0,1/2)
+ |V f1(zo)] S |z — xo|v(z — x0) da.

B(z0,6p(%0))°

Using additionally (3.5)) with € = fBpin + 1 — « (recall that Spin > o —1), we
find that there exist constants ¢ = ¢(X, D) > 0 such that

|Af1(@0)| < ¢+ e (wg)P#0)~Pmin=1+a | |z — 20179 dx
B(z0,6p(20))°
<c+ C(SD(;L'O)B(330)—ﬂmin <e,

where in the last step we have used the fact that 5(z¢) > Bumin-

Finally, for « = 1, we have

|Af1(zo)| < (Vfi(xo),b) + S | f1(x) = fi(xo)

Rd
—(Vf1(20), ® — 20)1B(z0,1) (x)‘z/(x — x0) d,

where b is the drift of the process X and r is any radius as in (2.6]). We set
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r = 2. As in the case > 1, there exist constants ¢ = ¢(X, D) > 0 such that
[Afi(z0)] < e+ | [fi(@) = fi(=o)
R4
— (Vf1(20), & — 20) L p(zy2) (x) |V (z — 20) dz

<c+c S |z — x0|*Tv(z — 70) da

D1NH
+ S (V f1(zo), x — xzo)|v(z — z¢) dz
(D1NH)eNB(z0,2)
<c+ |V fi(zo)] S |z — zolv(z — o) dx.

B(x0,5D(x0))cﬂB(Io,2)
Again using (3.5)) with € = Byin/2, we obtain
[Afi(0)| < ¢+ edm(a0) P~ Pmin/2(In(2) — In(dm(x0))) < e

because B(xg) — Bmin/2 > Pmin/2-

By (3.3) we have fa(zg) = f3(x0) = 0 and V f3(xg) = 0. By Remark [3.7]
for a > 1 we have V fa(zg) = 0, thus for every a € (0, 2),

Afa(zo) = | fal@)v(x — z0)dx,  Afs(z0) = | fa(@)v(z — o) da.

Rd R4

Recall that fo(z) = ((6p(2))?® — (0m(2))?@)1p,Au(z). To estimate

| Afa(z0)| we use Lemma

[Af2(z0)| < | Ifo(@)lv(z — z0) do
Rd
<c S max(8p (), o (z)) =" E|* v (z — x0) da;
D1NH
here and below the symbols ¢ denote constants ¢ = ¢(X, D) > 0. By Re-
mark Bmin — 1 < 0, and therefore

|Afa(zo)| < c S St () Pmin |27 — o| 4= .
B(0,1)NH

Noticing that B(0,1) NH is contained in B(¥=1(0,1) x (0,1), and writing
x = (&,t), we find that
1
Apaol <ef | PR 4+t ) d
0 B(d-1)(0,1)
1 1
= Cgtﬁmin—n S rd_2+2”(r2 + [t — $0d|2)—(d+a)/2 dr dt.
0 0
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Now we investigate the integral over r. For b > 0 we have

1 1/b
Srd—2+217(,r2 + b2)—(d+a)/2 dr = p2n—a—1 S Sd—2+2n(1 + 82)—(d+a)/2 ds
0 0
1/b
< b?n—a—l S (1 + 82)(277—04—2)/2 ds < Cb277—a—1
0

(the final integral is bounded because, by Remark m—a—2< —1).
Next we take b = |t — x4 and we find that

1 1
cgtﬁm“‘_" S P28 (2 4 — gq]2) T2 gy gt
0 0

1
< cstﬂmirn‘t — zq)?1 Lt

0
1/@oa
_ C;U(B]giﬁnfa S uPmin =My, — 11217 gy
0
2 1/@oa
o ng:imn—l—n ol ( S uﬁmin—n|u o 1|2n7a71 du + ¢ S uﬁmin‘i’”*@é*l du)
0 2

The first integral on the right-hand side is bounded, because, by Remark [3.3]
Bmin —7M > —1 and 2n — a — 1 > —1. The other integral does not exceed
g~ (Bmintn—) Finally, again by Remark [3.3 ., we have fpin + 17— a > 0, and
we conclude that the right-hand side is bounded by a constant ¢(X, D).
To estimate [Af3(zo)| we denote A := {z € R? : |Z| < 1, |zq| < 3|7}
By Lemma[2.23] (D \ H) U (H\ D)) N B(zo,1) C A. We write

[Af3 (o)l < | Ifs(@)lv(x — w0) da

Rd
<ec S (9(z) + h(x))v(z — xo) dz
A
+ S (9(z) + h(x))v(z — xo) dz
B(zo,1)¢
=J1 + Jo.

For z € A we have |z4|/|Z| < 5|Z| < 1, and hence

o — 0| _ VIZ[° +|woa — zal® _ 1+ w0a —zal?/JE* _ 1

[ jEE+ad V1+ 22|z \f
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and thus by Assumption [A] we have
v(z —xo) < cv(x).
Moreover, for z € A we have dg(z),p(z) < ¢|Z|? and hence

g(@) + h(z) < c[z[*min.

Thus
2| 1
Ji<e |7:2Pmin | - dug dz
pon ) T
S c S |j‘_d_a+26min+2 dz S c,
B-1(0,1)

because fmin > o — 1. By Remark [3.2] we have

Jy < S v(z — x) dr + S xg(mo)u(x — x0) dx
B(Io,l)c B(xo,l)cﬂH
<c+ S mg(xo)u(x — x0) dz.
B(zo,1)cNH

Since for x such that |z—z¢| > 1 we have x4 < |xo|+|r—x0| < 1/2+|z—20| <
2|z — xg|, it follows that

Jy<c+c S |z — xo|Prp(z — x0) dz = c.
B(xo,l)c

We have thus proved that all three summands [ Afi(xo)|, |Af2(zo)| and
| Afs(zg)| are bounded by a constant ¢(X, D). This completes the proof. m

We keep the notation cgen till the end of the article.

We recall the following fundamental result on existence of boundary lim-
its of ratios of harmonic functions.

THEOREM 3.10 (|20, Theorem 2 and Example 1]). Let D be an open
set, and z € 0D. Suppose that f1, fo > 0 are reqular harmonic functions in
D N B(z,r) and are zero in B(z,r) \ D for r < R. Then either one of f1
and fo is zero everywhere in D N B(z,r), or the finite, positive boundary
limit of f1(x)/f2(z) exists as x — z, x € D.

Following, for example, [5], we introduce the following notation.

DEFINITION 3.11. The relative oscillation of a function f on the set D,
is given by the formula

SUpsep, f (%)

RO-(f) = infyep, f(z)
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Note that if f; and fo are positive in D, for some r, then the existence
of a finite, positive limit of fi/fs as x — 0 is equivalent to the condition
RO, (f1/f2) > 1asr —0T.

DEFINITION 3.12. We define the harmonic reduction g, of the function g
by
gr(x) = E*(g(X7p,)).

LEMMA 3.13. For every € > 0 there exists a radius ro = ro(X, D,€) > 0
such that

Gr 1+e
1 -] <
(3.10) ROT(g)‘l—e

for every 0 <r <rg.

Proof. Let ¢ be a non-negative smooth function such that ¢(y) = 0 for
ly| > 1/2 and {4 ¢(y) dy = 1. For k > 1 we define ¢, (y) = k%¢(ky) and

gr(x) = (01 % 9)(2) == | S(y)g(w —y) dy.
Rd
Forr < 1/4let D¥ := {y € D, : 6p(y) > 1/k}. Since g, is a smooth function,
Agp. is well-defined everywhere.

Let x € D¥ and 2 € B(0,1/(2k)). By Lemma we have —cgen <
Ag(z — z) < cgen. We claim that Agy(x) = ¢y, * Ag(x) and consequently, by
Lemma |3.9
(3.11) —Cgen < Agi(z) < cgen-

By Remark g € C“T¢(Dy) for some € > 0. Hence, by (2.6)), for a < 1,
| Va2l —2) —gle = 2) vy —2)dydz < | | 64(2)
R4 R4 R4 Rd
X (cly = 2|*T V(a1 /ar) (¥) + 2 X 11/ (ar))(y)) V(Y — ) dy dz < 0.

Now, by the Fubini theorem, we have

Agr(z) = | (9(y) — gr(2))v(y — z) dy

R4

= §(§ en@) 9y~ 2) — gla = 2) d2)vly — @) dy

R Rd

= | (16w -2) a2ty —2)dy) dz
|2|<1/(2K) R4

= S ok(2)Ag(x — z) dz = ¢, x Ag(x).

|2[<1/(2k)
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In case o > 1, by Remark [3:2] and Lemma [2.9] we write

|V or(2)] (9 —2) —g(z —2) = (Vg(w = 2),y — ) [u(y — x) dy d=
R4 R4
<\ oe@) (ely — 21 Vg ) ()
@ Db (1)l — 7) dy dz < o

Furthermore, Vg, = (Vg) * ¢ in DE. Now, similarly to the case o < 1, we
write

Ag(@) = | (gr(y) — gr(x) — (Vgi(x),y — 2))w(y — ) dy

Ra
= { (J ooy —2) gz - 2)

o ~ (Vglw - 2),y = 2)) dz ) uly - =) dy
= | ¢k(z)( V(gy—2) —g(z—2)

|2|<1/(2k) R¢ —(Vg(z),y —2))v(y — z) dy> dz
= | o) Agle —2)dz = g+ Ag(w).

J2]<1/(2k)

Finally, in case a = 1 we write similarly

| (@) (9ly = 2) — gz — 2)
ReR —(Vg(a — 2),y — )Ly (v — 2)|v(y — z) dy dz
< | | (2 (C!y — 2T U1 ar) (y) + 2 ¥ 13(1,1/(4@)6(@/))

R4 R4
xv(y —x)dydz < co.

Since g € C**¢(Dy), Vg is a continuous function in D, and Vg, = (Vg)*py
is in D¥. Thus,
Agr(z) = (7, Vgr(z))

+ { (96 W) — (@) = (Vgr(),y — 2)1p(a,1/aar) @)V (y — 2) dy
Rd
= [ (1. Vgl =)o) dz + | (§ ou(2) 9y —2) = gz — 2)

R4 Rd R4

—(Vg(z = 2),y — )11k (¥ — 2)) dZ>V(y —x)dy



162 T. Juszczyszyn

— S or(z) <<’y, Vy(zr —2)) + S (g(y —z)—g(x —2)
|2|<1/(2k) R?

— (Vglw = 2),y = ) L1 ax) (0)) V(Y — @) dy) d=

= S or(2)Ag(x — 2)dz = ¢y * Ag(z).

|2|<1/(2k)
This completes the proof of our claim (3.11)).

Recall that g is in C°(RY) and A restricted to C° coincides with the
infinitesimal generator £ of the process X. Denote o(r, k) = Tpx. For k > I,

by Dynkin’s formula, for z € D! we have
o(r)
E* | Age(Xy) dt = B (gu(X,()) — gk().

0

Using , we get
_CgenExU(Ta ) <E” (gk(Xo(r,l))) —gr(z) < CgenExU(Ta ).
As k — o0, g, remains bounded by 1 and it converges pointwise to g. Thus,
—cgenE 0 (1,1) < E‘T(g(Xg(T’l))) —g(x) < cgenE 0 (1, 1).

Now we pass to the limit as [ — 0o. Since o(r, 1) is an increasing function of [,
and since g is bounded and g(X, ;) converges almost surely to g(X., ),
we infer that for all z € D,.,

(3.12) _CgenEx(TDr) < EI(Q(XTDT)) —g(r) < CgenEw(TDr)'

In order to proceed we need a technical result comparing g,(z) with
E*(7p, ). Since v(y — z) > cly|~@ for every z € D, and y € B(0,r)¢ (here
and below ¢ = ¢(X, D) > 0), we have

(3.13) 6@ = | (| G, @2z~ y)d=)g(y) dy
Di\D; Dy
> B (rp,) | eyl ™ gy) dy,
DI\D,

where Gp, (z,z) is the Green function of the set D,.
For y € B(0,1) with 2|g| < yq we have

lyl = V3 + 15 < V2 + 192 < cva.
By (2.16) we have
5p(y) > ya — 9 > ya — 9] > ya/2 > clyl,
so that
9(y) > cly|Pm.
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Thus, by using polar coordinates, we have

Vol gy dy > | lyl™g(y) dy
Di\D, D1\Dr

¢ S [yl ==yl dy
{(Gya): 219l <ya, r<ly|<1}
1

> cSu*“lfo‘uﬁm‘"“‘ud*1 du = c(rPme== 1),

Y

s
By combining this and (3.13]) we get
(3.14) gr(x) > c(rPmax= — 1)E*(rp,)

for x € D,.

Now suppose that € > 0. By (3.14)) there exists ro = ro(X, D, €) > 0 such
that

(315) CgenEI (TDT) < 6gr,~(113)

for x € B(0,7) and r < r9. By combining (3.15) with (3.12)), we find that
—egr(x) < gr(x) — g(x) < €gr(z), and hence

iC)) ]
(3.16) 1 <gr()<1+

for x € D, and r < rg. This implies (3 . "

THEOREM 3.14. Let f be a non-negative function which is reqular har-
monic in Dy and which vanishes on D¢ N B(0,1). Then either f is zero
everywhere in D, or

f(x)
Proof. Let € > 0 and let rg be chosen according to Lemma By

Theorem and the fact that g,, and f are harmonic in D,,, there exists
a radius r < rqg such that

lim >0 ewmistsasr— 0,z € D.

RO (f/gr,) <1+
For any positive functions fi, f2, f3 we have

fi(z)
R0<ﬁ>:9mmmém

f2/infsen. f5
fi(z) f3(®)
SUPgzep, f3( )SupxeDr fo(z) f1 f3
= f1(@) e — RO ) RO 5,

infoep, %z foeD, 7
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Thus, by Lemma

ROT<f) < ROT<f) ROT<9”’> <A+’
g Irg g 1—c¢

Since € was chosen arbitrarily, we have RO, (f/g) - 1asr — 0. m

REMARK 3.15. Note that, in contrast to the 2015 work of T. Grzywny,

K.-Y. Kim and P. Kim [I4], with our methods we cannot relax the assump-
tion D € CHL. If D € CYP for B < 1, then the function n(z) (and so B(z)
and g,(x)) is not even a continuous function.
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