


α
R2

α−

[0, 1) n

(0, 1)2



α

R2



n
1/n

1/2

n > 2
n =
n = 2

{µi}ni=1 , (n > 1),
{X ,B}

{µi}ni=1
B



P = {Ai}ni=1 {X ,B}
A1, . . . , An X Pn

I = {1, ..., n}

P = {Ai}ni=1 ∈ Pn

µi(Ai) ≥ 1/n i ∈ I

µi(Ai) ≥ µi(Aj) i, j ∈ I

µi(Aj) = 1/n i, j ∈ I

µi(Ai) = µj(Aj) i, j ∈ I

X

{µi}ni=1
{X ,B} "µ(B) "µ : B → Rn

"µ(A) = (µ1(A), . . . , µn(A)) , A ∈ B,

Rn

"µ(B)

α

{µi}ni=1 {X ,B}



1/n
X

v∗

v∗ := sup
P∈Pn

min
i∈I

µi(Ai),

(n+M − 1)−1 ≤ v∗ ≤ Mn−1,

M := sup
P∈Pn

n∑

i=1

µi(Ai).

Sn = {s = (s1, . . . , sn) ∈ Rn, si > 0, i ∈ I,
n∑

i=1

si = 1},

(n− 1) Sn Rn

αi, i ∈ I, α = (α1, . . . ,αn) ∈ Sn

i
α = (α1, . . . ,αn) ∈ Sn

P = {Ai}ni=1 ∈ Pn

µi(Ai) > αi i ∈ I.

P ∗ = {A∗
i}

n
i=1 ∈ Pn α

vα := min
i∈I

[
µi(A∗

i )

αi

]
= sup

P∈Pn

min
i∈I

[
µi(Ai)

αi

]
.

vα α

mini∈I
[
µi(Ai)
αi

]

"µ = (µ1, . . . , µn) X
α = (α1, . . . ,αn) ∈ Sn

P = {Ai}ni=1 ∈ Pn

α α = (1/n, 1/n, . . . , 1/n) ∈ Sn

v∗ = vα/n α = (1/n, 1/n, . . . , 1/n) ∈ Sn v∗

α



{µi}ni=1
{X ,B} "µP (Pn) "µP : Pn → Rn

"µP (P ) = (µ1(A1), . . . , µn(An)) , P = {Ai}ni=1 ∈ Pn,

Rn

P 0 =
{
A0

i

}n
i=1

∈ Pn

M = sup
P∈Pn

n∑

i=1

µi(Ai) =
n∑

i=1

µi(A
0
i ).

M

ri := µi(A0
i )

m := min{ri[ri − αi(M − 1)]−1 : [ri − αi(M − 1)]−1 > 0, i ∈ I}.

m ≤ vα ≤ M.

α
v∗

vα ≤ M vα > M

vα α−1
i µi(A∗

i ) > M i ∈ I
n∑

i=1

µi(A
∗
i ) > M

M
m ≤ vα i := (0, ..., 1, ..., 0) ∈ Rn 1 i−

i ∈ "µ(Pn) i ∈ I W
{ , { i}ni=1} = (r1, ..., rn) W ⊂ "µ(Pn)

t∗ := max{t ∈ R : tα ∈ W}
n+ 1

{
βi + βn+1ri = αi, i ∈ I,∑n+1

i=1 βi = 1

βi ≥ 0, i = 1, 2, ..., n + 1, t∗ = m
m ≤ vα

!



"µ(Pn)

α−

{µi}ni=1
ϑ ϑ =

∑n
i=1 µi fi = dµi/dϑ

fi

µi(A) =

∫

A
fi dϑ, A ∈ B, i ∈ I.

Bi(p) =
n⋂

j=1,j (=i

{
x ∈ X : piα

−1
i fi(x) > pjα

−1
j fj(x)

}
,

Ci(p) =
n⋂

j=1

{
x ∈ X : piα

−1
i fi(x) ≥ pjα

−1
j fj(x)

}
,

α = (α1, . . . ,αn) ∈ Sn p = (p1, ..., pn) ∈ Sn i ∈ I

α ∈ Sn p∗ ∈ Sn

P ∗ = {A∗
i}

n
i=1

Bi(p∗) ⊂ A∗
i ⊂ Ci(p∗),

vα =
µ1(A∗

1)

α1
=

µ2(A∗
2)

α2
= . . . =

µn(A∗
n)

αn
.

α α

α−
N := {1, 2, ...}

{µi}∞i=1
{X ,B} α = {αi}∞i=1∞∑

i=1

αi = 1

P∞ {Ai}∞i=1
α = {αi}∞i=1 1

{µi}∞i=1 {Ai}∞i=1 ∈ P∞

µi(Ai) = αi, i ∈ N.



α−

α− α = (1/n, 1/n, . . . , 1/n) ∈ Sn

X
fi : [0, 1] → R+ i ∈ I

X
X(ω) X

X

P = {Ai}ni=1 ∈ Pn

X(ω) ∈ Ai X fi, i ∈ I

max
i∈I

P(X /∈ Ai| X = fi),

P = {Ai}ni=1 ∈ Pn

R = inf

{
max
i∈I

P(X /∈ Ai| X = fi) : {Ai}ni=1 ∈ Pn

}
,

R = inf

{
max
i∈I

(1− µi(Ai)) : {Ai}ni=1 ∈ Pn

}
= 1− sup

{
min
i∈I

µi(Ai) : {Ai}ni=1 ∈ Pn

}
.

P ∗ = {A∗
i}

n
i=1 ∈ Pn

R = 1−min
i∈I

µi(A
∗
i ).

P ∗ = {A∗
i}

n
i=1 ∈ Pn

R2 α−

α vα α
{(0, 1),B} B

(0, 1)
"µ(B) G : [0, 1] → [0, 1]

"µ(B) =
{
(x, y) ∈ [0, 1]2 : 1−G(1− x) ≤ y ≤ G(x)

}
.



f1 f2
(0, 1) µ1, µ2

Fi(x) =

∫ x

0
fi(t) dt, i = 1, 2.

"µ(B) t ∈ [0, 1]
D(t) ∈ B

µ2(D(t)) = max{µ2(A) : µ1(A) = t, A ∈ B}.
IA A ∈ B

r(x) :=

(
f2(x)

f1(x)

)
I{f1(x)>0}, x ∈ (0, 1).

G "µ(B)
r

{x : f2(x) > 0} ⊂ {x : f1(x) > 0} = (0, 1)

r(x) (0, 1)
D(x) =

(
0, F −1

1 (x)
)

G(x) = F2(F
−1
1 (x))

r(x) (0, 1)
D(x) =

(
F −1
1 (1− x), 1

)
G(x) = 1− F2(F

−1
1 (1− x))

r(x) x0 = 1/2 x (0, 1/2)
D(x) =

(
0, F −1

1 (x/2)
)
∪
(
F −1
1 (1− x/2), 1

)

G(x) = F2

(
F −1
1 (x/2)

)
+ 1− F2

(
F −1
1 (1− x/2)

)

r(x) x0 = 1/2 x (0, 1/2)
D(x) =

(
F −1
1

(
1−x
2

)
, F −1

1

(
1+x
2

))
G(x) = F2

(
F −1
1 (1+x

2 )
)
−F2

(
F −1
1 (1−x

2 )
)

G

f1 (0, 1) f2
(0, 1)

f1(x) ≡ 1 f2(x) =
π
4

1 +
[
π
2 (x− 1

2)
]2 , x ∈ (0, 1),

F1 F2

F1(x) = x F2(x) =
1

2
arctan

(
π

2

(
x− 1

2

))
+

1

2
, x ∈ [0, 1].

r(x) x0 = 1/2 x (0, 1/2)
G(x)

G(x) = F2

(
F −1
1

(
1 + x

2

))
− F2

(
F −1
1

(
1− x

2

))
= arctan

(π
4
x
)
, x ∈ [0, 1].



!
G

f1, f2

R(f1, f2) =

{(∫

A
f1 dt,

∫

A
f2 dt

)
: A ∈ B

}
.

R(f1, f2) "µ(B) H : R → [0, 1]

H(y) = µ1({x : f2(x) > yf1(x)}) =
∫

{x : f2(x)>yf1(x)}

f1(x) dx.

f ∗
2 (x)

f ∗
2 (x) = H

−1
(x) x ∈ (0, 1),

H
−1
(x) = inf{y ≥ 0 : H(y) ≤ x } 0 < x < 1.

f ∗
1 (x) = I(0,1)(x)

(0, 1)

f1, f2 {(0, 1),B}
f ∗
1 f ∗

2

R(f1, f2) = R(f ∗
1 , f

∗
2 ).

R(f ∗
1 , f

∗
2 ) =

{
(x, y) ∈ R2 : 0 ≤ x ≤ 1, 1−G(1− x) ≤ y ≤ G(x)

}
,

G : [0, 1] → [0, 1]

G(x) =

∫

{t:f1(t)=0}

f2(t) dt+

∫ x

0
f ∗
2 (t) dt x ∈ [0, 1].

"µP (P2)
"µP (P2) "µ(B)

x = 1
2

"µP (P2) =
{
(x, y) ∈ [0, 1]2 : (1− x, y) ∈ "µ(B)

}
.

"µP (P2) =
{
(x, y) ∈ R2 : 0 ≤ x ≤ 1, 1−G(x) ≤ y ≤ G(1− x)

}
,

G
α α



µ1, µ2 {(0, 1),B}
f1, f2 α = (α1,α2) ∈ S2

vα =
xα
α1

,

xα
α2

α1
x = G(1− x).

α {X \ Aα
2 , A

α
2} Aα

2
µ1(Aα

2 ) = 1− xα

{x : f2(x) > yαf1(x)} ⊂ Aα
2 ⊂ {x : f2(x) ≥ yαf1(x)},

yα = H
−1
(1− xα)

f1 (0, 1) f2

f2(x) = I(0, 12 )(x)(−8x(x− 1)) + I[ 12 ,1)(x)8(x− 1)2, 0 < x < 1.

f1 f2

f1 f2

α µ1, µ2

α = (13 ,
2
3) G



"µP (P2) r(x)
G

f2 (0, 1/2) [1/2, 1)
0 < y < 2

{x : f2(x) > yf1(x)} = {x : f2(x) > y} = (x1, x2),

x1 =
1

2
−
√

(2− y)

8
x2 = 1−

√
y

8

y = −8x(x− 1), x ∈ (0, 1/2) y = 8(x− 1)2, x ∈ [1/2, 1)

H(y) =

∫

{x : f2(x)>yf1(x)}

f1(x) dx =

x2∫

x1

dx =

(
1−

√
y

8

)
−
(
1

2
−
√

(2− y)

8

)
.

H
−1

H(y) = x

(y − 1)2 = 1− 16(1− x)2x2,

H
−1
(x) = 1− 2

(
x− 1

2

)√
−4x2 + 4x+ 1, x ∈ (0, 1).

∫

{t:f1(t)=0}
f2(t) dt = 0 f ∗

2 (x) = H
−1
(x)

G(x) =

∫ x

0
f ∗
2 (t)dt = x+

1

6
(1− 4(x− 1)x)3/2 − 1

6
.

2x = G(1− x) = 1− x+
1

6
(1 + 4x(1− x))

3
2 − 1

6

xα ≈ 0.433 G
"µP (P2)



yα = f ∗
2 (1−xα) ≈ 0.811 f ∗

2 (x) = 1−2
(
x− 1

2

)√
−4x2 + 4x+ 1

D(1− xα) = [x1, x2],

D(t)

x1 =
1

2
−
√

(2− yα)

8
≈ 0.114 x2 = 1−

√
yα
8

≈ 0.681.

α

Aα
1 ≈ (0, 0.114) ∪ (0.681, 1), Aα

2 ≈ [0.114, 0.681].

!

α
(0, 1)

Aα
2

f2(x)− yαf1(x) k ∈ N
µ1, µ2 α

2k (0, 1)

"µ = (µ1, ..., µn) B [0, 1] U(k)



k [0, 1]
〈 〉 n− = (a1, ..., an), =

(b1, ..., bn) ∈ Rn

〈 〉 ⊂ "µ(U(n)),

:= (0, ..., 0), := (1, ..., 1) ∈ Rn

A ∈ U(k), k ∈ N

〈 , "µ(A)〉 ⊂ "µ (U(n+ k − 1)) .

"µ (B) "µ(U(k))

"µ (B) = "µ (U(n+ k − 1)) .

A,B ∈ U(k), k ∈ N

〈"µ(A), "µ(B)〉 ⊂ "µ (U(2n+ 4k − 3)) .

"µ(B)

k ∈ N "µ(B)
"µ(U(k)) "µ (B) = "µ(U(2n+ 4k − 3))

"µ = (µ1, µ2)
µ1, µ2 (0, 1) f1
f2

{x : f1(x) > 0} = {x : f1(x) > 0} = (0, 1).

r(x)

r(x) (0, 1) "µ(B) = "µ(U(2))
r(x) (0, 1/2) x0 = 1/2 "µ(B) =

"µ(U(3))

[0, 1) n

{[0, 1),B}



fi : [0, 1) → R+, i ∈ I, B
[0, 1)

[aj, aj+1)}mj=1 [0, 1)

[0, 1) =
m⋃

j=1

[aj, aj+1), a1 = 0, am+1 = 1, aj+1 > aj j ∈ J,

J = {1, ...,m}
α−

[0, 1]

fi(x) =
m∑

j=1

hijI[aj ,aj+1)(x).

fi(x) =
m∑

j=1

(cijx+ dij)I[aj ,aj+1)(x),

cijx+ dij ≥ 0 x ∈ [aj, aj+1), i ∈ I, j ∈ J.
fi, i ∈ I,

fi : [0, 1) → R+, i ∈ I, [a, b) ⊂
[0, 1) i, k ∈ I,

i (= k,
fi(x)

fk(x)
[a, b) ⊂ [0, 1)

fi : [0, 1) → R+, i ∈ I, [0, 1)

{[aj, aj+1)}mj=1 [0, 1)
fi

fi, i ∈ I,

fi, i ∈ I,
fi, i ∈ I,

Q := {x ∈ (0, 1) : f ′
i(x)fk(x) = fi(x)f

′
k(x), i, k ∈ I, i (= k}

[0, 1)



f1(x) = I[0,1)(x) f2(x) = x sin
1

x
+ c,

c
∫ 1
0 f1(x)dx = 1

Q
Fi : [0, 1] → [0, 1]

Fi(t) =

∫

[0,t)
fi(x) dx, t ∈ [0, 1], i ∈ I.

fi
θ1, θ2 aj ≤ θ1 < θ2 < aj+1, j ∈ J, i, k ∈ I, i (= k

Fi(t)− Fi(θ1)

Fi(θ2)− Fi(θ1)
<

Fk(t)− Fk(θ1)

Fk(θ2)− Fk(θ1)

Fi(t)− Fi(θ1)

Fi(θ2)− Fi(θ1)
>

Fk(t)− Fk(θ1)

Fk(θ2)− Fk(θ1)

t ∈ (θ1, θ2)

Fi Fk, i (= k,
Fi Fk

Fi ◦F−1
k (Fk(aj), Fk(aj+1))

Fi ◦ F−1
k

(Fk(aj), Fk(aj+1))
fi(x)

fk(x)
(aj, aj+1)

(aj, aj+1)
Fi Fi ≺j Fk Fi

Fk (aj, aj+1) j ∈ J σj : I → I,

Fσj(k+1) ≺j Fσj(k),

k = 1, ..., n− 1 t ∈ (aj, aj+1)

Fσj(k+1)(t)− Fσj(k+1)(aj)

Fσj(k+1)(aj+1)− Fσj(k+1)(aj)
<

Fσj(k)(t)− Fσj(k)(aj)

Fσj(k)(aj+1)− Fσj(k)(aj)
.



z∗, {x∗(j)k }, k = 1, ..., n − 1, j ∈ J,

max z

z =
m∑

j=1

[
Fi(x

(j)
σj(i)

)− Fi(x
(j)
σj(i)−1)

]
i = 1, ..., n,

z, {x(j)k }, k = 1, ..., n − 1, j ∈ J,

0 = a1 ≤ x(1)1 ≤ ... ≤ x(1)n−1 ≤ a2,

a2 ≤ x(2)1 ≤ ... ≤ x(2)n−1 ≤ a3,

...

am ≤ x(m)
1 ≤ ... ≤ x(m)

n−1 ≤ am+1 = 1.

{A∗
i}ni=1 ∈ Pn [0, 1)

A∗
i =

m⋃

j=1

[
x∗(j)σj(i)−1, x

∗(j)
σj(i)

)
, i ∈ I,

x∗(j)0 = aj, x
∗(j)
n = aj+1, j ∈ J,

µi, i ∈ I v = z∗

i ∈ I j ∈ J, x∗(j)σj(i)−1 = x∗(j)σj(i)[
x∗(j)σj(i)−1, x

∗(j)
σj(i)

)
= ∅

α−

I = {1, 2, 3}
[0, 1) µi, i = 1, 2, 3,

f1(x) := 12

(
x− 1

2

)2

, f2(x) := 2x, f3(x) := I[0,1)(x), x ∈ [0, 1).

[0, 1)
fi, i = 1, 2, 3,

Q Q = {1
2}

fi, i = 1, 2, 3, [0, 12) [12 , 1)



Fi(t) =
∫ t
0 fi(x) dx, i = 1, 2, 3

F1(t) = 4t3 − 6t2 + 3t, F2(t) = t2, F3(t) = t, t ∈ [0, 1).

[0, 12) [12 , 1) {1
4}

{3
4}

F1(1/4)− F1(0)

F1(
1
2)− F1(0)

>
F3(1/4)− F3(0)

F3(
1
2)− F3(0)

>
F2(1/4)− F2(0)

F2(
1
2)− F2(0)

,

F3(3/4)− F3(0)

F3(1)− F3(
1
2)

>
F2(3/4)− F2(0)

F2(1)− F2(
1
2)

>
F1(3/4)− F1(0)

F1(1)− F1(
1
2)

.

σ1 =

(
1 2 3
1 3 2

)
σ2 =

(
1 2 3
3 2 1

)
.

max z

z = F1(x
(1)
1 )− F1(0) + F1(1)− F1(x

(2)
2 ),

z = F2(
1
2)− F2(x

(2)
1 ) + F2(x

(2)
2 )− F2(x

(1)
2 ),

z = F3(x
(2)
1 )− F3(x

(1)
1 ) + F3(x

(1)
2 )− F3(

1
2),

z, {x(j)k } k = 1, 2, j = 1, 2,

0 ≤ x(1)1 ≤ x(2)1 ≤ 1
2 ≤ x(1)2 ≤ x(2)2 ≤ 1.

z∗ ≈ 0.4843, x∗(1)1 ≈ 0.1426, x∗(2)1 = a2 = 0.5, x∗(1)2 ≈ 0.6269, x∗(2)2 ≈ 0.9367.

{A∗
i}3i=1 ∈ P [0, 1),

A∗
1 = [0, x∗(1)1 ) ∪ [x∗(2)2 , 1), A∗

2 = [x∗(1)2 , x∗(2)2 ) A∗
3 = [x∗(1)1 , x∗(1)2 ).

v = z∗ ≈ 0.4843



{µi(A∗
i )}3i=1 {A∗

i}3i=1

!

ε Q
ε



P ε = {Aε
i}

n
i=1 ∈ Pn ε

i ∈ I
µi(A

ε
i ) > v − ε,

v

(0, 1)2

X = (0, 1) n {(xk−1, xk)}nk=1

0 = x0 < x1 < ... < xn−1 < xn = 1,

(0, 1)

(0, 1)

(0, 1)2 B (0, 1)2

i (0, 1)2

νi
λ (0, 1)2

ui(x, y) : (0, 1)2 → R+

ui(x, y) > 0 (x, y) ∈ (0, 1)2

νi(A) =

∫∫

A
ui(x, y)dxdy, A ∈ B.

(0, 1)2 (0, 1)

Cn

Cn := { = (c1, ..., cr) : cj ∈ N, j = 1, ..., r,
r∑

j=1

cj = n, 2 ≤ r ≤ n}.

= (c1, ..., cr) ∈ Cn



(0, 1)2 {h1, ..., hr−1}
r (0, 1)× (hj−1, hj), j = 1, ..., r hr = 1

h0 = 0 cj = 1
Oy cj > 1

n n

P = {Ai}ni=1 (0, 1)2

= (c1, ..., cr) ∈ Cn {hj}rj=0 {x(j)k }cjk=0

0 = h0 < h1 < ... < hr−1 < hr = 1,

0 = x(j)0 < x(j)1 < ... < x(j)cj = 1,

Ai

Ai := (x(j)k−1, x
(j)
k )× (hj−1, hj) ⇔ i =

j−1∑

m=0

cm + k,

c0 = 0

νi 6 λ, i ∈ I Ai

0 νi, i ∈ I

νi (∪n
l=1Al) = 1, i ∈ I,

Ai

(0, 1)2 n = 8 = (3, 2, 3)



νi 6 λ, i ∈ I,
= (c1, ..., cr) ∈ Cn {hj}rj=0

{x(j)k }cjk=0

νi(Ai) = νm(Am) i,m ∈ I,

P = {Ai}ni=1
P = {Ai}ni=1

P = {Ai}ni=1

(0, 1)2

νi 6 λ, i ∈ I,
= (c1, ..., cr) ∈ Cn {hj}rj=0

{x(j)k }cjk=0 σ : I → I

νσ(i)(Ai) ≥
1

n
i ∈ I,

P = {Ai}ni=1

I = {1, 2, 3}
(0, 1)2 {νi}3i=1

ui, i ∈ I,

u1(x, y) = x+ y, u2(x, y) = 4xy, u3(x, y) = 4x(1− y), (x, y) ∈ (0, 1)2.

= (1, 2) ∈ C3

= (1, 2) ∈ C3



y∗ = h1 x∗ = x(2)1
σ : I → I

νσ(1)(A1) = νσ(1)((0, 1)× (0, y∗)) ≥ 1

3
,

νσ(2)(A2) = νσ(2)((0, x
∗)× (y∗, 1)) ≥ 1

3
,

νσ(3)(A3) = νσ(3)((x
∗, 1)× (y∗, 1)) ≥ 1

3
.

wi : [0, 1] → [0, 1]

wi(t) :=

∫ t

0
dy

∫ 1

0
ui(x, y)dx, i ∈ I.

w1(t) =
1

2
(t+ t2), w2(t) = t2, w3(t) = 2t− t2, t ∈ [0, 1].

y∗ = min

{
t : max

i∈I
wi(t) ≥

1

3

}
.

y∗

y∗



y∗ = 1−
√

2

3
≈ 0.184, w3(y

∗) =
1

3
.

ν3(A1) = νσ(1)((0, 1)× (0, y∗)) =
1

3
,

A1 = (0, 1) × (0, y∗) σ(1) = 3

νi((0, 1)× (y∗, 1)) ≥ 2

3
, i = 1, 2.

(0, 1) × (y∗, 1)
x∗

x∗

ν2((0, x
∗)× (y∗, 1)) = ν2((x

∗, 1)× (y∗, 1))

(0, 1) × (y∗, 1)

x∗ x∗ =
√
2
2

ν1((0, x
∗)× (y∗, 1)) =

1

12
(−2

√
2 + 4

√
3 +

√
6) ≈ 0, 546,

ν1((x
∗, 1)× (y∗, 1)) =

1

12
(−4 + 2

√
2− 4

√
3 + 5

√
6) ≈ 0, 346.

(0, x∗)× (y∗, 1)
(x∗, 1)× (y∗, 1)

ν2((x
∗, 1)× (y∗, 1)) =

1

3
(
√
6− 1) ≈ 0, 483.

σ(2) = 1 σ(3) = 2 σ : I → I
(
1 2 3
3 1 2

)
,

Ai, i ∈ I,

!

(0, 1)2



νi 6 λ, i ∈ I,
= (c1, ..., cr) ∈ Cn

σ : I → I {Ai}ni=1

νσ(i)(Ai) ≥
1

n
i ∈ I.

Ai, i ∈ I,

n = 8

8

(0, 1)k k > 2
(0, 1)2

α−





[0.1]
ε−

X

vE E

vE
E vE



b

[0.1]

(X ,B)
"µ = (µ1, µ2) R(Y ) = {"µ(Z) : Z ∈ B, Z ⊆ Y } p ∈ "µ(B)

Bp = {Z ∈ F : "µ(Z) = p}.
Z∗ ∈ Bp R(Z∗)

M∗ ∈ Bp

R(M∗)





ˇ

,

,



,

, α



α
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